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NPEJUCJIOBUE KO BTOPOMY HM3JAHHIO

Bo BTOpOM H3jaHHM BTOPOH YacTH HacTosulero cOOpPHHU-
Ka 3aja4 HauOOJbIIUM H3MEHEHHSM IMOABEpPrJUCh rjaBwl 11
u 13. B ranase 11 «OcHOBHble MOHATHS TeOpPHUH GYHKUHKH
KOMIJIEKCHON TepeMeHHOH» NepepaboTaH pasnes «jeMeHTap-
Hble QYHKIHH», @ TaKKe 3HAYUTEJbHO YBEJHUEHO KOJHYECTBO
3afjay Ha HHTerpHpoBaHMe. VMaMeHeHa cTpykTypa ruasm 13
«OnepanuonHoe HcuucjaeHue». B wacTHocTH, B OZHH pasjen
MOMeLEHEl BCe INPHJIOXKEHHS OMNePallMOHHOTO MCYHCJIEHHS.
B ocranbtible raBbl 106aBJeHB LHKJBI HOBBIX 3afay, HCIPaB-
JIeHbl 3aMeYeHHEIe ONeyaTKH, YTOYHeHB! GOPMYJ/THPOBKH 3a1ad.

Hywmepanus 3agay, kKak H BO BTOPOM H3JaHUH NepBOMH
yacT#, faHa 1O IJiaBaM, a OTBETHl Ha BCe 3aJayH MOMEIEHb!
B KOHlle c6OpHHKA.

YKasaHHyl0 paGoTy BHITOJNHH/H YJIeHH aBTOPCKOTO KOJI-
nektuBa E¢umoB A. B.; Kapakymun A. @., Korau C. M. u
ITocnenos A. C.

ABTOpHl HMCKpEeHHe MpH3HATeJNbHBI BCEM JIHIAM, MpPHCIaB-
LIHM CBOM 3aMeyaHHs K NePBOMYy M3JaHHIO COOPHHKaA, a Tak-
e COTPYAHHKaM Kadelpsl ClelHalbHEIX KYPCOB BHICUIEH Ma-
TeMaTHkH MOM, IeHHble yKa3aHHA KOTOPBIX OBUIH y4TEHBHI
MpPH OKOHYATeJbHOM peNaKTHPOBAHHH HACTOSILETO H3JaHHS.

H3 NPEAUCJIOBHUA K NEPBOMY H3JAHHIO

Bropas yactb «COopHMKA 3ajay MO MaTeMaTHKe JJist BTY-
30B» COJIEPIKHT TaKHe MaTeMaTHUeCKHe pasjesbl, KaK HHTer-
pa/nbHOe HCYHC/IeHHe (QYHKIHH MHOTHX IepeMEHHBIX, BEKTOp-
Hbl# aHanus, puddepeHlyalbHbEIe YPaBHEHHS, OCHOBHBIE
NOHSATHS TEOPHH (YHKUHHA KOMIJIEKCHOM IlepeMeHHOH, u4#c-
JoBble M (YHKLHOHAJIbHbIE PANBI H HX NPHMEHEHHe, orepa-
HHOHHOe HcuHcaeHHe. IlpennaraeMeli B 3ajauHuKe MaTepHas
COJIePKHT COOTBETCTBYIOIIHE Pa3fieNibl MPOrpaMMbl MO Kypcy
BbiCIIEH MaTeMaTHKH, yTBepxaeHHo#i Muusysom CCCP B
mae 1979 r.



Kax u B nepmoit wacty, Kaxmpifi naparpad Haununaercs
C KPaTKOTO TEOPETHYeCKOro BBejieHHs. 3ajauaM, NpejJjarae-
MBIM JJIfl CaMOCTOSITEJIbHOTO . pelleHHs, NpeIlecTBYIOT NOA-
poGHO pasobpaHHele npHMepbl. Ko BceM BBIUHCIHTENbHBIM
3aziayaM JiaHel OTBETHI; JJs 3aJay, OTMEUEHHBIX OXHON HJH
JABYMsl 3B€3J0YKaMH, NMPHUBENEHBl COOTBETCTBEHHO YKa3aHHs K
pellleHHIO HJIM DelleHH .

Oco6eHHOCTBIO HACTOsIEr0 CcOOpHUKA fBJSETCS BKJIOUE-
HHe B Hero 3ajady, TpeGYIOLMX B NpOLecce pelleHHs! HCNOJb-
3oBaHHs IBM; sTH 3ajaun NpHBOAATCSH B COOTBETCTBYIOMIHX
pasnenax. [ajnee, Teopusi oOmHX (QYHKIMOHAJBHBIX M CTe-
IEHHBIX PAJOB HM3JIaraeTcsl C HCHOJb30BaHHEM TeOPHH (YHK-
uuit KoMnjekcHoil mnepemeHHo#. Takoil mnoxxox, Ha Haiu
B3IJISiHl, NO3BOJISIET JIyUllie NOHATb CBOMCTBA CTENEHHBIX PAJ0B,
npeicTaBjeHde (QYHKIHH CTeneHHBIMH psaamu. as Tex BTy-
30B, B KOTOPHIX W3JIOKEHHE TEOPHH PSJIOB BEIETCH OTAENbHO
B JeHCTBUTENbHOA W KOMIJIEKCHOH 06/1aCTSX, B COOTBETCTBYIO-
mwux nyHktax § 2 ra. 12 npuBoisiTcs cHayasia 3ajaud Ha
paAbl ¢ QYHKUMSIMH JeHCTBUTENbHOH NepeMeHHOH, a B 3ala-
uaXx § 3 nepeMEHHYI0 2 MOXHO CYHTaTb AeHCTBHTENbHOH,
T. €..TIOJIOKHTb Z=X. .

Kak v B nepBoil uacTy, Hauajo pelleHHH NpUMEpOB H
3ajlau IOMEYaeTCsl 3HaKOM <, KOHEll — 3HAaKOM P, HayaJjo
YKa3aHuil K 3aj/jauaM —3HaKoM e.



FnaBa 8
KPATHbBIE UHTETIPAJIBI

§ 1. JlBoiinoit muTErpan

1. CpoiicTBa NBOHHOrO MHTErpaja M €ro BBLIYHCJEHHS B JEKAPTOBBIX
NpsAMOYroibHbIX Koopauuatax. Ilycth - dyukuusa f(x, y)=f (P) onpene-
JIeHa W HenpepbiBHa Ha SaMKHYTOH orpaHuyeHHOH o6aacTh G IJIOCKOCTH
Oxy, 6={A0y, A0, ..., AG,}—HexoTopoe pa3bHeHHe obaactTH G Ha
a/leMeHTapHble 10jJ06aacTH A0y, NJoumald KOTOPHIX TaKkKe O0603HauHM
uepes A0y, a nAnameTpel—vuepe3 dp. 3adukcHpyem Toukn Pp € Aoy,
k=1, ..., n. Bopaxenne

n
Sn= 3 1 (Py) Acy
k=1

HasblBaeTcs uHTerpanbHoit cymmoit mas ¢yskumn f(P) no o6mactu G.

Ecau cymecTByer npejes TNoOCJef0BaTelbHOCTH HHTerpalbHEIX cyMM S,

npy max dp— 0 (npu 3TOM n—> 00) U eCAH ITOT NpejieJ He SaBUCHT
I<k<n

HR OT cnocoGa pasGuennsi o6nacth G Ha sneMeHTapHble NoAoGnacTd Adg,

HH OT Bhi6opa Touek Py € AOg, TO OH Ha3biBaeTCS OBOUHbIM UHMEZPAAOM

oT ¢pynxunu f (x, y) no o6nactn G U 0Go3HayaerTcs uyepes SS f(x, y) dx dy.
G

Taxum obpasom,

n

ng(x, ydrdy=_lim 3 F(Py) Aoy,
G max dk -0 -
Jlis IBOHHOrO MHTerpana ClpaBe/J/iNBLI CBOMCTBAa JIMHEHHOCTH M alJMTHB-
HOCTH (cM. 3anauy 8.1). .

Buuncaende ABOHHOTO MHTerpana CBOANTCS K BBLIYHCJIEHHIO MOBTOP-
HBIX MHTerpajoB caelylomuM crnoco6oM. Ilycte obmacte G (puc. 80)
orpaHuyeHa KpPHBBIMH Y=@; (X), Y=, (x), x=a, x=>, npHyeM BCIOLY
Ha [a, b] dyHKUHH @1 (X) ¥ @y (x) HenpepuiBHEI H @y (x) << @, (¥). Torza

b (%)
(57 y)dxdy=§dx(p§ f(x, b dy, M
G a 9

NpHYEM CHauaja BHIUMCJASETCS BHYTPEHHHH HHTerpaj no nepeMeHHOH y
(*—napameTp), a nonyueHHbI PE3yJETAaT MHTErpUpPyeTCs MO Xx. 3aMeTHM
NpH 3TOM, YTO €CJAM KpuBasi @) (x) (MaH KpHBast @, (x)) B npome-
KyTKe a<Ix<Cb B3ajaeTcsl pa3HbLIMM aHAJHTHYECKHMH BbIPaXEHHSIMH,

9



uanpumep,
rpl(x)={ oM (x) npu a<r<e,
P (x) npu c< x<b,

TO HHTErpas crpaBa 3amnucbiBaeTCsd B BHI€ CYMMbl ABYX HHTErpazios

b @ (x) c @3 (X) b Q2 (%)
(ar § foopay=(ax ( Fee par+{ar § fmoan
a @y (x) a cpl(l’ (x) [ q){2) (x)

Amnanoruyno, ecau o6aacte G orpaHuueHa KpuBbiMH X =1y (),
x=Y, (y). y=c, y=d, npuueM BCIOAY Ha [c, d] o¢yHKkuuu YP;(y) n
Py () HenmpepbuiBHBL H Py (¥) << o (¥) (pnc 81), 10

d e (9 :
(§i paray=§ay § fee, pax. @
G c Py (%)

[MBoituo# uHTerpan, npeactrasserusiii B Buge (1) wiu (2), HazmBaerca
TaKKe MOBTOPHBIM HHTErPasioM.

4
4 Y=g, (@)
4
gtf-————==
I
z= (1))
. By ¢ -
‘ —
1 L a
ljeN_S ¢ 1 c____..____'__/""f"z("’”
T ity @ '
Puc. 80 Puc. 81

Tlpumep 1. PaccraBuTe npejienst HHTErPHPOBAHUS ABYMS CIOCO-

P £ x2
6aMu M BBLIYHCIHTB ABOHHOM MHTerpan /= ;2—- dx dy, ecnu o06sacTb

1
uuterpuposanus G orpaHHyeHa JIMHHAMH = X, = x=2.

« ®Popma obnactu G (puc. 82) mossosnsteT npumeHUTH dopmyay (1) npu
1
q)l(x)=7' q}z(x)zx' a:l' b=2:

. 2 x 2 .
1=SS i%dxdy:Sdex S%’—:Sﬂ(——l i )dx=
Yy Yy Y 11/x
G 1 1/x 1
2
1 xt k2| 1
S Y . - _x —9 L
_Sx(x x)dx (4 2>1 2_4.
[

10



Ecan ke sl BRUKCHeNNS JaHHOTO WHTErpaia mpuMenuth gopmyay (2),
TO CleAyeT NOJOMHTDb

(L npu %<y<l,
Yi)=1) Y Pe (1) =2,
y mprn 1 <y<2,

d=2. Torna

. 1 p 2 CI2 2
1=SSL¥2—dxdy= S -——l;- S x“dx'—}-S —d%-szdx.
Y y y
G 172 7 1y 1 v

OueBnano, 9TO nepsbifi CNOco6 BLIYHCIEHHST B AaHHOM MPHMEpe 11en1ecoot-
pa3Hee BTOpOrO. P ’

.7

4 S;y
N
2 SN W S,
T _7
1/2}- S I~z
by
g 7 2 2
"Puc. 82 Puc. 83

Tipumep 2. MamenuTs NOpPAJOK HHTETPHPOBAHNA B HOBTOPHOM
HHTerpane

1 1-y
S dy S f(x, y)dx.
0 “Vi-g#

«f CrponM o6nacTb MHTerpHpoBanus G NO NpeliesiaM HHTEr pHPOBaHHA!
Y @)=—V1—42 $()=1—y, y=0, y=1 (puc. 83). Csepxy
obnacTb G orpaHHyeHa KpHBOMH

_JVTI=% nmpn —1<x<0,
(p,(x)-—{ l—x nmpn  O0<x<l,

a cvusy —npsamoit y=0. TTostomy nmeem
1 1-y
de S [ y)dy=
0 V1= —¢
0 viza f {-x
={ax § feaarfa (1w pam
0 0

-1 0

8.1. Tlosb3ysch onpejiesieHHeM JBOHHOTIO mnerpana pi (1)
KasaTb CJIeLyIollMe ero CBOHCTBA;

1



~a) JIHHEeHHOCTh1
SGS (F(x, v) £ g(x, y)dxdy=

= SGS f(x y) dx dy d:gag g(x, ydxdy

{07 9y dedy=2§§F(x. wydrdy (LeR)
G °¢
6) apautusHoCcTh: ecau G =G, UG; TO

S§ f(x, y)dxdy= SGS f(x, y)dxdy+ SG.S f(x, y)dxdy.

1

Bbl'-[HCJ'II/[Tb NOBTOPHBIE HHTErpaJibl:
2 x V3

1 2
2 ’ xdy
8.2. deg(x +y)dy. 8.3.0de § Xy

x4y
8.4. deS (x+- 2y

u/2 a (1 +cos @) /2 2cos @
8.5. S de S rdr. 8.6. S do S rédr.
0 acos @ —-1/2 0

Jlns jadHBIX TIOBTOPHBIX HHTErpa/ioB HamHcaTb ypaBHe-
HUSl KPHUBBIX, OrPaHHYMBAIOWHUX 00/1aCTH HMHTErPUPOBAHHUS,
H TOCTPOHUTb 3TH 00JACTH:

2 x+3 1 Q= x?

8.7. §dx { (v, p)dy. 8.8. Sl dx S F(x, b)dy.
2 th;__yi ) 1 xvm

89. {dy § f(x, yyde. 810. §ax § f(x, v)ay.
0 2-y 0 V%

Hns ykasaHHbBIX Huxe oOnacreft G 3amucaTb ABOHHOH
HHTErpaJ

SGS fx, y)dxdy .

B BUJE NOBTOPHBIX, B3ATHIX B PA3/IMYHBIX MOpPSAKAX: .
8.11. G—rmnpsmMoyrosibhuk ¢ BepumHamu 4 (1, 2), B(5, 2),
C{5, 4), D(1, 4.
8.12. G—napasyesorpaMM, OrPaHHYEHHBIH 1P SMBIMH
y=x, y=x—3, y=2, y=4.

12



8.13. G—o6aacrp, OrpaHHYeHHasl KPHBBIMH X2 4 = 243,
x*=ay(@>0, y> 0). ,
8.14. G-—-o6.na<:Tb, orpaaneHHaﬂ KPHBBIMH  y° = ax,
x4 y*=2ax, y=0 (a> 0, y > 0).
. 8.15. G—ob6aacTb, OrpaHMYeHHass KPUBLIMH X%+ y®=ax,
4 y*=2ax, y=0 (a> 0, y > 0).
8.16. Tlo kakoil nepemeHHOH B3AT BHEIUHUH MHTerparn
B NOBTOPHOM WHTErpale
2 x3
S S f(x, y)dydx
1 _v>
M KakoBa 00JacTb MHTErpHpOBaHHSA?

Hsmenuts NOpAAOK HHTEIPDHPOBaHUA B CJACAYIOHMIHX ITOB-
TOPHBIX HMHTErpaJax:

6 - =3+ V12 +4x-x2

8.17. § dx {1 wdy.
=2. 3-ViZ+dx-»* .
1 1-yt 4 Vie-2
8.18. Sd S fx, vyds. 819. §ax § f(r, y)dy.
"1' _y- , 1'0 Vix—x
_8.20. S S [(x, v dx—f—de S f(x, y)dx
0 y%/9 1 y’/9
xLz Ed
‘2 2 10/3
821 { ax § J(v g+ § ax T pd
a a+Vaﬁ—x’ v2/2
8.22. {dx  § f(x y)dy. 823, S y § fx, y)dx.
0 VZax—x? . ) .y’—l
) 7 3 9 10=x
8.24. (ax § f(x, yay+(ax § Fix, v)ay.
3 9/x 7 9/x

8.25. Ilokasath, utO
a X a a
§ax{fee 9ydy=dy{f(x, gax,
0 0 . 0 Y
H, TNOJb3ysich 3TOH (popMmyJsoH, noKasaTh popmyay Hu-

puxJge
t

t x .
§'dx0$ F) dy= (t—y) f(v) dy.

0
13



BEIYUCIHTD ClICAYIOIHE HHTErpaJibl:
8.26. SS (x*4 y?) dxdy, rae obnacte G orpaHuyeHa KpH-
K ;

BbIMH y=X, x+ y=2a, x=0.

8.27. SS l/xy——y‘-’ dxdy, rne G—rTpaneuns ¢ BeplLIMHAMH
G
A, 1), B(5, 1), C(10, 2), D(2, 2).

8.28. ngy dxdy, rme obmacte G orpaHuYeHa KPHUBBLIMH
x+y='2,6x2+y“=2y (x> 0).
8.29. SS ydxdy, rpe G—TpeyrojbHHK C BepLIHHAMH
0(0, 0), ,4(17(1, 1), B0, 1).
8.30. SS (x+2y)dxdy, rme obnactp G orpaHHyeHa KpH-
¢ . .

BbiMH y=x*n y=}x.
8.31. SS(4——y)dxdy, rae o6sacte G orpaHuuena Kpu-
G

BoiMH x*=4y, y=1, x=0 (x> 0).

8.32. SS%, rae obmactb G orpaunyeHa KPUBBLIMH

y=xtgx, y=x, x=n/8 (x = n/8).

8.33. SS V a* F x*dxdy, rae o6aacts G orpannuena KpH-
G
BbIMH y:—x%=at, x=a, x=0, y=0 (y>0, a> 0).

8.34. Sge”” dxdy, roe o6nactb G orpaHHYeHa KpHBbIMH
P .

y=¢e* x=0, y=2.
8.35%, SS x%ydxdy, rae o6aactb G J€KHT B MepBOH UeT-
G B
BEPTH, OrpaHHuYeHa OCSMH KOOPAHMHAT M Ayrofi asaumnca
x=acost, y=>bsinil (0t << n/2).
8.36. SS xdxdy, rne objactb G orpaHnuyeHa ocwklo Ox H
é

apkoit nukJouas x=a ({ —sin{), y=a (1 —cos t) (0 < t < 2n).
8.37. SS ydxdy, rae obaact G orpaHuyeHa ocsiMi KOOp-

G B B
JHMHAT H Ayroft acTpouipl x=acos® {, y=asin®*{ (0 <<t << 7/2).
8.38*%, Haiitu cpensee 3nauenue o¢yHRUMH f(x, y)=

=cos?’xcosty B obmactn G={(x, y)|0<x<<m/2, 0<y<
< m/2}.

14



8.39*. OueHuTh BEJUUMHY WHTErpaJa
I= dx dy
: 94sin® x-+sin? (x - y) *
lxl+1y1<3
8.40. Haiitn cpennee 3Hauenue ¢yHKuuH f(x, y)=3x+2y

B TpeyroJbHHke ¢ BepumHamu O (0, 0), A (1, 0), B(0, 1).
2. 3ameHa nepeMeHHHIX B ABOjJiHOM MHTerpaye. ITycTb GyHKuMM

=9, v) u y=vp(@u,v) )
OCYLIECTBJISIIOT B3aHMHO OJHO3HayHOe HeNpeprBHO Andibeperiypyemoe
oTo6paxenne obaacti I' naockocth O'uv Ba o6nacte G nuockoctd Oxy.
ATo 03HayaeT, uTO CYLIECTBYeT oOpaTHoe HemnpepbuiBHO AuddepeHunpye-
Moe oTOGpaXkenHe u=n(x, y) U v=% (%, y) obaacth G Ha obaactb I
u B o6nacty I' oT/iHueH OT HyJsi IKo6MaH npeo6pas3oBaHud, T. €.

99 99
0= g 9 |#0 @oET. (4
W

BenyuuMHEl 4 M U MOXHO pacCMaTpHBaTb KaK NPSIMOYTOJNbHBIE KOOP/iH-
HaTLl JAs ToueK obsactH I' 1 B TO Ke BpeMsi KaK KpPHBOJHHeHHLI e
KOOp/MHaThI ToueK obaacTH G.

Ecan B ZIBOMHOM HHTerpane

Y r”
G

TNPOK3BECTH 3aMeHY TlepeMeHHHX I10 pmyaam (3);, To 0o6nacTbi0 HHTe-
rPHPOBAHHA NONYYEHHOro MHHTerpana Oyner yxe o6nacte I', KoTopas
npy HajgnexauweM Boi6ope GVHKUME @ (4, v) M P (U, U) MOXKET 0Ka3aThCH
3HaunTeJabHO npoute obnacti G, H HMeeT MecTo opmyJa

SS fx, p) dxdy=SS f @@ (4, v), $u, v)| (4, v)|dudo. 5)
G T

Jaa BblukcieHHst HHTerpasa mo ob6aactiH I' NPHMEHSIOTCS H3J0MKeH-
Hule B . | MeTOXb! CBelleHHsi NBOMHOIO MHTErpala K NOBTOPHBLIM.

Mpumep 3. Bumucants SS V xydxdy, ecan obnacts G orpanu-

G
yeHa KpUBHIMH yi=ax, y*=bx, xy=p, ;y=q 0<a< b, 0< p <g).
«f TepefizeM K HOBLIM TEpeMEHHHIM 4 M U TO (opmyaaM y? = ux, xy=u.
Toraa
x=u'1/3u2/3, y=ul/8y1/3,

g_ﬁ_____:lj_u—«a/ava/s‘ 3—j=-§-u’l/3v'l/3,
f%_:%_u—a/svl/s’ g_.‘;:% ut/3y=2/3
__1_”—4/302/3 _Zu—l/sv— 1/3
Tw =] ° 3 __1
T _l_u—z/svl/s __:1;_ ul/3,-2/3 T 3’
3

1
11 (4, "”“@ npu u >0,

15



YpapueHus JUHUN [PUHAMAIOT BHA
u=a, u=b, v=p, v=q.
O6aacte G maockocti -Oxy mpeoGpasyerca B mpAMOYrosbHuK I

7 3
up
g
N
AN
PR N\
7] T T 6 a

Puc. 84

miockoctd O’uv (puc. 84). IlpumeHnsis ¢opmyay (5), no.rxyqaeiu

b q
— 1 —dudv | (du —
SﬁSnydxdyz—é—SSVv - =-§STSVvdv=u
r a P

1
:=§ Inu

HauGosiee ynoTpeGHTENLHLIMH U3 KPHBOJHHEMHBIX KOODAMHAT SABJIS-
I0TCSL NOJISIPHBbIE KOOP/IHHAThI

b2 sal? _2 (s/2_ .8/ b
L p—-g(q P in—. »

.Ev

x=rcos @, y=rsing,
NS KOTOPLIX
cos ¢ —rsing@

_ [, @)= sinp  rcosg
H ¢opmyna (5) sanmuchiBaetcst B BHJIE
SSf(x, y)dxdy:ng(rcosq), rslncp.)rdrdcp. 6)
G r

IMpumep 4. Ilepeiinst K NOMSAPHBIM KOOPAHHATAM, BbIYHC/AHTb JBOIi-
HOMl HHTerpa

S X (x24y® dx dy,
G

rae o6nactb G orpaHHyeHa OKPYMKHOCTBIO X%--y%=2ax.
« Tlonoxxum x=r cos ¢, y=rsin ¢ u npumenum dopmyay (6). Tak kak
x34-yt=r?, 1O

S S (2 y?)dxdy= S S ridr dg.

G r
¥YpaBueHHe okpyxKHOCTH x2 - y? = 2ax nmpeoGpasyercs K BHAY 7 = 2aCOS @.
ITosTomy o6nacTeio I' siBisieTcst - 06sacTh, OrpaHHueHHas CHH3Y OCbIO

KL
Al

S
|

r=0, cBepXy KOCHHYCOHAOH r=2a cOs @, npuueM @€ [—

16



CrefoBarensHo,

2a cos @ /e
rd |2acos g
SSr‘dquJ-— S do S fdr= S (—4—0 )d =
-n/2 -3t/2
/2 1t/ 3 . 3
4t 4 — 8t 4 -8 L R _9
=4a Scos @ dp=8a §cos @ dp =8a 73 2na.b
—-n/2

IlepefiTy K MONAPHBRIM KOOPAHUHATAM M PAacCTaBHTh - Npe-
JeJibl HHTErPHPOBAHUA MO HOBBIM MEpPeMEHHbIM B CJIEAYIOLMX
uHTerpanax:

3a/4 Vax—xt
a1, { dx { P/ R) dy.
0 aV'i 3at .
.__xl
a a+Va2-x2. 1 Y7y
8d2. (ax § fv )y 843 (ay § f(x, pyax.
0 Vax o vy

8.44. SS f (x*+ y?) dx dy, rne o6aacte G orpaHuveHa JIHHU-
7 :

amu x2+yr=) 6x, (42 =9(—y?), y=0 (y=>0,
x<g l/ﬁ—)

ITepeiina K NOJISPHBIM KOOPAHHATAM, BLIUHCJHUTH CJAELYIO-
uiue KHTerpaJl:

a Var—xt® a Var—,2
8.45. de S e+ dy. 8.46. S dy S V@ —2—ytdx.
¢ 0 Vi

. 8.41. SS Vx2 +y*—9dxdy, rae obnactb G — KOJBLO
G
MEXIY ABYMSl OKPYXHOCTAMH X2+ y*=9 u x2+ y*=25,
8.48. SS V a*—x*—y* dxdy, rae o6nacts G—uacTbh Kpyra

pazuyca a ¢ uentpoM B touke O (0, 0), Jjexaumas B nepsoi
YeTBEPTH. ’

8.49. SS (x*+y?) dxdy, rae obnactb G orpaHuyeHa KpH-
G
BoiMH X2+ yP=ax, X*4-y*=2ax, y=0 (y > 0).
8.50. SS dxdy, rae obsactb G- orpaHuyeHa KPHBBIMH
aq

xt=ay, X*+y*=2a% y=0(x>0, a>0).



8.51. SS xV ¥ F y*dxdy, rtne obnact G orpannuena
G

JIENeCTKOM JIeMHUCKaThl (x2 -+ y2)? = a? (x*—y?) (x> 0).
Ilepelitu K HOBbIM NepeMEHHbIM 4 M U H pPaccTaBHUTb Npe-
JeJibl MHTETPHPCBaHUSA B CJIEAYIOIIHX HHTerpaJjax:
8.52. SS f(x, y)dxdy, rne obaactb G onpenenena Hepa-
G

BeHctBaMu x =0, y =0, x4y<< a. TlonoXurn u=x-+y,
ay = uv.

8.53. \ng(x, y)dxdy, rie o6nactb G orpaHuyeHa KpH-
¢

BEIMH Xx*=ay, x*=by, y*=px, y=qx (0<a<b 0<L
< p<gq). Honoxute x*=uy, y*=ox.

3-x

g f(x, y)dy. Tlonoxuteb u=x-+y, v=x—y.

1-x

8.54. { dx

3

0 7/
8.55. ng(x, y)dxdy, rne obnactb G orpaHnyeHa KpH-

B :

BBIMH Xy=p, xy=¢q, y=ax, y=bx (0 << p<gq, 0<a<bh).
Ilonoxute u=xy, y=rox.
BuiuncauTth ciepyionide NBOAHbIE HHTETPasibl:

8.56. SS‘———M% (¢>1), rae obaacte G orpanu-
X
¢ 1/02_?_5_2
YeHa 3JIJIHIICOM %—I—%—=l,(nepeﬁm K 0000tyeHHbIM NOARP-
HolM KoopOuHnamam r v ¢ no d¢opmysaM x=arcosq, y =
= br sin ¢).
8.57. SSe‘”*y” dxdy, rne obnacte G 3ajaHa HepaBeH-
¢
ctBaMu x =0, y=>=0, x+y 1 (npousBecTH 3aMeHy nepe-
MEHHBIX x=u(l——v) Y = uv).
8.58. ngjdxdy, rae obnacts G orpaHuueHa JIMHHAMH
G

y=ax*, y=bx’, y=px, y*=qx (0<a<b, 0<p<yg)
(BHIGpaTh HajJIEKALLYIO 3aMEHY NepPEMEHHBIX).

3. Mpunoxenns ABOMHLIX MHTerpanoB. [ eoMeTpuHUYeCcKHe NpHU-
anoxenus. IMiowads S niocko#t o6aacth G BbpaXxaercsi, B 3aBHCH»
MOCTHM OT paccMaTpHBaeMoii CHCTeMbl KOOPJAHHAT, CJEAYIOIIHMH HHTerpas
JIaMH:

S:Sdedy M
G
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B NéKapTOBBIX NMPAMOYrOJbHLEIX KOOPAH-

\..]
Harax, »r=g(i+cos p)

S=SS|l|dudu ®)
T
B KPHUBOJHMHEHAHBIX KOOPAHHATaX. 3/1ech
9x  0x
I= g; g; #0 B o6nactu T'. ,
2 L r=q0c0s
u P

B uacTHOCTH, B MOJSIPHBIX KOOPIH-
HaTax x==r cOS Q, y=r sin ¢ nmeeMm

S= SFS r dr dg. )

Puc. 85

ITpumep 5. Hafitu naomais ¢urypel, OrpaHHYEHHOH KDPHBBIMH
r=a(l4-cosq) u r=acos¢ (a>0).
<« B miockocti Oxy ¢urypa nokasana Ha puc. 85. Buwumcaum no gop-
myse (9) miowajs BepXHeH 4acTH W YABOUM:

/2 a(l +cos @) T a (1 +cos @)
S=2ggrdrdq;=2 S de g rdr4-2 S de S rdr=
r 0 acos @ /2 0

/2
T
0

F
a(l T;-‘cosrp)) d(p + S‘ (rz
acos @
/2
/2 )3

—=q? S (142 cos @) dp-1-a? S (1+-2cos @+-cos?q)dep=

a(l+costp))
0

0 /2
/2 3(P 1 I
—a? (0 J-2si 2( °F i —si
=a% (¢ 2smq>)|0‘ +a ( 5 —|—231nq)+4 sm2q3) o

Ecau raajkasi MoBepXHOCTb HMeeT YypaBHeHue 2=f(x, y), T0o nio-
wiadb uacCTH 3TOH nosepxHocmu, TIPOEKTHPYIoNeHcss B o6saacTb G MIOCKO-
cru Oxy, pasua

Q=SGS V(5 ) +(5) ara (10)

Mpumep 6. Hafitn naowaan, yacTw noBepxHOCTH mapa6oJionna
y®+-2%2=2ax, 3aK/IIOUEHHOH MeX1y UHIHHIPOM y?>=ax H NJOCKOCTbHIO
x=a (a > 0). ’
<« Bepxussi nojoBHHAa 3ajlaHHOTO MapaGosionia ONHCHIBAETCA ypaBHe-
nuem 2=7Y 2ax—y?. Uwmeem:

02 a 0z y

% Vax—pr ' W Vom—yr
0z \? 0z \?__ a®4-y*  2ax4-a®
(5) +H(5) = '

2ax—y? T 2ax—y?

Tak kak paccMarpHBaeMas INOBEPXHOCTb CHMMETPHYHA M OTHOCHTENIBHO
miockocTH Ox2z, TO HCKOMasi MJOWAJb BHIUHCJASIETCH Kak yuyeTBepeHHasA
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nAemanb: . 9acTi- STOH NOBEPXHOCTH, JIeHaiel B NEPBOM OKTaHTE:
Vax

Q= 4SS 1/321‘“ dx dy= 4SV2ax+a2dx S VQ—'a‘iL:y—é=
a

=4SV2a)é+a2 arosin —4 |V o dx=4SV'2ax—l—a2£dx=
) V 2ax|o J 4

BV 38 —a) ="T“2(3V§_1). p

O6wsem V yuaundpa, orpaHHUEHHOTO CBEPXY HENMpepHIBHOM MNOBepX-
HOCTbIO 2==f (%, ¥), CHU3Y naocKocTbe 2=0 K 'C 60KOB NPSIMON ILHANHHL-
PHYECKOH NOBEPXHOCTLbIO, Bhipe3aloweill Ha niockocth Oxy o6aacts -G,
BbIPAXXaeTCA MHTErpajoM

T ns/a [P _ T
=35 Bex+a)" =g

= SS F(x, )dxdy. (1)
G

IMpumep 7, Haitru obvemM Tena, Orpannueniioro NOBEPXHOCTAMM

y=V x, y= 2Vx xt2=4, 2=0.
« [lanHoe Teso sBJASETCA UWJHHADOMIOM, OIPaHHYEHHBLIM CBEPXY TILIO-
CKOCTbI0 X-}2=4, cHnay njockoctbio 2=0 1 ¢ GOKOB NPAMBIMM LHIUIL-

z Y

)
P
5

)

Puc. 86

pamn y=]/"§ wy=2V x (puc. 86, a). O6aacts HuTErpHpPOBalNs TOKa-
3ana Ha puc. 86, 6.
Hyeem: 2=4—x,

2Vx
=SS(4—x)dxdy=§dx S @—x) :=§(4—x)(21/7:—1/7c)dx=

G 0

0
4
_ +3/2 5/2\ |4
=\1(4—x)1/xdx=<4-2" —2—"—> 128
) 3 5

0o 15" >

8.59. ‘Haiitu nmomanb ¢urypsl, orpaHHuYeHHONH KPHBBLIMH
yr=4ax+4a®> u x+y=2a (a > 0).
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8.60. Hafitu nsomanb Gurypbi, OFpaHHMEHHON -KPUBBIMU
xy=4 u x+y=>5.
86l Hamu nacmane GUrypsl, OrpaHHU4YeHHOH KpHUBBIMH

Y==17 ’+4a’ , X=2y, x—O (@>0).

8.62*. Haiitu nsomane ¢urypsl, orpaHHueHHOH KPHBHIMH
4 yr=2ax, R*+y*=2bx, y=x, y=0 (0 < a < b).

8.63. Hafitu nuomags urypsl, OorpaHHYeHHOH KPHBBIMU
r=a(l—cos¢) u r=a (BHe KapAHOHJILI).

8.64*. Haiitu nnomane Qurypel, orpaHHYeHHON KPHBBHIMH
(W )P =20% (x*—y?) W 2P+ y° = 2ax.

8.65%. Hafitu njowanp ¢urypsl, orpaHudeHHOH merJei
KpuBOH (x + y)* = axty, Jexameil B nepsoit yerseptH (a > 0).

8.662*. Hafzm nJowanb GUrypbl, orpaHHYeHHOH KpPHBOH

X

< +gz> e

8.67*. Hafitu nuomans Q)urypbl orpaﬂnqeﬂﬂou KPUBBIMH
Yr=ax, Y=>bx, myt=x® ny*=x* (0<<a<<b, 0< m<n).

8.68%. Hafitu IIolab GUrypbl, OrpaHHYEHHOH KPHBBIMH
yr=px, P=qx, y=ax, y=bx (0<p<gq, 0<a<b).

8.69. Haiitu nJjomaip uYacTH IJIOCKOCTH X+ y-+z=a,
BhIpe3aeMOH LUJIHHAPOM y?==ax ¥ IIJIOCKOCTBIO X=a.

8.70. Haiitu nJsomazap ~ yacTtu noserHocm LHJNHADA
x*+ 22 =q?, BbIpe3aeMOH LUJIHHAPOM y?®=a(a—x).

8.71. Haittu nuomans vactu noxaepxnocm KoHyca X 4
~+ z*=y?, BbIpe3aeMoil LHIMHApPOM y*=2px (p-> 0).

.8.72. Haiitn MOJIHYIO TOBEPXHOCTb TeJd, OFPAHHYECHHOIO
WHJIHHAPAMH x®=ay, 2*=gay U NJ0ocKocThi0 Yy=2a (a > 0).

8.73. Ha#itu nmnjomaap 4YacTH TNOBEPXHOCTH. . KOHyca
x* 4 2?=y?, BLIpesaemMoii maockocTaAMH Xx=0, x—i—y=2a,

8.74. Ha#htn nsowajgb wYacTH IOBEPXHOCTH LHJIHHAPA
X2+ y*=2ax, Bblpe3aeMOH UHJIUHAPOM 2*=2q(2a—x).

8.75. Hairn nJowanb 4actu -cepol X2+ y? 4 2% =2a?,
3aKJIIOYEHHOH BHYTPH KOHyca X y®=2%.

8.76. Haiitn N/I0MaNe 4acTH TOBEPXHOCTH napa6oJiona
2=x? 2, 3aKJIIOYEHHOH Memny napaGosonamMu 2= 3x% 4
+y2—2 U z=3+ y*—

8.77. Haittu nnomanb yactu cdepel x% -+ y? —}—z“‘—a2
BbIpe3aeMOH LHJMHAPOM € 00pa3yloluMH, IapaJiiebHbIMH
ocu Oz, HampaBJslOLledl KOTOPOrO C/AYMKHUT TPeXJIeecTKOoBas
posa r =asin 3¢.

8.78. Haiitu nJjomans 4YacTH BHHTOBOM IOBEPXHOCTH

z=aqarctg —i—', BLIpe3aeMO#l IHJIMHAPOM *®+ 4% = a?.
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8.79. Hamu nnomane yactn edepwl X2+ y*+ z2=1, pac-

HOJ\O)K(:‘HHOH MEXK]Y INJOCKOCTSMH 2=Ly uz=y (2=0;
y=0).

8.80. Haiitn nuomanp yacTH MOBEPXHOCTH KOHyca x? 4-
-+ y?=12%, BHIpe3aeMOH LHJIMHAPOM C 0Opa3ylOllHMH, napa-
JenbHbIMH ocH Oz, HanpaBJsiOLleH KOTOPOro CJYXHT Kap-
anouna r=a(l -+ cos ).

8.81. Haittu nuomanp -yactu chepn x4 y?-+ z2=a?,
BhIpe3aeMoll H3 Hee HHMAHMHAPOM (x2+ y%)?=a®(x2—y?).

Haiitu o6bembl Tes1, OrpaHHYEHHBIX MNOBEPXHOCTSIMH:
2 2 2 2

882 S+=1, S+%&=1 (a>0).

8.83%, 22—xt=a?, 2—yt=a?, z=al 2 (a>0).

884, y==x2, 2=y, 2+ y=2.

8.85. x*—yt=2az, x*+y*=a®, 2z=0 (BHYTpPH IH-
Junapa; a > 0).

8.86. x*4 y*—222=—a? 2(x*+ y*)—2z*=a? (a>0).

2.y
8.87. z=ce—<“’+b’> ) Z—:-!— i_:=l (@>0,6>0,c>0).
8.88. x*+ y?=2% x*+y*—2z2=—a? (a>0).
2 r] 2 2 2 2

8.89. %-I——z;-}-:—z:l, %+%=i—z (BHYTPH KOHYyCa;
a>0,b6>0, ¢>0).

8.80*% z=uxy, xy=1, xy=2, y*=x, y*=3x.

8I91*%, z=x*+y?, xy=1, xy=2, y=x, y=2x, 2=0
(x>0, y>0).

Mexavnueckune npunoxeHus. Ecan niaactnika sanumaer
obaactb G miockocTd Oxy M MMeeT NnepeMeHHYI0 NMOBEPXHOCTHYIO NJIOT-
HOCTb Y=7v(x, ), T0o macca M NIaCTHHKH W ee cmamuuecKue MOMeHMbl

My n M, otnocutenbHo oceit Ox H Oy BoipaxaioTcss ABOMHEIMA MHTe-

rpaiamu
M=y 9)dray,

¢ (12)
M, = SGS Wy (x, ) dedy, My, = SGS Xy (x, v) dx dy.

i

Koopaunata yenmpa macc x u ¥ MNIACTHHKH ONpEIeNsITeS CIeAyio-
mum obpasom:

§Cav s myaray (§wv ey axay
=y _ G g=Ms_ @
m vwoaa M (e paray

G G



Momenmes: unepyuu TNIACTHHKH OTHO-
cutennio oceit Ox m Oy COOTBETCTBEHHO.
paBHbI

Iy, = SS Y%y (x, y) dx dy,
G (14)
1y={ w2y (x, 9 aray,
G

a MOMEHT WHEPIHH TNJIACTHHKH OTHOCHTE/b-
HO Hayala KOOPIHHAT (NOAAPHEIL - MOMEHT
WHEPIMH) paBeH

lo={{ 2t +ve paxdy=Ii+1, Puc. 87
G (15)

Ecnu nuacTHHKa OJHOPO/JHA M IJIOTHOCTH €€ He YKa3aHa, YCJOBHMCS
cuutath Y (x, y)=1.

‘IMpumep 8. HaliTu KOOpAMHATH ueHTpa MacC OLHOPOLHOH MJa-
CTHHKH, OTDaHHUEHHOH KPHUBHIMH ay=x2, x-}y=_2a(a > 0). )
«f /luanu nepecekaloTcs B ToYKax M; (— 2a, 4a), M4 (a, a) (puc. 87).
Ilo3ToMy MOXHO 3amHcaTb: :

2a-x

a a
S=Sgdxdy= S dx S dy=-S (Qa_x_%z)d)m
€] - 2a

xt/a - 2a

a 2a-x

a
4
Mx=SSydxdy= S dx S ydy=o S ((2a—x)’——-%)dx=
atfa 2

(] ~2a

=%(_Qk-_")_3__£)

3 5a2
2a—-x

a a
2
M, =ng.dxdy= S xdx S dy= S x(?a—x—%)dx:
G -2a xt/a -2a

=/ ax? _E ¥
- 3 4a —2a__ 4

IMopctaBass HaitgeHnsle 3nauenus B dopmyas (13), umeem

My a - M, 8
F A i St

x =

8.92, Haiith Maccy Kpyrio# nJacTHHKH panuyca R,
€CJIH MJIOTHOCTH ee INPONOPLUHOHAJbHA KBAAPATY PACCTOAHHSA
TOYKH OT HEeHTpa WU paBHa O Ha Kpal MJIaCTHHKH.

8.93. Haiiti craTiueckue MOMEHTHI OTHOCHTENbHO ocedt Ox
u Oy OFHOPOAHOH -CHUIypbl, OrpPaHUYEHHOH KapAHOHION
r=a(l+cosq), 0L e<a, U NONIPHOH OCHIO.

8.94. Haiitu KoopanHaThl LEHTpa Macc ORHOPORHON (u-
rypel, OrpaHHYeHHOH KDUBLIMH Yy®=ax, y=Ax.
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8.95. Haiitu maccy nsiacTnHkM, uMeioied ¢GopMy . npsmo-
YTOJIbHOTO . Tpeyroibuika ¢ kateramn OB=au OA =b, ecsn
MJIOTHOCTb €€ B J000H TOYKe PaBHA PacCTOSHHIO TOYKH OT
karera OA.

-8.96. Haiitn craTnueckue MOMEHTH OTHOCHTENBLHO oceil
Ox n Oy opHOpORHOH (UIypHI, OTPAHHUYEHHON CHHYCOMIOM
y=sinx u npamoii OA, npoxoasiueii uepe3 Hauajo Koop-
auHat u Bepumny A (2, 1) cunycoumsr (x = 0).

8.97. Haiitu KoopauHaTHl 1eHTpa Macc OAHCPOAHOH (H-
T'ypHl, OTpaHHYEHHOH KpPHEBIMH Xxy=a?, y*=~8ax, x=2a
(a > 0).

8.98. Haiitu MOMEHTH MHepUHH OXHOPOZHOTO TPEYIrOJMb-
HHUKa, OrPaHHYEHHOro MPAMbIMH X+ y=1, x+2y=2, y=0,
otHocuTesibHO ocelt Ox n Oy. B

8.99. HafitTH KoopAMHATHI LEHTPa MacC OJHOPOAHON ¢H-
TYpbl, OTpaHHYEHHOH meT/ell KPHBOH 7 =asin2¢, Jexamen
B NEPBOH Y€TBEPTH.

8.100. HaiiTu MOMEHTH HHEpPUMH ONHOPOAHOH QUTYDHI,
orpaHHueHHOH Kapauounoil r=a(l- cos®), oTHOCUTENbHO
oceit Ox, Oy ¥ OTHOCHTEJBLHO NOJIOCA.

8.101. HaiitTu MOMEHTH MHepUMHM OAHOPOLHOH (HrypHl,

. x2? 2 .
OrPaHHYEeHHOHN 3JTHIICOM 32—-}— %? =1, otHocHTesbHO oceli Ox,

Oy ¥ OoTHOCMTENbHO HayasJa KOODJMHAT.

8.102*%. Haii'tTh MOMEHTH MHEpUMHM OIHOPOAHOH (UIrypHI,
OTpaHHYEHHON KPUBBIMH y?=ax, y=a, x=0i

a) OTHOCHMTENbHO Hauaja KOOpAMHaT,

6) OTHOCHMTEJBLHO NMPSMOH X==—a.

8.103. Haiitu MOMeHTH MHEpPUHMH TpeyrosJbHHKa, OrpaHu-
YEHHOTO NPSAMBIMH X -} Yy=@, X=4a, Y = a, OTHOCHTEJIbHO Ocell
Ox, Oy W OTHOCUTENLHO Hauasa KOOPAWHAT, €CJIH NJOTHOCTb
NPONOpLHOHAJbHa OpAHHATE TOYKH.

8.104. Haiitu MOMeHT WHepuud OIHOPOJHOH (HrypHI,
OrpaHMYEHHOH JIEMHHCKATOM r?=a%c0S2¢, OTHOCHTEJbHO
nosmoca. _

8.105. Hailtn MOMeHTHI MHEepUMH OAHOPOAHOTO KPYrOBOIrO
CeKTOpa pajMyca @ C yrJIoM @ NpH BepliHHe (cOBNajarollen
C HayaJoM KOOpAauHat) orHocuteabHo oceit Ox m Oy, ecan
CEKTOp pacroJIoXKeH B NepBO YeTBEPTH W OLHOH M3 CBOMX
CTOpOH JIeXKHT Ha ocd Ox.

8.106*, Tonkas niacTHHKa ¥MeeT GOPMY KPYrOBOro KOJbla
¢ papuycamu ‘R; n R; (R, < R;). Yneabnasi TenJjoeMKOCTb
MJIACTHHKH MEHSIETCsl MO 3aKOHY ¢=|Xy|; NJOTHOCTb MOCTO-
fAHHA W paBHa y. Haiitu KosmnuecTBOo TemjioTH Q, mosyue-
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HON NJACTMHKOW NP €€ HarpeBaHuM OT TeMmmnepatypel #; 1o
TeMnepary prl t;.

8.107*, Ha' Ttotkoit’ TIJIaCTHHKe, uMmelouwe# ¢opmy napa-
6ONNUECKOr0 CerMeHTa, orpaHuyenHoro ocwlo Ox u mapa6o-
Joil ax? -+ h*y = h®, pacnpeleseH 3JEeKTPHUECKHH 3apsji ¢ mo-
BEPXHOCTHOH NJIOTHOCTBIO O = 2x <+ y. HaliTi noansiit sapsan £
NJIaCTHHKH.

§ 2. Tpoiinoit muTerpan

1. Tpoiinoit nHTErpas M €ro BBLIYHCJCHHE B JEKaPTOBLIX NPAMOYroJb-
HHX KoopauHaTax. TpodHoim uHMezpasom OT HENpepHiBHOH GYHKIHH
f(x, y, 2) N0 orpaHHueHHOM 3aMKHYTOH NpOCTpPaHCTBEeHHON o6nactH T
11a3bIBa€TCS Npeles NOC/IeL0BATeNbHOCTH COOTBETCTBYIOIMX HMHTETPaJbHbIX
CyMM NpH CTPeMJEHHH K HYJIO Hau6oJbLiero H3 NHaMeTpoB dj SMeMeH-
TapBbix o6Jjactel Avg, ecjan 3TOT npeles He 3aBHCHT HM OT croco6a
pasbuennsi obnactn T Ha sjemeHnTapHble nofo6macth Avg, HH OT BhGopa
NPOMEXYTOYHBIX TOUEK:

(§0/t v aacarie=_ tim 3 fen oo 20 do (0
T maxdy, > 0 g=7y

rie (Xg, Yg» 2p) EAvg. Yepes Avp ofo3HauaeTcs KaK SneMeHTapHas
obaacTb, Tak u ee o6beM. CBOMCTBA TPOHHBIX MHTErpPajioB aHaJOTHYHBI
CBOHCTBaM JBOMHLIX HHTErpaos.

Briuncsenne TpoiHOTO HHTerpajga B IEKapTOBHIX KOOPAMHATaX CBO-
JNTCA K 10CJ€JI0BaTeIbHOMY BBIUHCJEHHIO OJHOTO OJHOKPATHOTO H OJIHOTO
NBOWHOrO MHTErPATOB WJH K BBIYMCJIEHHIO TPeX OJAHOKPATHLIX HHTETrpa-
seB. Ecau, nanpumep, o6JacTb HHTerpupoBaHns T orpaHHueHa CHHM3Y
OBEPXHOCTBIO Z = @5 (X, Y), CBEPXY MOBEPXHOCTbIO 2= Q3 (X, ¥) (P1 (¥, )<<
< Qg (¥, y)) uc COKOB NPAMBIM IHJIHHIPOM, CEY€HHEM KOTOPOTO MJOCKO-
CTbIO, mapajajenbHoll nuockoctH Oxy, sBasierca obaacts G, TO TPoOiHOM
unterpai (1) Beluncasiercs no gopmyae

Q2 (%, y)
SSSf(x, y, 2)dxdydz = Sgdxdy S Fr, g 2)dz. (@)
T G @1 (%, ¥)
3anucuLiBasg ABOHHOM HHTeI‘paJl no obnacth G uepes OAMH W3 MOBTOP-
HBIX, NOJYyYacM -
b Y2 (x) @ (X, y) .
Sggf(x, 4 z)dxdydz:Sd S S Fix, y, 2)de=
T a i (x) 91 (x, y)
d X3 (Y) @; (x, )
={ay ( ax § fopae @
c x1 (y) 1 (x, 1) '

IMpumep 1. Bruncants SSS zdxdydz, ecam obaacTb »T orpa-
T

HUYeHa MJIOCKOCTAMH x-}y-+2z=1, z2=0, y=0, x=0.
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« neen:
1-x {—x=-y

X;Szdxdydz=§ldxf § § 2dz'=
=de S (-é-
1§( (s

1 -
—imy 1 I
)dy é‘dx § (l—x—y)*dy

1

—_— —x)3 =
y=0)dx_6 (1—x)3 dx

-5 (-5

(=N N

o)=% >

PacctaBute mnpefesisi MHTETPHPOBAHHUS B TPOHHOM HHTE-
rpane SSS f(x, y, 2)dxdydz nns yxkasauuwix obaacreit T:

T

8.108. O6sacts T —TeTpasjp, OrpaHHYeHHbIN MJIOCKOCTAMU

2x4+3y+42=12, 2=0, y=0, x=0.
2 2

8.109. O6nacts T — BHYTPEHHOCTDb SJTHIICOMAA —z—z- —I—%;— +
22 b
=1L

8.110.06.1actb T orpaHuyeHa NOBEPXHOCT AMH 2422 =
x=2.

8.111, O6aacte T orpaHuyeHa MOBEPXHOCTAMHU X2 + b= 2%,
z=1.

Boluucnuts uﬂ'rerpa.nu'

2¢r Vixy
8.113. dxg dy S 2 dz.

P

Vax 2 (a—x)

8.114. dxsaydy (" de
0

a-x

8.115, S SS (x+y+z) dxdy dz, rpe obnacts T —TeTpassp,

OTpaHHYEHHBIH MJIOCKOCTSAMH X+ y 4 2=a, x=0, y=0,2=0.
8.116. SSS xyzdxdydz, rage o6nacte T orpannyeHa mno-
T

BEPXHOCTAMH y=x%, x=y2, 2=xy, 2=0.
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8.117. SS S (*+y*) dxdyde, rre obnacte T orpannuena
T
ROBEPXHOCTAMH z2=y?—x? 2=0, y=1.

2, 3amena nepeMeHHLIX B TPOHHOM HHTerpaJe,
HRTErpaje .

SSS F(x y, 2)dxdydz
T

DPOM3BOAWTCS 3aMeHa MePeMeHHHX no dopmyram x=x(u, v, w©),
y=y(u, v, w), 2=z (U, v, w), npHyem GyHKOUH X (4, v, w), ¥ (4, U, W),
2=(u, v, W) OCYIECTBJAIOT B3aHMHO OJIHO3HAUHOE OTOGpaXkeHHe obaacTH T'

Ecan B Tpoiinom

NPOCTPaHCTBA

Oxyz na obaacts Ty npocrpanctBa Qjuviw M sKoGHaH

npeo6pa3oBaHus He obpaulaeTcss B HyJb B obnactu Ty:

or o ox
Jdu v ow
oy 0Oy dy
I'=\os & o |*
0 02 3
ou Ov Ow

TO cnpaseinnBa Gopmyna
(85700 o2 dxayaz=
T

.

=({{rewow ywow, 2@ o ©)|7duddo @

1

Han6onee ynorpe6HTebHLIMA H3 KPHBOJHHEHHLIX KOOPIAHHAT SABASIOTCH
YuAunOpuYecKue KOOPHHATH 7, @, 2 (puc. 88): x=rcos ¢, y=r sin g,

" ZA
> /7{;4, »,2) Mrp,8)
»
z
g - g
7 g 7]

P »
A P

Puc. 88 Pruec. 89

=2, aKoOnan xoTopux [=r, M cgepuueckue r (A7MHa paiHyC-BeXTOpPA),
¢ (noarora), 0 (wmupora) (puc. 89): x=rcos pcos0, y=rsin@ cos 0,

z=rsin@, arobuan woTopux J=r2cos0.

Qopuyaa (4) npuEBMaer

27



COOTBETCTBEHHO BUX’

v . _ ; ' ' ‘
S§Sf(x Y, 2) dx dy dz g;g (rcos@, rsing,2)rdrdedz (5)

1
niau

S S S f(x, y,2) dxdy dz=
T
=SSS f(rcos @ cos ®, rsin@cos, rsin0)r2cosdrdpdd. (6)
Ty
Mpumep 2. Ilepeiins K LHIHHAPHIECKUM KOODAUHATAM, BBIYHCIHTD
S S S [ ]/-JCT—I-—y2 dx dy dz, rae o6aacts T 3ajaHa HepaBeHcTBamu 0 << x <2,
T

0<<y<V 2x— % O0<<z<<a (puc. 90).

« Tak xak ypashenne y—=) 2x—x® B LMIMHADHUE-
CKOil  cHCTeMe KOOpJAMHAaT NDHHHMaeT BMJ 7=
=2cos ¢ (0<<@=<<m/2), To mo dopmyne (5)

SSS Vi FPededyds = SSS rizdrdodz=
= T

Ty
/2 2%cos @ a . 7/2 2cos @
==S do § rzdrgzdz':%-gdtp S ridr =
0 0 0 0
1w 8
a
Puc. 90 =g S cos’@dp =5 a* P

0
IMpumep 3. Ilepeitis K chepuueckHM KOOPAMHATAM, BBIYHCIAHTH
S S (%24 y?) dx dy dz, ecnn obnacte T ecTb mosywap x2--y2--22<< R2,

L

7
z2>=0.

@ [las o6nactu Ty npeiensl H3MeHeHHS! CHEPHUECKHX KOOPAMHAT CyTb:
<2m, 0<0< /2, 0<<r <<R. HUmeem mo dopmy.se (6):

0
SSS (¥*+y? dxdydz = SSS r? cos? 9. r2 cos-0dr do do = |
T

A
<

Ty
2n /2 R
= §dcp S cos3 0 do g' r4dr=i43 aRs. p
0 0

BBIYMC/IHTD HHTErpasbl, Mepeias K UHIHHAPHIECKHM KOOp-
JUHATaM:

8.118. SSS ydxdydz, rne o6nacte T orpaHHyeHa MoBepx-
T
HOCTAMH X2+ y®=a?, ¢=0, z2=h.
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8. 119 SSS zdx dy dz, rne obaacte T orpa}mqena noBepx-
T

HOCTAIMH x"’+ y'=2% z=a.
V3 V3-x2 '1/4—):’—‘1/3
8120, (dx { ay | e
0 0 (x®+y2)/3
2 Ve (-y/a

alV 2
sret. § ay § ax § Viygde
0

y . 0
a Va2—x2 h
8.122, S dx S dy S V ¥yt de.
—a _Vagz—xt —hz-(x’+y"')
a
2 Vizxt 2

8.123. de S dy S (x*+ ¢ dz.

-2 Vi (x*+yY/2 A
BhiunciuTh MHTErpasbl, nepeiis K chepuyeckHM Koop-
JHHaTaM:

8.124. S S S V X+ y*+ 2* dx dy dz, rne o6aacte T —BHYT-
T oL
PEHHOCTh LIAPOBOTO CEKTOpa € LIEHTPOM B Hauasle KOOpAH-

HaT, paauycoM a H yraoM npu BepumHe 2a (0 < a < m),
ecii OCb CHMMETDPHMH CEKTOpa DNpHHSITh 3a och Oz.

8.125. SSS xyztdxdydz, rpe obnacte T orpaHuuena ya-
T
CTbio cepnl X%+ y®+2*=1 M KOOPAHHATHBLIMH TJIOCKOCTAMH
x>0, y>0, 2>0).

dxdydz .
8.126. SSS Vitera rpe obnacte T — chepHueckuit

CJIOA MeMJy TOBePXHOCTAMH x'+y*--2'=a?, X +4y*+

+ 2*=4a?.
RIV?Z l/-—-xz VRi=xi— 2
8.127. S S dy S dz.
0 0 Vxiry

a Var—x2 Vai—xi_ge
gi128. {ax § ay { zd2
0 0 0 -
R VRi-©# VRi-xi—p
g120. §ax § ay (| Vze
-R ~VRi_x3 0
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3. l'lpu.nox(euuu Tpoitinx mnHrterpaios. O6sem V npocrpaﬂcmeﬂuoﬁ‘

o6nacru ‘paBeH.
V=SSS dx dy dz.
T

Macca M Ttena ¢ nepeMeHHOH MJOTHOCTBIO Y (X, ¥, 2), saﬂnua{omero
obnacte T

M=S§Sv(x, 9, 2) dx dy dz.

Cmamuueckue MoMeHmbl Tella OTHOCHTENBHO KOOPAHMHATHBIX TJIOCKO-
crelf:

II

SSS xy (x, y, 2)dxdydz,

-1
v={§

Koopduname: yenmpa macc tena: .

S yy (x, y, 2)dx dyde,

S 2y (x, y, 2)dxdydz,

™ YT M’
Mwuenmu UHepyuy Tela OTHOCHTEJNBbHO ocell KOOPAUHAT:
’x—‘—S S W2+2%) vy (x, y, 2) dx dy dz,

=S
l,—S

[Mpumep 4. Hai‘rm KOODJAHHATHl LeHTPa Macc Moayiapa
x24-y2 422« R?, 2=0, ecsin NJIOTHOCTD B KaXIOH TOYKE MPOMOPLHO-
Ha/lbHA PacCTOSTHHIO OT TOYKH N0 LeHTpa.

o Hveem vy (x, y, 2) =k x*F 4%+ 22 u BcaencTBHE CUMMETPHH x=4=0.

Boiumc/ieHdst MpoBefeM B ChepHYeCKHX KOOPAMHATAX:

Mxy=kggg 2V ¥ fyifdedyds = SSS rtsin @ cos 0 drdp df =
T

1

2
S (224+-x) v (x, y, 2) dx dy dz,

Ny Ny N/

S *2+y) vy (x, ¥, 2) dedy dz.

2n /2
=de(p S sancosOdQSr“d =—5—knR5

M=kS§gVm—z‘?dxdydz:kSrggr%osedrd@de:
25 R !
- My, 2

/2
3 1. —__ <
S ScosOdOSrd — knRY,; z—M—sR.
0 0
0,

Takum o6pasom, C (0 .'E R) >
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8.130. Haiitn 06beM Tesa, OrpaHHYeHHOro NOBEPXHOCTAMH
2=ty 2=2("+y), y=x, y=2x

8.131*%. Ilpu xaxom 3HaueHHH a OOBEM Tesa, OFpaAHUYEH--
HOTO NOBEPXHOCTSIMH X*+-y*=az, x*+y’=ax, =0, pasen
Janyomy’ uucay V?

8.132*, Hafitn o6bem Tesia, OrpaHHUEHHOTO 3aMKHYTOH
NOBEPXHOCTBIO (X% + y° -+ 2%)2 = 2axyz (a > 0). .

8.133*. Hailitu o6beM ‘Tesla, OrpaHHYEHHOrO 3aMKHYTOH

x2 42 22\2 x2 g2
NOBEPXHOCTbIO 0—2-]—72——}-0—2) =F+F'

' 8.134*. Halitn obbvem Tesna, orpaHHueHHOro coepoh
x*+y*+2*=4a®> u napaGonongom x?+ y*=3az (BHyTpH
napa6oJiona).

8.135*%. Ha#itu o6beM Tesna, OrpaHHYEHHOTO 3aMKHYTOH
NOBEPXHOCTLIO (X2 -+ Y24 2%)2=az (a > 0).

8.136. Haiitu Maccy M CpefHIO0 NJIOTHOCTb TeJsa, orpa-
HHUYEHHOTO MOBEPXHOCTAMH X2+ y?—2%2=aq?, 2=0, z=a > 0,
€CJIM TJIOTHOCTh B KaXJAOH TOYKE NPONOPLHOHAJbHA anijiu-
‘KaTe z U B IJIOCKOCTH 2=a paBHA Y,.

8.137. Hailith Maccy ¥ cpejHiol0 IJIOTHOCTB KPYroOBOrO
KOHyca ¢ pajuycoM ocHoBaHMs R u Beicotoit H, ecin mjot-
HOCThb B KaX[OH TOYKe MpPONOpPIHOHAMbHA KBaApaTy PaccTos-
HHUS OT TOYKH JO' TJIOCKOCTH, NPOXOisiiell yepe3 BeplLHHY
KOHyCa MapaJjieJbHO IJIOCKOCTH OCHOBaHHS, H B LEHTpe
OCHOBaHHSI paBHa Yy,. )

8.138. Hafitu maccy H cpeiHIol0 TJIOTHOCTH Tesa, Orpa-
HHUYEHHOTO0 TNOBEPXHOCTAMH x*—y?=az, x*4 y?=a?, 2=0
(z > 0), ec1H NJOTHOCTL B KaXXAOH TOYKe NPOMNOPIHOHAJIbHA
annJukate 2z, a HanOoJsbllee 3HaueHHe IJIOTHOCTH P,.

8.139. Hafith mMaccy H CpeHIO IJIOTHOCTb CepHYeCcKOro
CJIOS1 MEXKJY TIOBEPXHOCTAMH X% + 24 2%==q? u x24y2 4 2%=4a?,
€cqd MJOTHOCTb B KaXJOH TOYKe NPONOPHHOHANbHA KBaj-
paTy pacCTOsiHHSI OT TOYKH JO Hayaja KOOpAHHAT, a Hal-
6osibliee 3Ha4yeHHE MJIOTHOCTH Y. '

8.140, Haiith Maccy M CpefHIOI0 IJIOTHOCTb CErMeH-
Ta napa6osionia BpalleHWss ¢ PajHMyCcoM OCHOBaHHSI, R u
BbICOTOR H, ec/iH TJIOTHOCTH B KaXJIOH TOYKE INIPONOPIH-
OHaJIbHA KODHIO KBaJ(paTHOMY H3 pPacCTOSIHHUSI OT TOYKH
JI0O HJIOCKOCTH OCHOBaHHMSl CerMeHTa M B BeplIMHE CermMeHTa
paBHa 7,.

8.141. Haiitu Maccy M cpejHIOI IJIOTHOCTh l1apa pa-
Juyca R, ecM NJIOTHOCTb B KaXA0i TOUKE NMPONOPLHOHANbHA
pPacCTOSIHUIO OT TOYKH JAO OJHOTO H3 JHAMETPOB 1iapa M Ha
OKPY2KHOCTH GOJIBILOTO KPyra, JieKaulero B IVIOCKOCTH, Nep-
HNEeHAHKYJIAPHOR K 3TOMY JHaMeTpPy, paBHa Pp

)



8.142. Haiélté KOODAMHATHI IEHTPAa MAcC ONHOPOAHOTO
Tena, OpaHUICHHOIO MOBEPXHOCTAMH jz=?—=(y_*_—.x?)...z=0',

y=a, y=0 (@a>0, h > 0).
8.143. HaiiTi KoopHHATHI LIEHTpPA MAcC, OLLHOpOJ.IHOI‘O Teua,

. b
OrpaHHYEHHOrO MOBEPXHOCTAMH Y = —5 X%, 2= F (b—y), 2=0

@>0,56>0, h>0). :
8.144. Haiitu KOOpAMHATHL IEHTPA MacC OIHOPOXHGIO

H
TeJa, OrpaHUYEHHOr0 MOBEPXHOCTAMH 2 = g (R+4y?), z2=H
8.145. Hamu KOODJHHATHl LEHTPa Macc OJHOPOJHOr0

Te/a, OrPaHHYEHHOrO MOBEPXHOCTAMH Z = HveTs, Y z=H

(H>0, R>0).

8.146. HaiiTu KoopAMHATBI IEHTpa Macc noJymapa x? -+
+y2+22<R? 2>=0, "eciM IJOTHOCTD B KaXJZOH TOUKE
NPONOPIHOHAJIbHA PAaCCTOSIHMIO OT TOYKHM JO Hayajaa Ko-
OpJHMHAT.

8.147. HaiiTH MOMEHT HWHEPUHH OTHOCHTEJNbHO ocH Oz
OJHOPOAHOIO TeJsa n.nomocm Y, OrpaHHYeHHOro IOBEPXHO-

CTAMH y=ix, 2=0, z_b(b y) @>0,b>0, h>0).

8.148. Hanm MOMEHT MHEepPLHH OJHOPOJAHOrO CerMeHTa
napaGoJIonfia BPAUICHHA IJIOTHOCTH .y C PajHyCOM OCHOBA-
#usi R u BbicOTON H OTHOCHTE/IbHO €70 OCH BpAIlEeHHS.

8.149. Haiitn MoMeHT wuHepUuMM mapa paauyca R oTHO-
CHTEJNIHO ero JAHameTpa, ecAd IJIOTHOCTh B KaMKIOH TOukKe
IpPONOPIIHOHA/NbHA PACCTOSIHUIO OT TOYKH 10 IEHTpa Iuapa,
8 Ha TOBEpXHOCTH Illapa paBHA 7P,.

8.150%*, Hafitu HbloTOHOB mnorteHunan U OmHOPOIHOro
Tesa 2HJIO’I;HOCTPI Y, OTPaHHYEHHOrO 3JIJIHICOHAOM BpalleHHUSA
f—:;i—{— =1, B ero uenrpe (b > a).

-8.151%*%, Halltu cuny NpHUTSKEHHS, OKa3bIBAEMOTO OJHO-
POIHBEIM KOHYCOM IJIOTHOCTH Yy, BhICOTHI /1 M pajuyca OCHO-
BaHusi R Ha MartepHa/bHYIO TOYKY, PACIOJIOKEHHYIO B €ro
BepIIMHE U COAEPXKAILYIO eIHHHIY MacChl.

8.152. Haiitu MoMeHT MHepuuM OTHOCHTeNBHO oOcH Oz
OJHOPOJHOrO TeJa IJIOTHOCTH Yy, OrPAaHUYEHHOI'O MOBEPXHO-

CTAMH z=a—h,' y*—x?), 2=0, y=4a.

8.153. HalitTu MOMEHT HHEpPUHH OZHOPONHOTO KPYrOBOTO
KOHyca IJIOTHOCTH y C PaAHyCcoM OCHOBaHHs R u BpicoToit 1
OTHOCHTEJ/IbHO €ro OCH.
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§ 3. HecoGcTBeHHBIE KpaTHBIE HHTErpaJbl

1. Hurerpan no Geckoneuno#i o6nactu. Ecom ¢ynrums f(x, y) He-
npepbiBHa B GecKoHeuHolt oGnacTé G, To, IO ONpejeJeHHIO,

| SGS F(x ) dedy= lim SDS f(x, ) dxdy, M

rae D —xoHeuHass 06/acTb, NENHKOM Jexamas B obmactu G, npuyeMm
D — G o3Hnauaer, uTo o6aacTh D pacumupsiercsi MPOH3BOJIBHEIM 06Pa3oM
TaK, 4ToGbl B Hee BOLLIA M oOCTazach B HeH Jio6afd Touka obaactu G
(ucuepnsisatowee pacuiuperue). Ecau cyuecTsyer Ko-
Heunsift Npejen (1), He 3aBHCAWMI OT BuiGopa Mod- )
o6nacty D u cnoco6a pacuupenuss D —s G, 1O He-

cofcmeentibid unmeepan SS f (%, y) dx dy HaswBaetcs

cx00auumca, B IPOTHBHOM  CJyuae — pacxoORULUMCA.

"AHamOrHyHO oOmpejensieTcCA TPOHHOH HHTerpas
1o GecKoHewHOR obsacTH.

Ecau f(x, y)=0, To A1 CXOAHMOCTH HECO6-
CTBEHHOT'O MHTerpaja HeOGXOAHMO H JAOCTaTOYHO,
ytoGLl mpefea (1) cyuiectBoBas XOTS Ob /IS OXHOrO —
HcuepnbiBaouero paciuupenus obnactu G. 4

" Ilpumep l. BoluncauTb HeCOGCTBEHHBIA HHTETpaJ

dx dy ) Puc, 91
¥y
@
rie  G—ofnacTh, onpegensieMas  HepaBeHCTBamum x2=1, y>=>«x2.

«f Iono6nacte D (puc. 91) 3ananum HepasencTsamn 1< x<<a, x2<Cy<h,
rie a— -0, b —>—+4 o, Toraas - ’

- b

dx dy . S dx dy . S‘ S dy
Y — lim — = lim dx \ —2— =
Saxuryz D0 ) FFE ooie ) T )

b+ | x?
f

= I - A —
_QBTQ S‘ ( x? arolg x? ’C') d).C—-

b—>+o | .

; 1
. . b 1
= — tg—. " —

lim P (b-—I:Too (aro g i ))dx

a—>r+®o

T dx _m 1 |a 1
=— lim —=— lim —— ==,
4a—>+ca1 x? 4a-++uo(' X l) 4 >
BbiuuciuTh HeCOOCTBEHHBIE HMHTErPAJIBL:
dxd
8.154. S ;Vay, rie G—obnacte, onperensemasi Hepa-
G

BeHcTBamu x =1, xy>1.
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8.155. Ssa%é, rie G—obnactp, onpejenseMas He-
A

paBeHCTBOM Xx*+y® > 1 (BHeIIHOCTb Kpyra).

dx dy-dz
8.156. 1353 TAe T —obnacth, onpejessemas
S.ES ¥4y +2%)

HepaBeHCTBOM x?+y*+2z2>1 (BHemHOCTb wapa).
+ ® + ® +

8.157. (dx {dy {e-wwoda,
0 0 0

HccnenoBaTh CXOAUMOCTb HECOOCTBEHHBIX HMHTErpPaJiOB:
8.158. SX sin (x* + y?) dx dy, rae G—oGaacrtb, onpeznense-
G

Mmasi HepaBeHcTBamu x>0, y=0.

dx dy
8.159. ———~ . rae G—ob6aacts, onpepensemas
) it P

HepaBeHCTBOM x*+ y> =1 (BHeWHOCTbL Kpyra).

2. Unuterpai ot paspumBHOi dymnkuun. Ilycte oymknua f(x, y) ne-
npepuiBHa B OTPaHHuEHHON 3aMKHYTOH o6sactH G BCIOLY, 33 HCKJIOYEHH-
eM ToukH Py (¥g, Yo) (wnn auuun L). Ecom cymecTByeT Koneunmllf npeyen

Jlim SGS f(x, y)dx dy,

e

rae Gg — obnacth, noayuaemas #u3 G nyTeM yJajJeHHs TPOH3BOJbHON
OKDECTHOCTH TOYKH Py C JMaMETPOM, MEHBIIHM € (COOTBETCTBEHHO Mpo-
H3BOJILHOM OKPECTHOCTH JMHHMH L ¢ «wHpHHOl», MeHblueH &), To STOT
npejies HasbLIBaeTCsl HecoGcmeeHHbIM uHmezpasom om ¢yrkyuu f(x, y) no

obaacmu G u o603HayaeTcs uepes SS f(x, y)dxdy, 1. e,

(§fe paxay=1m (§Fex aray @
¢ g—>0 Ge
Vnrerpan (2) B STOM Cayuae HashBaercs cxoﬂﬂmtwéﬁ. Ecin xe
lim SS f (x, y) dx dy Be cymecTByeT HJH paBeH ®, TO SS f(x, y)dxdy
€0y ’ 6

e
Ha3bIiBaeTcH pacxoaﬂu(umcn.

AnanoruuHo onpejiensiercs TPOHHOA HHTErpasn OT pa3puiBHOM YHKIMK.
Mpumep 2. HccnenoBate CXoAuMOCTh HeCOGCTBEHHOrO WHTErpaja

dxd
Ss‘—i-o? s a>0, rre G—xpyr 2}y 1,
J (x2--y?)
G
« Hauano xoopaunar sBasiercs Toukofl paspmiBa dyuxkuum 1/(x2-}-y?)*,
¥Yaanum n3 G &-0KPeCTHOCTh Hayaia KOOPAMHAT (IOABIHTErpadbHan QynK-
NS NoNoXHUTeNbHa). Torna o6nactk G €CTh KOJBLO MEXAY OKPYIHHOETS-
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mu paguycos € u 1. [lepeitfeM Kk monsipHLIM KoopAuHaTam (I'— mossipuslii

o6pa3 obaactu G):
S‘S‘ dx dy _S‘S‘rdrdq)
2 no 20
g )T YT

IMpn o # 1 nmeem:

2n 1
rdrdg . -20 1-20
= lim drdp= lim \ do\ r “dr =
SS e :3->+0§,S P= e—>+00S (PS
r e e
2(1=2) 1 __e2(1-0) ( =
. _21'[ lim ‘Qr—(l—_:a =mn lim ll+a= l—a mpn @ < l'
e>+0 e+ +0 4o npu a > L.

[Mpu aa=1 umeem:
2n

dr dg . dr
r

1
= -} oo.
e

= lim dop ——Qn lim Inr
e->+00 e e->+0

Urak, npu a < | uurerpan cxojutcsi u pasen nn/(l—a). P

BLIUMCTHTD HECOGCTBEHHbIE WHTErpAaJbL:
8.169. SS dxfj_y_ , rie G—xBagpatr 0<{x <1, 0Ty < 1.

8.161. g dde , rtie G—kpyr x4y 1.

Viex—y l—xz—J
8.162, SS an - dxdy, rae G——prr 4+t
V[CCJIQI[OBaTb CXOJUMOCTb HECOGCTBEHHBIX HHTErPaJioB:
8.163*. SS' (dXdy rie G—rtpeyrosibiuk 0<Cx <1,

_)’7"

0Sysx dy d
__dxdydz T 2 21 2
8.164. SSS it rae wap x*+y _—}—z <L

-§ 4. Bbluuc/IeHHe HHTErpajioB, 3aBHCHILHX OT mapamerpa

1. CoScrBeHHble -MHTErpasbl, 3asucfiliue or mapametpa. Ecau ¢yHK-
uug f(x, y) onpejeneHa W HenpepoiBHAa B NMPAMOYTOJIbHHKE a << x<Tbh,
A < y<B, 10 uHTerpan

\ b
F= 1 g M
) a
Ha3LIBACTCS UHMEZPANOM, BAGUCALYIM OM NApamempd, W SBASeTCS Hempe-
puiBHOi B npomexyTke [A, B] ¢pyHKuued.
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Hnterpan Gonee obuiero Buja
‘ b (y)
Fo)= { 1(x yax @
() '
TaKXe HasbiBaeTCss MHTErPajioM, 3aBHCALIMM OT Mapamerpa, W sBJAsieTCs
HenpepriBHOM (YHKNMelH aprymenTa y B npoMexyTke [A, B}, ecan f (x, y)

HenpepelBHa B NPAMOYTroJbHHKe a<<x<<b, A<<y<<B, ¢(y) n P ()

HempepuBHb NpH Yy E€[A, B] W MX 3HaYeHHA COAEPIKAICA B NPOMENKYTKE
[a, b]..
Ilpumep 1. Boiuncants npenen

1+y
lim dx
Yo, T+ 2+
~(1+y)
<« PaccvoTpnM crnepylomuii WHTeTpaj, SaBHCSIMH OT NapameTpa yi
1+y
¢ dx
Fn= 5 Thatfyr’
~(1+y)

Tak Kak mnpepenb HHTErpHpOBaHHs, a TaKkMe NOABIHTerpanbHas OyHK-
1HA HeNnpephiBHB NPH JIOGHIX 3HAu€HHAX CBOMX aprymenToB, T0 F (y) —
HenpepriBHas ¢yHxuus. [lostomy

I+y d 1 d
X X
lim S — & limF =FO=S LS
o) T e e O=FO0=)
-(1+y) -1
n

P>

Ecan f(x, y) u fy(X, ) HenpepHBHH B NPSMOYTOJbAUKE -a << x &< b,
A<y< B, T0o ans wuterpana (1) cnpaBeannBa opmysa Oudpdeperyu-
posanusn nod eHaxom unumeepasa (popmyna Jleii6Hun a):

1
=arotg x| =
> -

b b
Fo=g 1o nas={ i gar )
a a

Ecan 8 (2) npH Tex me YcnoBMAX Ha f u f, npenent WHTEr pHPOBalKHA
@ (y) 1 P (y) rAnddepenunpyemn npn yE (A, ﬁ), TO Bepua Gopmyana:
¥ (y)

Fo=g | e na=
@ (y)
L X0)]
=06 DV O—F@w, 0 O+ § LE i @
P
Mpumep 2. Haiitu F* (y), ecn
cos y _
F)= S & VI gy,
sin y
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«f Tax Kak noxsiHTerpanbHas QyHKUHs V-2 HenpephiBHA B 00.14CTH

onpelielleHHsl BMeCTe CO CBOefl YacTHOH NPOHM3BOAHOH IO Y, PaBHOM

Vl——xzey‘/1 ¥ a Ipefe/sl HHTErPHPOBAHHS SBAAIOTCA TAKHe JHdde-
peHuMpyeMbIMH (QYHKIHSIMH, TO MOMHO BOCHOJb30BaThCs (opmysoi (4):

F' ()=

cos y
=_e!/V1-cos'ySmy_eyV1—sin=ycos g+ g V_l-'—xﬂieyVI_x'dx'=
s!ﬁy
cos y
=— (Y% ¥l gin gyt e¥1089 1 cos ) + S VIi—2dVi-24e p
siny

Ecau f{x, y) HempepbiBHA B IPAMOYTOJIbHHKE a << ¥ << b, A <y<B,
TO Ans uHTerpajia (1) cnpaseinuBa (OPMysa unmezpuposAUR no napa-
mempy y noa BHAKOM uUKmMezpala:

B "B b b B .
yww@=§@3fmme=yuSmnw@- @)
A A a a A -

Mpumep 3. Buuncauts auterpan
1
| b a
x°—x
S _lT‘lx— dx (b >a> O).
0
« 3amerum, uto

%P

. b

—X

TET_SHW
a

Torfa MCKOMbili HHTErpai TpPHHHMAET BHI -
1 1 b

xb_xa . : .
S Ty dx—S de XY dy.
0 0

a

I'Io;mmerpanbuaﬂ. dynxuus f(x, y)==x¥ Henpepméiia B NPSMOYTOJbHHK
0<<x<<l, a<y<), noaTomy MOXKHO BOCNOJIb30BaThCA opmyaolt (5)

1 b 1 b b-l—-{

— Y =
deS x¥dy = dy( Wdx= S a+l »
0 a 0 a

Bbltmcmnb cJIeyoLHe npenem,x
1

2
8.165. lim Sx" cos.xy dx. 8.166. lim f/x‘-{—y’ dx.
1

y—0 y—=>0 ¢
8.167. 11m — g (f (x4+h)—f (x)) dx, ecmu f(x) HempepriBHA
0

Ha OTpesKe [a, bl (a<0<x<b)u f(0)=0



IMpomuddepernnpoBaTs GyHKUMHI .
y+l -

y B
8.168. F(y)=S‘“—“j—"y)dx. 8.169. F (y) = S S0 gy,

y-1

y? y
8.170. F (y) = S —u* dx. 8.171. F(y)_S {(x—y) sin xy dx.

8.172. Haitu ny, ecaIH
xy
Fr, = § (x—yt) [ () dt,
x/y
rae f(1)— pddepenunpyemass GyHKIUA.
8.173. IMycrs f (x)—mBaxapl andpepenuupyemas u F (x) —
Middepenunypyemas pynkunuu. Jlokasate, uto QyHRRHA
x+at

1 1
u(x, )= ([ x—an)+f(x+at)+5 | F)dy
x—at
VAOBJIETBOPSET YPABHEHHIO KoJebaHHSI CTPYHBI
0%u 0%
=

8.174*. HaiiTu npous3BoAHbIE OT NMOJIHBIX 3JIIHNTHYECKHX

HHTETPajoB
n/2

E()={ VI—Fsint ¢ de,
- :?/2 do O<EkLY)
B=) V=
H BLIPa3suTh HX uepe3 yukuun E (k) u F (k).

[lpuMeHsis HHTErpHpOBaHHE NOJ 3HAKOM HHTErpana,-Bbi-
YUCAUTD HHTeI‘pathh

8.175. Ssm(ln )lnx(x’—l)dx

8.176. Scos(ln )lnx(x-—l)dx
8. 177 IonasaTb thopMyIbL:
a) SF(x)xdx E (k)—(1— k) F (),

6) §E<x)xdx=§«1+k*)E(k)—u—kﬂ)F—(k»,



rae E (k) n F(k)—mnonHble SMMNTHYECKHE HMHTErpajsl (M.
sagauy 8.174).

2. HecoGcTBeHHbBIE MHTErpansl, 3asucimiue OT mnapamerpa. HecoGer-
BEHHBIH MHTEI'DAN, 3aBUCAWUN OT mapamerpa g, T.e.

+ ®

Fo=§ i g, ®

a

rae yukuns f(x, y) HenpepbiBHa B 06JacTH a<< x < -0, y; <<y << y,,
Ha3blBaeTCS PaBHOMEPHO CXOJSILIMMCA B NpPOMEXYTKe [yy, ys], ecau aas
ao6oro € > 0 cywecrByer Takoe B=B (g), uto npu BcsAKOM b == B {¢)

+®

S f(x, pdx|<e
b

npu aiobom ¥ €[y, ¥.).

Ecau wuHTerpan (6) CXONMTCA paBHOMepHO B MpoMexyTke [yy, Ys],
TO OH MpeiCTaBisieT COGOH HenpepsiBHYIO (YHKUHIO y B 3TOM. mpowme-.
KYTKE.

AnanoruuHo ornpefenserca paauomepﬂan CXOJHMOCTb HecOOCTBEHHOr O
HHTErpaja OT HeorpaHHueHHOH (PYHKUUH, 3aBHUCSILErOo OT MapameTpa.

[lpu wuccrenoBaHHH paBHOMEPHOH CXOAMMOCTH WHTerpajioB, 3aBHCS-
KX OT MapaMeTpa, 4acTo HCMOJNIL3VETCA Chaefylollee YTBEPIKICHHe:

Kputepuit Beitepmrpacca. Jia pasHomeprod cxodumocmu
unmeepara (6) docmamouro, 4mobet cywecmeoaa/za maxan ¢dynrqua F (x),
He 3agucAawas om napamempa y, 4mo:.

a) |f(x, )| <F (x), ecru a<<x <+ o0,
+ o
6) S F(x)dx < +oo.

a
Dynkuusa F (x) HasbiBaeTcs smascoparmod ansa f(x, y).
[Mpumep 4. HokasaTk paBHOMEPHYIO CXOAMMOCTb CJCAYIOULEro
MHTErpana:
- - +®

2 ___ 42
§ gt —e<u<te
1

« 3amvetum, uTO

§r—x? £
§ drg =gt
1

Mycrs € > 0—npoussoawHoe uucao. [onaras B (€)==—, naxoaum (ais

€
nioGoro b > B):
| S =| (=5l )=
(=i AT (xH—y’)2 At \ X2y b
A b b 1 1
= AI-I»Tm AL ATy | R <3 <B=%




UTO W JOKa3LIBaCT, COMJIaCHO ONpeJENeHHI0, PaBHOMEPHYIO CXOAWMOCTDL
YKa3aHHOro HHTErpaja No napameTpy y Ha Beceil ocH.
Hpume p 5. YCTaHOBHTD. paBHOMEPHYIO CXOAMMOCTb HHTerpana
oo
S"e-chosxdx, 0< yp<<y <+ 0.
-0 .
« Tloxaxewm, uto dyHRuH F () =e~*Y0 MOXHO B3fATh B KauecTBe MaXo-
paHThl, JlelCTBUTENBHO, €CJH Y > Yo, TO

| e=* cos x| <<e™¥ o™,
Kpome Toro, '
+o
1

S e""yodx=—Le"‘g° T,
5 o Y 10 Yo’

CilenoBarenbHo, Ha OCHOBaHWH KpuTeprs Beilepmrpacca ykasanuwiit un-
Terpaj PaBHOMEPHO CXOAMTCS.
Dt HecOGCTREHHBIX MHTETPasioB C GECKOHEUHBIM IPE/esIoM, 3aBMCH-
WX OT NapaMeTpa, NPH BEHIIOJHEHHH CJIELYIOWHX YCIOEHii:
a) ¢yHrRuus f(x, y) HenpepbiBHa BMecTe CO CBoeil npouaBonHou
fo(x, y) B obnacTn a<x <+ 0, Y1 <Y<y,
+

'6) S f (%, y) dx cxomutca npn -mobom y €[y, yal,
a
'+ @
B) S fy(x, y) dx CcXomwTC paBHOMEPHO B TPOMEXKYTKe 91, 92,

a
cnpaseaanna gopmysa Oupgepenyuposarnun no napamempy (popMmyaa
Jlefi6unn a):

+ o i _+w
7 Vrwi= he ne %
a e

aBajnoruuHas cootnowennio (3).

IlpH BHONHENHH COOTBETCTBYIOIIMX YCJoBHi ¢opmyra Jle6Guuua
OCTaeTcs BepHON M AJf MHTerpaja OT Pa3phiBHOH QYHHUHH, 3aBUCALLEro
OT napameTpa.

Tipumep 6. Boiuncants nuTerpan

+

=X __ o—Bx
S ————;——cosmxd:a (a=0;>0, f=0,>0, m€z).
0
« ycts
e e—OX __ =B
S ———¢os mxdx=F (a, B).
0
+®
3aMeTHM, YTO HHTerpasn S €~%X cos mx dx PpaBHOMEPHO CXOIHMTCS NpH
0
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o . . .
o =0,y U paBeH b (nposeppTel). McxonHuii MHTErpan CXoAMTCH

npR JGHX o == 0 H ﬁ;ﬂo, a OABIHTErpanbHas QYHKUHA HenpephiBHa
BMeCTe CO CBO€H YacTHOH TNPOM3BOLHOH IO o, paBHOH —e— %X COS mx.
CnenoBaTeabHo, ycaoBus a), 6), B) BHIIOJHEHBH, H MOMXHO BOCIOJb30-
BaTbea codTHoweHueM (7). Toraa

+ o
OF (a, B)
oo

[24

— —ax —_—
S e~%¥ cos mx dx e

0
Orciona

F (@, B)=— In(@2-+m3)+C (B).

Hast HaxoxaeHns C(ﬂ) noJjaraeM B nocaejnHeM paseHcTBe o= . Mmeem
0=——2- In (B2+4m?* -+ C (B). Orciona -

C(h) = In (B2 m)

F (@ By=o (n @+ m)—In @ m) = In LT p,

a2+t m?

8.178. Ha ssnike «e-8» chopMyanpoBaTh yTBEpKIEHHE:
+ o

unrerpan F(y)= S f(x, y)dx cxomuTcs HepaBHOMEPHO Ha

. L. a.

oTpeaKe [Yi, Y-
HicenenoBath Ha paBHOMEPHYIO CXOAHMOCTH B yKasaHHBIX

NPOMEXKYTKAX CJEAYIOIINE MHTErpaJibl;

+®
8.179. Se-a"cos'xdx (O<ao a<-|-oo)
v )
8.186. § wr (1<a< o).
+ ®

8.181.

1
+
8.182. S COSAE gy (—o0 < & < + o).
o
8.183.
§

m O<a <+ o).

8.184. 3"7“—11;1’;‘—_2)_2 (la|<%).

41



8.185. Ssm—l— ad O<a<2).

x x*
o

8.186. L/S‘"‘“ dr 0<a<l).

[x—

8.187. ,[loxasarb, 4T0 PyHKIHA

+ ®
t

-
yAoBJeTBOpsieT ypaBHeHHio Jlannaca

ou P
ox2 v ey

Tlpumenss aubdepeHuUpoBaHHe MO NapaMeTPy, BbIYHC-
JIUTH cne,ayroume HHTEerpaJbl:

e— —ax? _e-—ﬁx

8.188. S dx (a>0, B> 0).

8.189.

Sﬁkﬁismmmx (@>0, >0, ms~0).

0
+®

8.190. je-”ﬂxﬂidx (@>=>0).
90

8.191. S 1= 0y (@ >—1).
0

8.192%, S eV cosdxdx (y > 0).
0

JxV1—x2
1

8.194. y'“"““)d (a]<1)

1
8.193. Ya—’c‘gidx (— 00 < @ < + o).
[

8.195. j‘““"”)d (el < 1)
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I''masa 9
MNP SEPEHLLUAJIBHBIE YPABHEHUS

§ 1. YpasHenus 1-ro nopsjka

1. OcnoBnbie nonsTHA, DYHKUHOHANLHOE ypaBHeHHe
Fx, 9, y)=0 (1)
y'=f@ y), 2

CBSi3LIBaIONiee MeMAY COGON He3aBHCHMYIO NepeMeHHYIO, NCKOMYIO (yHK-
Mo y(x) H ee npomsBoAHYI0 y'(x), HashiBaeTcs Ouchgeperyuarvrvin
ypasnernuem 1-20 nopadka. -

Pewernuem (wacmuoim pewenuem) ypasHenus (1) uam (2) Ha unTep-
Bane (a, b) HasmBaerca Ji06as (yHKUHS y==@ (x¥), KoTopas, G6ynyun
TNOACTaBNeHA B 3TO ypaBHeHHe BMeCTe CO CBOeH MPOH3BOAHOR @' (xg,
o6pallaeT ero B TOXXIECTBO OTHOCHTeNbHO X € (a, b). YpaBsenue @ (x, y)=0,
onpejesnsiouiee 3T0 pelleHHe KaK HesBHYI0 (YHKUHIO, Ha3blBaeTCs wux-
meepasom  (uwacmuoim ugmezpasom) NupdepeHIHATbHOTO YPaBHEHHs.
Ha nnockoctH ¢ ¢(uKCHPOBaHHON JEeKapTOBOH NPSMOYTOJBLHOH CHCTeMOR
koopauHat ypaBHenne @ (x, y)=0 onpenensieT HEKOTOPYI0 KPWBYIO,
KOTOpasi HasblBaeTcsl urmeeparsHoid kpusod RuddepeBnuaspHoro ypas-
HeHMH,

Oyuguna y=q (x, C) HasuiBaeTc obwjum pewleruem ypasHenus (1)
aau (2), ecan npH JoGOM KONMYCTHMOM 3HaueHHW napametpa C oHa se-
JISIETCSI YacTHBIM peleHHeM 5TOr0 YpPaBHeHHS W, KpoMe Toro, Jo6oe ero
YacTHOe pelleHHe MOXET ObiThb NpPeiCTaBjeHo B BuJe =@ (x, Co) mpn
HekoTopoM SHauenuu C, napamerpa C. Ypasnenue @ (x, y, C)=0, onpe-
Jensiouee ofllee peineHHe KaK HesBHYIO (YHKHHIO, Ha3biBaeTcs obujum
unmeepaiom InPdepeHnHATbHOFO YpaBHERH .

HAN

- x
MMpumep 1. [IpoBeputh NOACTaHOBKOM, 4TO (YHKIHS ecTb

pewenne AugdepennuanbHoro ypasHenus xy' -y =cos x.
sin x ,_Cosx sinx

¢ Hyveem y= Y Y=g YMHOXKHB ¥y ®# Y’ COOTBETCT-
FeHHO Ha | H X H CJOXHB NONyYEHHble BHIPAaXK€HHH, MNOJYYHM
xy’ -y == cos x.

MDpumep !.I'onasan;, yto ¢pyHxuus y=Cx3, CER, ssaserca
peiennemM AudepenuHanbHoro ypashenus xy’ —3y=0. Haiitn uacrnoe
peulenye, ylosiaersopsiowee ycaosuio y(1)=1. (Hailitu uuterpansnyio
KpHBYIO, poXojsuyio ueped Touky M, (1, 1).)

«f Hafina ¢y =3Cx* n noxctasuB Bhipaxenns y u y' B anddepenun-
anbHOe ypaBleHHe, Inpu JiIoGoM 3HaueHWH C TIOJYYHM TOXAGETBO
3Cx3—3Cx* = 0. d1o 03HauaeT, uTo QyHKuuss y=Cx> ABAKETCH pewe-
HueM Jubdepenunanbioro ypapyenns, [losoxus x=1, y=1, nHalzem
3Hauyenne napamerpa C=1, B, TakuM 006pa3oM, NONYUHM HCKOMoOE YacT-
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Hoe pelneHie y=x3, Mnaue roeops, HHTerpanbHOM KPUBOH, NPOXOAsILEH
uepes Touky M, (1, 1), siBnsiercss kyGuueckask mapaGosa y=x3. p»
IlycTb 3azaHO ypaBHeHue

D (x, y, C)=0,

onpefiessilouiee Ha IVIOCKOCTH HEKOTOPOE CeMeHCTBO KPHBBIX, SaBHCALIUX
or 3HaveHuit mapamerpa C. EcaHM COCTaBUTb CHCTEMY ABYX YpaBHeHHIH

. @ (x, y, O)=0, @x(x, y, C)=0,

TO, HCKJIOYas M3 3Toi cHcTeMbl napamerp C, TIONYUnM, BooGLIE roBops,
aubdepeHInaTbHOE ypaBHEHHe 3aJaHHOTO CeMEHCTBA KPUBBIX.
IMMpumep 3. Halith auddepennuansHoe ypasHeHHe ceMmelicTBa

oxpyxudCcTelt x2-4-y2=2ax.
«f Mrieem cucteMy ypaBHeHMit

© x24-y?=12ayx,

2x+4-2yy’ =2a.
MPlckiouaem mnapamerp a. M3 BToporo ypaBHeHHSt HaxoJuM a-x+gy
M, MO/JCTABJSSI STO BHIPaXKEHHe B IIePBOE YpaBHeHHe, Iosyuaem x%--y

=2x (x+yy’), T. e. Yy —x2=2xyy’. D10 M ecTb HCKOMOe AubdepeHIH-
anbHOE ypaBHEHHe. '

[lokaszatb, YTO HNpH JIOGOM NEACTBUTENLHOM 3HAaYeHHUHU Ma-,
pamerpa C 3aJaHHble BbIDAXKEHHS ONpPENENIAIOT PelIeHHsi CO-
OTBETCTBYIOIHX AH(depeHnHnalbHbIX ypaBHEHHM:

9.1. y=x(C—In|x|), (x—y)dx+xdy=0.

9.2. y-=x<S§iefdx—]—C>, xy —y=xe*,

0:

93 2x—i y—~1-Ce
(2x+y+l)dx—(4x—}—2y 3)dy=0.

B " 3apaunom . cemeiicTBe  BLIAEIUTL YypaBHEHHE KpHBoﬁ,
YIOBJIETBOPSIOIIe# [IPHBEIEHHOMY Haua/JbHOMY YCJOBHIO.

9.4, y8n|x2—1|+C)_l (0)_1

9.5, y(1+Cx)=1, §(I)=

9.6. y=2-+4Ccosx, y(O)

9.7. Hanmucats ypaBHeHHe, KOTOPOMY YIOBJIETBODSIOT BCE
TOYKH SKCTPEMyMa HHTerpasibHBIX KPHBBIX AuGdepeHiHaln-
Horo ypaBuenHs y' =f(x, y). Kax OTJIMYHTL TOYKH MaKCH-
MyMa OT TOYEK MHUHHUMyMa?

9.8. HanucaTb ypaBHeHue, KOTOPOMY yIOBJIETBOPSIOT BCe
TOYKH reperu6a HHTErpaJibEbIX KPUBBIX AUddepeHIHaIBHOIO

ypaBHEHHS Yy "=f(x, y) n, BuactHocTH, AudxpepeHIHaNbHEIX
ypaBHeHun

a) y'=y+x%

6) ¥y =e’'—x.
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CoctaBuTh  auddepeHnuasbHple  ypaBHEHUS ~ ceMeiCTB
KPHBBHIX:

9.9. [lapaGon y=x*+ 2ax. 9.10. I'nnepbon y=a/x.

9.11. lenunx aunnit y=achux.

9.12. Tunepbon x*— y*=2ax.

9.13. CocraBuTh 1udepeHuHaNbHOe ypaBHEHHE Ccemeil-
CTBA KPHBHIX, Y KOTODHIX OTPe30K J000H HOpMaJH, 3aKJIo-
YeHHBIH MEXIY OCAMHM KOOpDAMHAT, NEJUTCS NONoJjaM B TOYKE
KacaHusl.

9.14. CocraBuTb Au(depeHLnalbHOE YPaBHEHHE CEMEHCTBA
KPUBBLIX, Y KOTOPHIX OTPe30K JiioGOH KacaTesbHOM, 3aKJio-
UEHHBIH MEXLY OCSIMM KOODAMHAT, HeJHTCS TOYKOH KacaHHsd
M(x, y) B ortHowenun |AM|:|MB|=2:1, rne A—rTouka
nepeceuensn Kacareapbnolt ¢ ocvio Oy, B—c ocbio Ox.

9.15. CocraBuTb AuddepennyanpHoe ypaBHeHHE ceMel-
CTBA KPHBBIX, Y KOTODHIX MJIOWA[b, 3aKJ/IOUEHHAasl MEXIy
OCSIMH KOODAMHAT, 3TOH KpPHBOH M NepeMeHHOM OpAHHATOH,
NpONOPUHOHAIbHA YETBEPTOH CTeNeHH 3TOH OpAHHATHI.

2. I'padnuecknit mMeTon NOCTPOEHHS MHTErpasbHBLIX KPUBHIX (METOR
usokann). nopdepennnanbHoe ypabnenne y'=f(x, y) B NAOCKOCTH € HHK-
CUpOBaHHOH JleKapTOBOH NPAMOYronbHOM cucTemoil Koopannat Oxy on-
peliensier noase HanpasaeHud papeh- Ih
ctBoM tg a=f(x, y).

Hsoxaunod  ypaBuenns (noas
nanpasjieHnii) Ha3bLBaeTCA  BCHAKasn
KpuBasi, onpeflensieMasi ypaBHEHHeM M.

f o -y)=k
1pH QUKCHPOBaHHOM K.

Jas npubanKERHOrO (rpa?nqec- M v,
KQTO) pewmclns ypaprenns y’ = f (x, y) & . 2
HIOCTPOUM Ha TIOCKOCTH  H30KJHMHbLI My My ¢!
JUIfl HeCKOJIbKHX 3hauennii k. TlycTe

Mg'

Mg (¥o Yo) —HeKOTOpas HaualbHasn ~-g N-zf o 1t 711 3 =
vouka. Haokawna L, npoxopsmas 2 2 2
yepe3 3Ty TOUKY, COOTBETCTBYET

3Hauennio k, pasnomy k,=f (xo, Yo)- Puc. 92

[1poBeneM oTpe3ok MyM;c YIrioBHIM
Kospouunedtom ky Jio nepeceuenus
B Touke M; c Ganxaiwell nsoknnnoi Ly (TeM cambiM Mbl 3aMeHHM Ayry
WHTErpaJblo KDHBOH OTpPe3KoM ee KacaTenbHoll). [llamee, u3 Touku
My (x1, y1) nposeleM HOBbII 0Tpe3oXk MM, ¢ yraioBeM KosdduurenToMm
ki=Ff (¥, y1) Do nepecevennst B Touke M,y co caepywincii n3oKanHoH L,
u T. I

B peayabTaTte TaKoro nocTpoeHHs Mbl IOJYUHM JIOMaHYIO, SBJSIONLYIOCS
11puGAMAKEIIHEIM H306paXKenneM MHTErpalbHOH KPHBOM, NMPOXoAsiel yepes
nauyaabnylo Touky My, Uem ryme p3sTa ceTb H30KJAHH, TeM Gojee TOUHO
MOXHO TOJNYYHTL MWNHTerpasbHYI0 KPHUBYIO.

Hamensis mosoxeHne HavanbHOH TOuKH Mg, aHalOTHYHO MOXHO
NMOCTPORTL NPHOMHNKENHO H APYTHE. RHTErpajblibie KPHBHE.
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IMMpumep 4. MeTooM H3OKJHH NOCTPOHUTH HHTETPaAJbHYIO KPHBYIO
ypaBHeHHs y’ =2X, NMPOXOASILYIO Yepe3 HayajJo KOOPAHMHAT.

V30KJAHHB JQHHOTO YpaBHeHHS — NapanJienbHele npsiMele 2x = k. [Tona-
ras k=0, +1, +2, +3,..., nonyuaem uzokauHol x=0, x=41/2,
x=41, x=43/2 u 1. A Iloctpoum ux (puc. 92). :

OTnpaBasisck M3 Hayajla KOOPAHHAT BJEBO W BIPAaBO, CTPOMM JIOMa-
Hyio ...M_gM_oM_iMM;MyM ..., 3BeHbSI KOTOPOHl HMEIOT YIJIOBble
k03U HeHTH COOTBETCTBEHHO ..., —2, —I1, 0, 1, 2, ... Dra JomaHas
4 €CTb NPUOIHKEeHHOe H300paxkeHHe HHTErpajbHOH KpPHBOIL.

PekoMeHJyeM uHMTaTeNl0 NOCTPOHTb IPadMK COOTBETCTBYIOIIErO 4acT-
HOrG pelieHHst y=x2 H CPaBHUTb €ro C MOCTPOEHHOH JIOMaHOI. P»

MeToOM H30KJHH. MOCTPOUTHL NPHOIHKEHHO ceMeHCTBO
HHTErpaJbHBIX  KPHBBIX  CJefylomuXx = guddepeHIraabHbIX
ypaBHEHH:

9.16. Y =x+y. 9.17. y'=1+y.

9.18. y' =—y/x. 9.19. y' =y—x2.

7 ’ —3
9.20. y =)%y. 9.21. y -;ZT@‘.

3. YpasHeHus c pa3sgeasiomumucs nepemeHusimMu. Ilycte B ypas-
HeHHU )

y’=f(x- y)

Oymruus f(x, y) Moxer OLITh Da3foXKeHAa Ha MHOXHTeNH, KaX/oli w3
KOTOPBIX ' 3aBHCHT TOJIBKO OT OJHO¥ mepemenHof: f (x, y) = fy (x) f2 (y), unm

B ypaBHEHHH :
M (x, y)dx4-N (x, y)dy=0,
ko3ddui HeHTH 1PH dx U dy npenctasasiores B Buge M (x, y)=M;j (x) Ma(y),
N(x, y)=Nyi(x) Ny (y). TlyTeM JejeHHs COOTBETCTBEHHO Ha fs (y) ¥ Ha
Nj(x) My (y) 3TH ypaBHeHHS NpPHBOASTCS COOTBETCTBEHHO K BHUAY
1 Mi(® , __ "N
f2 (9) Ny (x) M; (y)
UnTterpupys feBble 4acTH STHX yPaBHEHWit MO x, a MpaBbie MO Y, NpH-
XOAHM B KaXJOM H3 HHUX K OGLieMy HHTerpajngy HCXORHOro AudxpepeHi-
aNbHOrO ypaBHEHHUS.
[Ipumep 5. PewnTh ypaBHeHue
dy 2%
dx~ 3y41°

f1 (x) dx=

d!/y dy.

<« Pasnensiem nepemenuble:
(By2--1) dy =2x dx.
HuTterpupyem:

S(3y2+l)dy= S 2% dx+C,

yP4y—x2=C
(oGwui MHTerpan ypaBHeHHS). P
Ec/iu B ypaBHeHHH C Pa3/ie/ISOUHMHCS MepeMeHHBIMH y' =fi(x)f2 (v)
GyHKUHSA fy (y) UMeeT HefCTBHTeNbHBIH KOPEHb Y4, T. €. eclH fy () =0,
TO QyHKUUA Y (X)=y, SABAAETCA pelleHueM ypaBHeHud (B ueM JIErKO

46

niau



yGeauTbcsi HenmocpelicTBeHHOH mnojcranoBkoH). Ilpu aenennn o6enx uac-
Tell 9TOro ypaBHeHHS Ha [, (y) (IpH pa3NeJICHHH NepeMeHHBIX) pellcHHe
Y (¥) =Y, MOXeT ObITb NOTEPSHO.

AHaJIOTHYHO, NpDH HHTETPHPOBAHHH YypaBHewus M, (x) M, (y) dx -
~+ N1 (x) N2(y)dy=0 moryT ObTh NOTEPAHBI HHTErPajbHble KpHBbie
x(Y)=xp U y(x)=yo, TAe Xo— NeACTBUTENbHBIH KOPeHb ypaBHEHHA

1 (x) =0, yo— neficTBUTENbHBI KOpeHb ypaBHenusi M, (y)=0.

[TosToMy, MONYYHB yKa3aHHbLIM Bbillle METOAOM pasjeseHHs NepeMeH-
‘HHIX OOWMA MHTerpaJ YpaBHEHHs, HaAO NpPOBEPHTb, BXOAAT JH B €ro
cocTaB (NPH NOAXOASIIHX YHCJIOBBHIX SHaueHHAX mapametpa C) ynoMsiHy-
The yacTHhe peweHHs. Ecan BXoasiT, To nortepu peineHuit Het. Ecan
He BXOJAT, TO MX CJELYyeT BKJIOUHTb B COCTaB MHTerpana.

ITpumep 6. Peth ypaBhenne

dy -

=Y tg x.
«f Pazpensem nepemennuie:

dy

—= =tg xdx.

Y g
Hnrerpupyem:

In|y|=—In|cos x|4Cj,

W

In| ycos x|=Cy.

Ina yno6etBa NMOTEHUHPOBAHHS TOJYYEHHOTO PABEHCTBA IPeACTaBHM
napametp C; B Jorapudmuueckoii gopme, mosoxus C;=In|C;|, C, #0
(npn sToM Cj NMPHHMMaeT BCe 3HaueHHs OT —oo 10 - oo). Toraa

In|ycosx|=1In|C,)
W, TIOTEHUHDYS, MoJyvyaeM OOGIIHH HHTerpaa B BHJAE y cos x=C,, O0TKyZa
y=0C, sec x. 3)

3ameTiM Tenepn, uTO HEXOXHOe AuddepeHIHaJbHOE YpaBHEHHE HMeeT,
oueBHAHO, eume peweHne y=0, KoTOpoe He BXONHT B 3anuch (3), Tak
Kak C, # 0. BBenem HoBuiit nmapamerp C, mpuHUMaOmui, B oTI#IHe OT C,y,
TaKXe H HyJeBoe 3HauedHe. Torfla pemenne y=0 Bo#fieT B cocras
o6uiero pemeHus

y=Csecx. p

C nomompblo NOACTaHOBKH u (x)=ax-+by (x)4+d K ypaBHenusm c
pasfeNfiOMMUCS NePeMeHHbLIMH NPHBOAATCA H AudepeHuHaNbHbE ypaB-

HeHHsA BHAA
v =1 (ax4by+d), b#0.

Pemnts nuddepeHIHaNbHbIE YPaBHEHHS:
9.22. y' =x/y. 9.23. y*y' +x*=1.

9.24. yy' +x=0. 9.25. xy' =2y.

9.26. (x+ 1)y +xy=0.

9.27. yV1i—x*=1+4y2 9.28. y =&
9.29. y' —-I— ﬁ!ﬁ—x = 0

cos y

9.80. (1+ y*)xdx+ (1+x*)dy=0.
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9.31. xyds +V 1—x*dy=0.

9.32. ye?* dx—(1+4e*¥)dy=0.

9.33. 2e*tg ydx 4 (14e¥)sec? ydy=0.

9.34. (14 y)(e*dx—e¥ dy)—(1 +y?) dy=0.
9.35. (1+x?)dy+ yV 1+ x*dx—xydx=0.
9.36. dy—2V ylnxdx=0.

9.37. y' =cos(x+y). 9.38. y =

9.39. y = (4x+y-+1). -

9.40. y' =sin(y—x—1). 9.41. y' 4+ 2y=23x45.

9.42. y' = i/ (4x—y+ ). .

Haiitn yacTHple pelueHHsl ypaBHeHHH, YHOBJIETBOPSIOLLUE
YKa3aHHBIM HayajibHBIM YCJIOBHSIM: ’

943, (149" de—xydy=0;" y(1)=
9.44. (xy* 4 x)dy+ (F*y—y)dx =0;
9.45. y'tgx=y; y(n/2)=1.

1
24y °

0.
y()=1.

4. Ognopoannie ypapHenns. JluddepennuanpHoe ypasHeHue 1-ro
MOPAAKA HAa3biBAeTCAd O0OHOPOOHbIM, €CIH €TO0 MOXKHO [PHBECTH K BHAY

r-1(2) o

M(x, y)dx+-N (x, y) dy=0, )

rae M(x, y) u N (x, y)—o0nopodnoe Pynkyuu oxHOro MOpsfiKa, T. e,
CymecTByeT Takoe RE 7, uto M (tx, ty)=tEM (x, y) u N (ix, ty)=t*N (x, y)
TOX/IECTBEHHO OTHOCHTENBHO X, y H ¢ # 0.
C nomoublo MOACTAHOBKH y/X=u (x) OAHOPOAHEIE YypaBHeHUs (4) M
(5) mpeoGpa3yioTCs B ypaBHEHHS C Pa3fie/SOWUMHCA NepeMeHHBIMH.
Ilpumep 7. Pewurh ypasHeHue

HIH K BHAY

: du
@ Tonoxum -Z—=u. wiv y=ux. Toraa y'=u+x‘a, YTO NOCJe MOoJA-

CTAaHOBKM B HCXOJHOE YypaBHEHHe JaeT ypaBHeHHEe C.Da3Je/sIOLHMHCH
nepeMeHHLIMH

x du_ cos u
dx )
Paszensiem nepeMeHHble:
du _gy_c
cosu X
U HHTerpupyeM:
u, n
tg (7‘{-?) =Cx
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INonyuaeMm ofee pemenue:

u=2arcthx—%+2nn, n€7z.

BosBpamasch K GyHKUHH Y, HaXOAHM:
y=x (2arctg Cx—%-{- 2nn> , h€Z.

Ilpu nenedun Ha cos u GLLTH MIOTEPSHBI PELUEHAS i = X (%-l— nk) , REZ.

Jo6apnsia HX K MNOJY4YeHHOMY CeMeHCTBY peleHui, HaXOAUM OO HH
MHTerpaj B BHIE )

y=x<2 arctg Cx +%+n(2n—l)) .

y=x(%+nk); nkEZ. P
Nuddepenuuanpusie ypabHeHHS BHAA

/ a1 x+byy+ci )
y f(azx-l-bn!/'l-c‘r ©)
B .CiTyuae %.;é —z'— NPHUBOAATCA K OJHOPOJAHBIM yYDPAaBHEHHAM C IOMOLHbIO
e 1 1 .
8aMeHb! IepeMEeHHBIX
x=u-+{m,. y=v-+n,

Ie M M N HAXOAATCS H3 CHCTEMbI ypAaBHEHHil

aym-+bn-4-c; =0,

agﬂl-l‘ bgfl+€g =0,
IMockoanbky 8aecy dx=du, dy=dv, To ypasuenue (6) mpeoGpasyercs K
Buay (4) oTHocuTeJabHO GYHKUMH U (4): .

dv f( aqu--byv4aym+ byn+-ci )= (alu-f—blv)

= Ot +bav+asm+ben+-cy Ay v
. v
_ ai+bi— —¢(”)
v | Y\u)*
.az+ by "
Ecnu B ypasuenuu (6) %:L—:k U, CleI0BaTeNbHO, daX-}- b2y=
1

= A (a1x4-b1y), TO OHO NMpHMET BUA
gg=f aix+ by +ci
dx A(arx+biy)+-c.

MMojcTanoBKof u (x) =aix-- by (x) 3T0 ypasHeHHe mpeobpasyeTcs K ypas-
HEHHIO C PasiesfoHUMHCA NepeMEeHHBIMH .

)=<p (age+-bug).

Pemmute nuddepeHunasbHble ypaBHEHHA:
9.46, y’=%—|—%. 9.47. y' =L sinL,
9.48. y' =(x—y)x+y).
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9.49. (@ +xy)y =xVX—pP+xy+y -
9.50. (x—y)dx+xdy=0.

9.51. y2dx-x*dy=xydy.

9.52. x(y' +ev*)=y.

9.53. xdy—ycosin<dx=0.
9.54, xy' =y-+x tg% .

—9.55. xy' —y=V x*—y".

9.56. (x*+ y*)dy—2xydx=0.

9.57. 3x*y*dy=(4x*—y°) dx.

9.58. (2x—y+ 1) dx+ (2y—x—1)dy=0.

-9.59. (y+2)dx—(2x+y—4)dy=0.

9.60. (x+y-+1)de+ (2x+2y—1)dy=0.
9.61. (x-+y—1)dy=2(y+ 2)*dx.

9.62, y'—tgy-2x——y+2 |

x+1 7 x+1°
1 Ytx_ y+x y+x
9.63. y ]nx+3*x-}-3'—1nx+3'

Haiith uacTHble pelieHHs ypaBHeHuil, YAOBJETBOpsIOUIHE
BaHEHIM HayaJlbHBIM YCJIOBHUAM:

9.64. xy' =y ln—i—; y(1)=1.

9.65. (Vxy—x)dy-+ydx=0; y(1)=1.

9.66. (y +V 4% dx—xdy=0; y(1)=0.

6. Jlnneifinnle ypaBHeHHd. IIH¢)¢epeHuna31bHoe ypasHenne l-ro no-

PiAfKa Ha3LIBaeTCH AuMeUHbIM, €CJTH OHO COJAEPXKHT Yy H y' B mneppoi
CTENneHH, T. €. UMeeT Bujl

Yy =Px)y+Q . ™
INpu Q (x)=0 ypasHenue (7) IpuHHMaeT BUJ
y=P@x)y

1 Ha3bIBaeTCA AuHelRrom 00HOpoOHum. OHO sBAsieTCS ypaBlielineM C pas-
JERAOIMMHCA NePeMEHHBIMH, W ero ofiuee peiueHHe HMeeT BHA

f P () dx,

y=Ce (8)

rie C—npousBosibHasi MNOCTOsiHHasA, a SP(x)dx—o;ma H3 1nepBoos-

pasHbix ¢yBRuna P (x).
HuterpupoBanne aunednozo HeodHopodrozo ypasHenus (7) MoXHO
NpOBeCTH OAHHM M3 CJEAYIOLIHX METOJI0B.
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a) Metonx Bapuauuu noctTossHHOMH. DBylem uckare peue-
Hue ypasHeHHs (7) B BHJe
P (x)dx

y= C (x) e'r » (9)

KOTOpHIt mosyuaeTcs u3 (8), ecnH 3aMeHHTb MocTosiHHYI C Ha ¢yHk-
uuio C (x). Toncraenss BLipaxenue (9) B ypaBHenue (7), monyuuam Ans
Heu3BeCTHOH GyHKiuK C (x) ypaBHeHHe C Pas3ie/sIOLUMMHCS NePeMEHHBIME:

P (x)d
cw=awe S 7O
Ero ofwee peuienue:
-| P4
C(x)=S Q(x)e I @ xdx—{-C,
- P .
rie C—npou3BoabHAasA NOCTOSTHHAS, SQ(x)e f ® xdx—omta u3

nepsoo6pa3neix. [loAcTaBass MoJydYeHHOe BLIpaXKEHHE IJs C(x) B dop-
Myay (9), HaxoAHM ofluee peleHiHe ypaBHeHHs (7):

o PO ""(c +(@ we | Po dx). (10)

6) Meton nonctanoBKH. [lonoxkum y(x)=u(x)v(x). Toraa
ypaBuenue (7) NPHBOIMTCA K BHAY

v(Z-‘)ﬁ-P(Q)u)-F(j-iu—Q(x)):o. \ (M)

BuiGepem dynkumio u (x) Tak, uTo6bl nepBas CKoOKa B JIeBGH yacTu
ypasHeHis (11) o6patunace B Hyab. [l 9TOro HHTerpupyem ypasHeHue
C pas/leNAUHUMHCA NepeMeHHbIMH :
du )

——P(x)u=0
dx ()
u Buibrpaem Kakoe-1uG60 uacTHoe ero peweHue u=uj (x). Ioacrasass
¢dyHkuuo uy(x) BMeCTo u B JeBYWw 4YacTe ypasHenus (l1), mosyuaem
ypdBiieHHe C Pa3je/sIOIHMUCS NlePEMeHHBIMH OTHOCHTENbHO PyHKUMH U (X):

dv

— Uj{X)— x) =0.

T ui0—Q
Haxonum o6iee peweHHe 3Toro ypasHenust v=uv (x, C). [TepemHoXas
Haitzennsie  GYHKUMH 4 (x) u v(x, C), nomyyaem oGuiee peleHue ypas-
HeHUs (7)

¢

y=u (x) 4 (x9 )'

Mpumep 8. PewnTs ypasHeHHE y ——yctg x-+sin x.
<« Tlpiuvenny MeTON BapHalHH NOCTOSIHHOI. PaccmoTpum cuaqana COOT-
‘BETCTBYIOL(EE O/HOPOJHOE JHHEHHOe ypaBHeHHe

_ y' =yctgx.
Ero o6uiee peuwenue y==C sin x. CnefoBatesasHo, obliee peiiesue HCXOX-

HOrQ ypasHeHust uuleM B Buile y=C (x)sinx. Tlonctasasem. y u
y"=C' (x) sin x+C (x) cOS x B laHHOE YypaBHeHHe:

C’ (%) sin x--C (x) cos x'=ctg x-C (x) sin x-sin x,
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otkyja C’ (x)=1, n toraa C (x)==x-}C. CnepoBartensho, oGiee peue-

HHe yPaBHeHHs eCTb
y=(x+C)sinx. p

2
Mpnmep 9. Peunts ypashenue y' — —2—.
pumep yp V=573
«§ Tepennuem ypashenue B Buze
dx_ 2x + 3
dy— y
: o dx .
M 3aMeTHM, YTO OHO JHHeWHO OTHOCHTENBHO X H R PemnM ero Meto-

JIOM TIOACTaHOBKH.
TIoNOXKM X =uU W NPHBEAEM YDaBHEHHE K BHJIY

Haiipem ¢yHnKuURIO uj (y), pewas ypaBHenHe

v BHIGMpas u3 ero obumero pewenns u=y?-}+C OAHO yacTHOe peileHue,
nanpumep, uy (y) =y TlonctaBassa u;(y) B ypabHenue (12), nonyuum:

dvy“—»lg— -0, nan @-—i
dy v dy A’

OGumee peweHyne 5TOTO yPaBHERHA:
1
vy, C)=C_—§'

Tepemhoxas u; (y) u v(y, C), no.nyqaem ofiee peineHne JaHHOTO ypaB-
HeHnf:

1
=Cy2—— . .
x=Cyi—— »

Pewnrts nuddepennnanbusie ypashenns:
9.67. y'+2xy—xe“’f‘.
9.68. y' =—+x 9.69. y'+ytgx=
9.70. (14 x?) y"=2xy -+ (14 x?)2.
9.71. y' +2y=e*. 9.72, y’+%=2]nx+~1.
' 'Y Y
073, ¢ = Zh+er (e 1 0.74% o =L,
9.75. (14 y?) dx = (arctg y—x) dy.
9.76. xy' =y-+x*cosx. 9.77. xy' =e*+ xy.
9.78. xy' +x*+xy=y.
9.79. y+y' In?y=(x+21ny) y'.
9.80. y—y' =y*+xy'.
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9.81. (x+2¢°)y'=y.
9.82%, y' +tgy = R

Haiitu wacTHble pemeHHsi ypaBHeHHi, YLOBJIETBOPSIOUIHE
3aJaHHBIM HaYyaJbHBIM YCJIOBHSIM: -

9.83. Yy +ytgx=1/cosx; y(0)=
9.84. y'=2y+e-—x; y(0)=1/4
9.85. y'=y/2ylny+y—x); y(l)=1L

6. Ypasueune Bepuyaan. ¥pasnenuem bepuyrsu HaswiBaercs nug-
(epennuaipHoe ypaBHeHHe 1-ro mopsjika BHAA

y'=Px)y+Q () y™, (13)

riem#0, m# 1 (npu m=Q ypasnenne (13) sBAseTCH JIHHEHHBIM,
a npu m=1-—ypaBHeHHeM C Pa3JE/IOMMUMHUCH NEePEMEHHbIMH).

Tak e, KaK W JIMHefiHOe, ypaBHeHHe DepHY/IH MOXKHO NpoHHTe-
TpHPOBaTb C NOMOWIbIO NOACTAHOBKH Y =u4U WM CBECTH K JHHEAHOMY
YDaBHEHHIO C MNOMOLIbIO NOACTAHOBKH 2z=yl—7.  CjexyeT yuecTh, YTO
npu m > | MoxeT GHITb NMOTEPSAHO pelleHHe y_O

ITpumep 10. Pewnts ypasHeHue

y'=%+-y— )
 lonaras y=uv, NPUBOAUM ypaBHEHHE K BHIY
2 ) s s
u(%—%)+<;‘zu_:—v>=o. (14)
H3 o6uero pememm u=Cx YpaBHeHHs:
du_
dx  x

BHIGMpaeM OZHO YacTHOe pellieHHe, Hampumep,
uj==x.

Ioncrapnas uy B YypasHeue (14), nomyvaem HoBoe ypa'Bigle}me
dv x? v S
—x———=0, nin P . Ero ofee pewenne v=Yy 2x-}C.
dx xv dx e p V +
[epemuoXas u; .u v, MONyYaeM oGilee DELUEHUE MCXONHOTO ypaBHe-
us y=xy 2x+C. p»

Mpumep 11. Pewnuts ypaBHeHHe

Y1
¥ =2 2"
<« D10 ypasuenne Bepuymru ¢ m=—1. TlosToMy mosaraem 2=y%
NPUBOAHM ypaBHeHHe K BHJY .
2
2==—1,

310 ypabHenne seaserca JuHeiliHuiM. Pewas™ oZHOpORHOE ypaBHeHHE
2’ =2/x, Haxonum z=Cx. OTciona MeTOJOM BapHaLHH NOCTOSHHOH, T. €.
nonaraa 2=xC (x), nonydaem obuiee pelwleHUe JHHEAHOrO ypaBHerus
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B BuAe
;. C
=xIn—,
x
HAH, OHOHUATeNbHO;

c
2 =
yi=xIn P »

Peunts anddepeHunanbHbe ypaBHEHUS
-9.86. y +4xy=2xe-*Vy .

9.87. dy= (y%*—y)dx.

9.88. y' =y (y*cosx + tg x).

9.89. y' = Y ctg x4 sny 9-90%. y =

r_x(@+P—1)

9.9‘. - W .

9.92. xy' +y=2x%lny-y'.

9.93. y'x*siny+2y=xy’.

HaiitTn yacTHble pelneHHsl ypaBHEHHH, YIOBJETBOPSIOLULME

SaJlaHHBIM HavyaJsIbHBIM YCJIOBHSAM:
9.94. 3dy= —(143y®) ysinxdx; y(n/2)=

9.95. ydx+(x—ixay)dy 0 y(1/2)=1.

2x
x2 cos y-sin 2y’

7. YpaeHegus B mnoanbix auddepennmanax. Jnddepennnanvhoe
ypaBrenne 1-ro nopsiaka Buaa
P(x, y) dx+Q (x, y) dy=0 (15)

HA3LIBA€TCH YPasHeHuem 6 noaHoix Ougdepenyuairax, eciu ero Jepas
yacTb fABJfETCH NOJHLIM AudupepeHuHanoM Hekotopoit ¢yuxunn U (x, y),’
T. €.

ou
P, p=7-» Q% )=
Jins .Toro 4To6hl ypaBHenHe (15) OnIc ypaBHeHHCM B NOAIBIX JAH(-
¢depeHunanax, Heo6X0AHMO H JLOCTAaTOYHO, YTOOBI BHINOJNHSJIOCH YCJOBHE.
oP_0Q .
oy ox (1)

Ecnn ypapnenne (15) ecTh ypaBHeHue B moanwiXx Judipepenunanax,
TO OHO MOXeT GbiThb 34lIHCAHO B BHAE

dU (x, y)=0.
OGuwuit HHTErpas 3TOro ypasHeHHsL:
U (x, y)=C,

rae C—npoH3BoJibHasi MOCTOSHHAS.
Qyuxunus U (x, y) Moxer 6bTh HaliJieHa caenyouuM obpasom. Hnte-

FPHPYR PaBeHCTBO —a;=P (*, ¥} TO x NpU PUKCHPOBAHHOM ¥ B 3ame-
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qast, 4TO MPOM3BOJIbHAS IMOCTOSIHHAS B 3TOM C/lyyae MOXeET 3aBHCETb
OT Yy, HMeeM

U, =P 9)deto0). - an

3atem M3 paBeHCTBa

E%SP"" B dx+ () =Q (x, 1)

HaxomuM ¢yHKuMo @ (y), noicraBuB Kotopyio B (17), monyuuwm -dyHK-

o U (x, y).

OuesuaHo, uTo HckoMast QyHKUHS U (X, y) onpeleseHa ¢ TOWHOCTbIO
JI0 MPOU3BOJILHONH aJNUTUBHOH TNOCTOSHHOH. [l 3anucH OGLIEro  HHTe-
rpana MCXOAHOTO YPaBHEHHS NOCTAaTOYHO BHIOPAaTe OHY H3 cbyHKuMH
noJiy4aeMoro cemeHcTBa.

Jpyroit Meton oTeickands ¢ynkuuu U (x, y) cocrou‘r B BHUHMCICHHH
KpHUBOJUHEHHOTO MHTerpana 2-ro poua (cm. ra. 10, § 2,

(x, »)
vimo= § Pl pdr+Qx pdy=
(Xor Ho)
=§P<x.yo)dx+§cz(x, v dy= SQ(xo. )dy+§P(x.y)dx,
Xo Yo Yo Xo

rie Touku My (xo, Y) B M (x, Y) B nyTb HHTErPHPOBAHHS JIeKaT B 00-

nactu HenpepeiBHOCTH (yHKuuMA P (x, y) H Q (x, y) H HX YaCTHBIX mpo-

H3BOJHBIX, npuyeM Mg (o, Yo) —HeKoTOpas (huUKCHPOBAaHHAs TOUKa.
Mpumep 12. Pewwrs ypasuenue

L e+ @ +1n9 dy=0,

NPenBapHTCALHO YOEAMBUIHCH; YTO STO eCTh ypaBHeHUe B MOJHHIX. - Aud-
¢depeHLnanax.
<« posepuym ycaosue (16):
P_0d(y ) 1 6Q 6 3
— = 1
% ay( i 5 P+ Inn=
Ycnonue  (16) BbIMONHEHO, CleJOBaTeNbHO, 3aKaHHOE YypaBHEHHE '€CTb
ypaBHenue B MOJHBIX AM(depeHInanax.
Haitzem dynxuuio U (x, y).
[MepBoiit cnoco6. MHTErpupys no ¥ NpH MOCTOSHHOM Y PaBEHCTBO

%()]?=P(x: y)=-Z"’
Oy UM
U, y)=Sldx+<p<y)=ymx+¢<g). 18)

3aMeTHM,; 4TO TPH BHIYUCIEHUH NEPBOOGPa3HOM Mbl 3jeck mumeM In x,
a He In|x|, TaK Kak MCXOAHOe ypaBHEHHE COAEPKHT Inx u, cienosa-
TeJILHO, HMeET CMbica Jiuwb npu x > 0.

Tloactasasia (18) B paBeHCTBO

U@ v ) =4 +1Inx,
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HMeeM
Inx+"@)=y+Inx,
OTKyXa

. 0 )= ¥*+C. “(19)
IMonoxus, Hanpumep, Ci=0, naxomnm n3 (18) u (19)
U (x, y)=y1nx+—i—y4-
CuaepoBaTenbHo, OO MHTErpal 3alaHHOrO ypaBHEHHS HMEET BHA
yln x—}-% y*=C,

Bropoii cnoco6.
[C o)

U(x, y)== S % dx - (4 1n x) dy.
(Xg» Yo)
Tloaoxum, Hanpumep, xo =1, yo=0. Toraa P (x, y))=0 n

1

y
U (x, y)=S (¥*+Inx) dy=% y*+ynx p
0

Pewnts Anddepenunanbibe ypaBHenus, npeiaBapuTebHO
y6eauBIINCh, YTO OHH SNBJAIOTCS YPABHEHHAMH B MNOJHBIX

anddepenitnanax:
9.96. (2x+y) dx+ (x+2y) dy=0.
9.97. (10xy—8y+ 1) dx+ (5x*—8x4- 3) dy=0.
9.98. (3x*-+ ny 2% dx+ (Bx* —A4xy — 3y“) dy=0.

999(y+ )w+(»-—)@ 0.
amaﬂﬁlm—ﬁi%iﬂ@=a
_x 19 N\

9.101. (V}L_w-¥y>dx+<x i Vah_w>dy 0.
9.102. 2x—ye~*)dx+e *dy=0.
am&(u+wwnu+(b—§)wWw=a
9.104., 2xcos®y dx+ (2y—x*sin 2y) dy=0.
9.105. (siny-—ysinx—}—%—)dx—}—

-{-(xcos y-+cos x—%) dy=0.

8. Tecpema CyuiccTBOBANMSI M €RMNCTBEHHOCTH pewmenus. Ocobbie
pewmenns. 3adaued Kowiu aaa indpgepenunanvioro ypasnesus y' = f(x, y)
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HA3BIBAETCS 3371a9a 06 OTHICKAHMM UACTHOTO PEWEHHS 5TOTO YpaBHeHHd,

YAOBJETBOPSIOIIETO 3alaHHOMY HAualbHOMY YCJOBHIO ¥ (%) =yp. .-
Teopema Kown. Ecau 6 duddepenyuaroron ypasnenuu y’ = f (x, 4)

pynrxyun [ (x, y) nenpepwsna 6 nexomopod obaracmu D niockocriu Oxy

u umeem 8 IMOL 062aCMU 02PAHUYEHHYIO HACNIHYIO NPOU3BODHY D f_l; x, v),
mo 0aa aw6od mouku (xo, o) € D 6 nexomopom urmepsaie X—h<<x<<
<< xo-Fh cywecmeyem u npumom eOUHCMGEHHOE pewlenue Yy (x) amoeo
ypasxenus, yoosaemeopaIouee HA4aLbROMY YCA0BUIO Y (%) = Yq. .

I'eomeTpHueCKH 3TO O3Ha'2eT, YTO Yepe3 KaxAyl Touky M obaactu
D, n;)?xo)l)ur OfHAa W TOJbKO OJHA HHTErpanbHas KPHBAas ypaBHeHHs

=[x Y).

Touku obnactn D, B KOTOPHIX HapywaeTcs €JIHHCTREHHOCTD peleHys

3anaun KowH, Has»BAOTCA 0co0bmMu modxany IHddepeHLHaAbHOTO ypas-
HEHVIS. .
Pewenve (unTerpaneHasi Kpusas) ypasHenus y'=f(x, y), B Kax-
IOil TOUKe KOTOPOro Hapyiuaercst €JIMHCTBEHHOCTh PemIeHns 3ajaun Kowm,
HasuiBacTCa 0cobbim  pewenuem (0co60d uHMe2pabHOL Kpusod) 5TOTO
ypasuenus. Ocofoe pClIeHHE HE MOMKET GHTh NOJAYYEHO M3 OOLIEro HH
npu xakux snauenusx C (skaouas n C=+ o).

OrnGaronias CeMEHCTBA HUTETPAJbHLIX KPHUBbIX, ONpeAeasieMbX oMM
pemennem y=g (x, C) nm o6wnm unTerpasom @ (x, y, C) =0, apasercs
0co6oil MHTerpaibloil KPHBOH. Ona HaxoauTCs nyTem HCKJIIOUEHNA, €Cau
3T0 BO3MOXHO, nmapameTpa C 13 CHCTEMB! ABYX YpaBHEHHII

y=9x C), = Oy (=0,
0=gqc (x, C) ®c (x, y, C)=0.

Hafinennyo Takum nyTem (YHKURIO ClEAyeT NOACTAaBMTL B JaHHOe AW(-
depenunanLHoe ypashenne U YGe/MTLCH, UTO OHA SBATETCS €F0 pElieHneM.
Mpumep 13. Halltn o6nacte, B KOTOpoil ypaBHenue s

y=xV T =
HMEET eABNICTBERHOE peweHue. ‘ o
« 3zecs f (%, y)=x ¥V 1—y®— dynkuns, HenpepHBHaﬂ npu ]ﬂg 1
uacThas TpouwsBomHas fy (x, y)?;.V_l)(y—F orpannuena npu | x|<<M

v |y|<a < 1. CacfoBaTentHO, NlanHOe YpaBHEHNE MMEET €AMHCTEEHHOE
pem;une B mo6om npsamoyroabnuke D={(x, y)||x|<<M, |y|<a<
<. p» '
Nipumep 14. Haiitn ocobre pewenns ypaBHeHns
, y=V1-4,

sHasi ero obmee peienne y=sin (x+C), |x}C| < 7/2.
«€ CocTaBuM cucTemy ypaBHenui

=sin (x- 1

(.t); +0), lx+Clel.

=cos (x-}C), 2
Hcekmonan C, naiinem npe ¢ynkunu y= +1, KoTOphie, oueBHIHO, SBJf«
10TCSl PeleHHSAMI AAHNOTO YPaBHENHA M He NONYHalTCs W3 Ofwero pe-
IWeHHs MU NpH Kakux 3nauennsx C, CaemosaTejbno, y= 41— ocobue
pewenuns. P

Haiitu ofnactn cymecTsoBanust W eMHCTBEHHOCTH pelie-
HUA AJaa JuddepeHunalbHbIX ypaBueHHH:
‘ . 57
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©9.106. y' =x*—y 9.107. ' = vy _,

—X
9.108. y'=1-+tgy. 9.109. y_x2+Vx—y

Haiitu ocofwble pelleHHs Ciepyolux zxmb(bepeﬂuuaﬂbﬁmx
ypaBHEHH, 3Hasi oOliMe pellleHHs (TaM, Tle 3TO YKa3aHo).

9.110. y’=#.

9.111. y =4xVy—1I; y=(x*+C)p+1.
9.112, xy'?+2xy' —y=0; (y—C)*=4Cx.
9.113. y=y’2—xy’—|—x7z; y=-’-c;—+Cx+C’.

9. YpasHenus, He pa3pelieHHbie OTHOCHTENbLHO NPOH3BONHON. IMycts

JnubdepennnanvHoe ypasHeHue F (x, y, y’) =0 paspewnmo au6o orsocu-
Te/IbHO HCKOMOH (QYHKIHH, T. €. HMeeT BHUI

y=Ff(x 4", (20
JIMGO OTHOCUTEJIbHO aprymeHra, T. €. 3anncmaaeTcx B BUjJe
x=f@ v). (2n

Torna oHO MHTerpupyercs myTeM BBeleHHS mapamerpa p=y’. ¥pasie-
Hus (20) u (21) nepexoadat B aare6panuyeckHe ypaBHeHus, Huddepeniin-
Pysl KOTOpbIe COOTBETCTBEHHO 110 X M/H MO Y, MOAYYHM CHCTeMbl ypas-
HeHuit =

y=f§;v p)ra HJTH x=f(y’ p)v
f dp 1 __of , of dp
P=5¢ T35 ax 7=t

M3 3tx cuCTeM naxoNMTCA COOTBeTCTBeHHO ofiiee peilerue ypas-
Henust (20) unu (21) B ABHOM HJIH NapaMeTPHUECKOM BlUle
[Ipumep 15. Peuwnts ypasueuue -
Y=y +xy’ —x.
« Bseneu napamerp p=y’. Torna

y=p*fx(p—1). 22
HuddepeHunupys 3T0 paBeHCTBO MO X, MOMYUYHAM
. dp dp
p=2p -tp—l4x—=,
nu
do_ 1
dx ~ 2p4x°
3amuwewm nocjaenHee ypasmenue B dopme
dx
—dz'—x—{— Qp 3 l"[:
D10 JHHeltHOEe ypaBHeHHe, ero ofuiee pelienue:
=CeP—2 (p+1). (23)
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INoacraBasisn Buipaxenne (23) B dopmyay (22), nonyuum
y=_Ce? (p—1)—p?+-2. (24)

Cuctema cootHowenn#t (23) n (24) cnpenensiet obuwee peweHBe HCXOAHOTO
YPaBHEHHl B napaMeTpuuecKoil ¢opme:

x=CeP—2(p-+1), y=CeP (p—1)—p*}2. p
IIpumep 16. Pewntd ypaeHeHHe

x:y".‘.._y_.
yl
« Tlonaraa p=y’, nmeem
. Y
x=p*4+=.
P+

JAudepennnpyeM 5TO paBeHCTBO MO ¥:
1 2 dp Ty dp

p pdy’

p Py

7 ( ; )
—_ 2p— L 1=0.
y \ PP

3 /1
pi=C n p= CEA

ToacTaBnisn MooyepefHO 06a pe3ysbTaTa B BHPAaXKEHHe AJfA ¥, HalileM
obulee penienue

wm

Orcwona

y=Cx—C?
n pewenye ]
2 s
= — X',
=3 V3

KOTOpO€, KaK JIerko yﬁemn'bcs, ABJAETCH 0COObIM. ’
Peumuth AuddepeHunanbHble ypaBHERHA:

C9.014. y=y'2+4y0 9.115. y=y' VIi+y
0.116. y=(y' —er. 9.117. y=2 425y 420
9.118. x=y"*—y +2. 9.119. x=y cosy’.
9.120. x=2y/'—Iny’. 9.121. x=y—-",+yi,2.

YacTHeM ciyuaeMm ypabhenud Buia (20) aBasiercs Tak BasmBaemoe
ypasnenue Jlaepanxca

y=xf @) +o ) (25)

xotopoe npu f(y')==y’ HasuiBalOT ypasnernuem Kiepo. Bpepennem napa-
meTpa p=y’ ypaenenne (25) npHBOJMTCA K BHAY

y=xf (p)+ (p)
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B cayyae ofwero ypabHeHus JlarpaHmxa H K BHAY

y=xp+¢(p)
B cayuyae ypaBHeHHst Kiepo.
YpapHenne Jlarpanxa uMeeT ocofble peilleHHS
y=xf (po) + (Po),
rie po—Jo6oft n3 KopHell ypaBHeHus f(p)=
Y pasuenre Kisepo mmeeT ofLiee pelueHHe
y=Cx+¢(© (28)
H ocofoe pelLieHHe

) x=—0"(p), y=—09¢" (D) p+o(n), (27)
sasioweecs: orubamomieii ceMeiicTBa WHTErpajibHbBIX KPHBBIX (26).

TakuM o6pa3oM, MOXHO cdopMmy/aHpOBaTL CJaelyioulee N p akKTH-
yecKoOe NMpaBHJO. 3ameHHB B ypaBHeHHH Kiepo cHMmBoOI Yy’ cHMBO-
qoM C, mbl cpa3y nonydaem obuwee pewenue (26). Jduddepennupys ero
no C u uckmouas C U3 cucTeMbl ABYX ypaBHeHUil (OOLIErO pelIeHHA M
pesysnbTaTa AuddepeHUHPOBaHHSA), MoMyyaem ocoboe peuenue (27).

‘MIpumep 17. Pewurs ypasHeHue Jlarpauxa
y=xy"*+y".
<« lonaras y’ =p, naiigem
y=xp*+p.
JHuddepenuupys 5To paBeHCTBO MO X, nonquM

p=p +2xp Ix +
HIH

E’i 2 1

o~ “p—p® p—p*
310 JuHelHOE ypaBHeHHe uMeeT ofulee pewieHuHe

= (C+Inl 21—,

NOJCTaBasIT KOTOpPoE B cpopmyny N8y monyyaem obuice pcme}me HCXOR-
HOrO YpaBHCHHMs B MapameTpHuecKoi ¢opme:

_CHlalpl—p (C+In|p|l—p) p?
== YT a—pr TP

Kpome 'Toro, - ypasHeHHe HMeeT ocoJnte petwehust y=0 u l/-—x—{ 1,
cooTseTcTBYylouMe KopisiMm pi=0 u p,=1 ypasHenus p>=p. pr
INNpumep 18. Pewnts ypashenuc

'!/=X!/'—!/“-v

<« Hannoe ypapHenne umeer pui (25) npu f(y)=y’, T.e. -spasicres
ypasHenvem Kaepo. Cieays mpakTuueckoMmy NpaBuay, mnosydaem o6uiee

pelerte
y=Cx—C*.

Hcrniouas, nanee, mapamerp C W3 cucTembl ypasHeHHI
y=Cx—C4, ’
0 =x—4C“,



RoJiyunM ocofoe peuieHHe

3 08 m
=— X .
Y 43/4 >

Pewmntpb ,uquepeuuuanbﬂble ypaBHEHHS:
9.122. y— +~" . 9.123. y=2xy’+%.

9.124. y=xy’2—}—y . 9.125, y_—:-;—(xy’—}-y’ Iny").

9.126. y=xy’—;l,—. 9.127. y=xy' +y +Vy'.

9.128. y=uxy —ev'. 9.129, y=xy 4 cosy’.

10. Cmeinannble 3araud Ha JjnddepenunanbhHbie ypaBHeHnss 1-ro
nopaaKa.

Onpenesnts THNB AH(depeHLNalbHEX YpaBHEHHHE U yKa-
3aTb B OOLEM BHJE€ METOAbl MX pellieHHs:
y =%
9.130. sinx®=e ¥ . 9.131. Vx"‘—y“:y—__%.
9.132. 14+ x4 (14 x%) (eF—ex¥y')=0.
9.133. 2y’ (1 —x*)—xy—2xy* + 2x%% = 0.
9.134; ydx+ (2x—y*) dy=0.

x _
9.135. (—y——x + e )dx—l—(?xy-]-y—— )dy 0.
9.136.. ydx+ (x—2V xy) dy=0.
9.137. (*+y*+1)dy+xydx=0.
9.138. y' =sin(y—=x). 9.139. x= arccos

9.140. V y= yx2 +y§x

Yy —a*
]

2 sin x

PenmmTh anddepenuyannblibie ypaBHeHHs:

9.141. ¢ +ay=x°. 9142, (x—y)dy—ydx=0.
9.143. (xcos2y—+ 1) dx—x?sin 2y dy=0.
9.144, y'=ytgx—y*cosx. 9.145, y' =
9.146. 2y dx+-(y*—6x)dy=0.

9.147, (xye*y + y?) dx = x*e*/v dy.

9.148. (xy*-+x)dx+ (y—x*y)dy=0.
9.149. (2x* —xy*) dx-+ (2y* —x*y) dy = 0.
9.150. xy +y=y*lnx.

9.151, 3x+y—2+y (x—1)=0.

l—2x
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9.152. y’=;ij_'—i. 9.153. y’ cosx—ysinx=sin 2x.
9.154. (2x—|—lny)dx—}-(-;i—|—siny)dy=0.
’ ’ 4 l
9.155. y=xy'—Iny’. 9.156. y =T
9.157. (x-ysin%)dﬁ-xsin%dy:ﬂ.
9.158. xy =x%~ v+ 2.
9.159. (2xe? 4+ y*) y' = ye’.
9.160*, (1 + v dx=(V'T+ y2cosy—xy) dy.

9.161. ( e l)dx i dy=0.
ry 2 2V'y ' ’ 2
9.162. y —Jg:?miz%- 9.163. y=y'2+2xy +—f2-.'

9.164*%, (x—2y°) dx+ 3y* (2x—y*)dy =0.

_11. TeomeTpuueckue H tpuauqecxue 3ajayH, NPUBOAALIHE K pelue-
HHIO AuddepeHnaILHbIX ypanHeHuu 1-ro nopsaka. B ,3ajiauax reomer-
puH, B KOTOPhIX TpeGyeTcsi HaWTH YypaBHEHHe KPHBOH NO 3ajaHHoMy
CBOICTBY ee KacaTesqbHoOH, HOPMalH HWJH IUIOWAAH KPHBOJNHHEHHOA Tpa-
TeuHH, HCMIOJb3YIOTCH FeOMETPHUYECKOe HCTOJKOBaHHe NPOH3BOJAHOM (yrJ0-
BOH KQ3(p¢UIIHEHT xaca‘reqbﬂon) H MHTErpala C MNEpeMeHHbIM MpeJie/1oM
(niomaib KpUBOJMHHEHHOM TpamelMH C NOABHAKHOH OrpaHHYHBAIOLLEH

OpAMHATOH), a TaKxKe cjejyiouue obiine
4 GopMyJIBl A4S ONpefesieHUs JJIHH OTpe3Kon
KacaTeJIbHOH f, HOpMa/H n, MoJKacate/an-
HOH § H moAHopMmanu s, (puc. 93):

t=| L VTF|, n=lyV T,

St=|'yy7|- sn=|yy"|.

Puc. 93 Mpumep 19. Hailtu ypasHenue Kpu-
’ BO#, MpOXOiAiledi Yepe3 HA4ajoO KOOPIH-
HaT, eCJH B KaxIoit ee Touke M (x, y)
HojKacaTteJbHast S B kR pa3 MeHbLue TOJHOPMAJIH Sp,.
o Mycts y= f(x)—ypaBHeHne nckomo#t kpuBoit. Memons3dys Boipaxe-
HUA TOJAKAcaTeNbHOH S; H MOXHODMANH S,, Mbl Cpady mosydaeM Hudpde-
peHlMaAbHOE ypaBHEHH®
_y_l
2
yl
(¥ =k

Uurerpupys 3To ypabHeHHe H YUMTHIBAS HaualbHOE YC/IOBHE y(O)
HOJYYHM - HCKOMBbIE YpaBHEHHS

y=+Vkx
(1Be mpsmble). P e
ITpumep 20. Haiitu ypasHeHue KpuBo#, npoxoasuled uepes To'n(y
(1, 1), ecnu ana moGoro orpeska [1, x] miomads KpHBOAUHEHHOH Tpa-
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TeLHH, OTPaHKUENHON COOTEETCTBYMOmEN Ayrodt 5Toil KpHEO#, B JiBa pasa
Gonbule NpousBelienust KocpiuHaT Toukn M (x, y) xpueoit (x > 0, y > 0).
« Corslacho ycJIOBHIO 33/1auH HMeeM '

S y () di=2xy (x).
P

Hunddepenunpys 3T0 PaBEHCTEO NO X, TNOAYyyaeM Inddepennuannroe
ypasHenne y=2 (y-+xy'), nau

=Y
V=="2

Wurterpupys 3To ypaBHeHHe M YUHThHIBasi HayaJbHoe ycaobue Yy (1)=1,
HalileM ypaBleHne HMCKOMOR KpHBOIi:

=#. >

9.1656. Haiitn ypaBHenne KpHBOH, npoxonsesd uepes
toury (V/'2, 0), ecin cymma JuiHH ee KacaTesbHOI H MOAKAaca-
TeJbHOH paBHa INPOM3BEJEHHIO KOODAHHAT TOYKH KacaHWs.

9.166. Haiitu ypaBHeHHe KpHBOH, NpPOXOAsIieH uepe3
Touky (1, 2), ecsqn ee moakacatenbHas BABoe OoJsbine aGe-
LUCCHl TOUKM KacaHHS.

9.167. Hafitu ypaBHeHHe KpuBOH, NpoxXojsiied uyepes.
Touky (1/2, —1), ecan pamMHa oTpe3ka mnoJayocd a6cuuce,
OTCEKAEMOTO ee KacaTesJbHOH, paBHa KBaJpaTy aGCUHCCH
TOYKH KacaHus. a

9.168. Haiitu ypaBHeHHSI KPHUBHIX, Y KOTOPHIX MJIMHA
oTpe3ka HOpPMaJH MOCTOSiHHA M paBHA 4. ‘ !

9.169. Haiitu ypaBHeHHS KPHMBHIX, Yy KOTOpPHIX nozmop
Majib MMeeT NOCTOSIHHYIO AJHHY 4.

9.170. Haiith ypaBHeHHMe KpHBOH, NpOXoAfWiell uepes
Touky (0, 2), ecau nJjowanb KPUBOJHHEHHOH Tpameny,
OrpaHHYEHHOH Ayro# 3Toll KpPHBOH, B 1Ba pa3a GoJbiie
JJIMHBI COOTBETCTBYIOLEH AYyTH.

9.171. Haiitu ypaBHenue KpHBOH, NpoXojswell uyepes
touky (1, 1/2), ecau nis moGoro orpeska [1, x] niomans
KPHBOJHMHEAHOA Tpamelud, OrPaHMUYEHHOH COOTBETCTBYIOLIEH
JYrofi 5TOf KPHBOH, paBHa OTHOIIEHAIO aGCHUCCH X KOHIe-
BOIl TOUKM K OpAHHATE.

9.172. Haiitu ypaBHeHHe KpHBOH, npoxoasied uyepe3
Touky (0, 3), ecan moaxacatesbHas B JIO60H TOUKe paBHa
cymme abcuicchl TOUKM KacanHsi H PAacCTOSIHHS OT Hauaja

KoopanHaT A0 TOYKH KacaHnHia (OI‘pﬂHH‘lPlTbCﬂ paccMon pe-

HHMEM cayyas _yg_ > 0) .



9.173. Haiitu ypaBHeHue KpHuBOH, npoxonﬂmeﬁ yepe3
touky (1, 0), ecin asMHa OTpe3sKa ocu abCUMCC, OTCEKAEMOTo
ee HOpMaJblo, Ha 2 GoJsblie aGCLUCCHI TOYKH KacaHHS.

9.174. Halitu ypaBHeHHe KpHBOH, NpoXoisimied uepes
HAYa/J 0 KOODAMHAT, €C/H LIS JIoGoro orpeska [a, x] mio-
maab KPHBOJHMHEHHOH TpamelHuy, OrpaHHYEHHOH COOTBETCT-
Bylome# Ayroff aToil KpHBOH, paBHa KyOy OpAHMHATHl KOHIE-
BOU TOYKH JyTH.

9.175. Halitu ypaBHeHHe KpHBOH, Mpoxoasuieli yepes
TOYKY ¢ TMOJISPHBIMH KOOpJHHaTaMu r =2, ¢ =0, ecJu yroua o
MeXIy ee KacaTeJbHOH M pajHyC-BEKTOPOM TOYKH KacaHHUA
€CTb IIOCTOSIHHAs BeJHYHHA: tga_a
" 9.176. Ha#itu ypaBHeHHe KPHBOH, IPOXOAsiLe qepeaTquy
(1, 1), ecnn nnvHa oTpeska ocH abCLHCC, OTCEKaeMoro JoGoi
ee KacaTeJbHOH, paBHa [JIMHe 3TOH KacaTeJbHOH.

9.177. HaiiTh ypaBHeHue KpPHBOH, NpoXoAsiied uepes
TOUKy (3, l), ecqM JJIHHA OTpe3Ka, OTCeKaeMoro JioGoH ee
KacaTeJbHOH Ha OCH OpJHHAT, paBHA MOLHODMAJH.

.9.178. Haiitu ypaBHeHHe KpHBOH, Npoxoisumed yepes
Hayano KOOpJAHHAT, ecJH cepejHHAa OTpe3Ka ee HOpMa-
JH OT JI00OH TOYKH KpuBOH N0 ocH Ox Jexurt Ha napabone
2yt = x.

9.179. Haiitu ypaBHeHHe KpHBOH, NpOXojislel uepe3
touky (1, 0), ecnu mnuiomwanp Tpamenud, oGpa3oBaHHON Ka-
caTe/IbHOH, OCAIMH KOOPAMHAT H OPAMHATOH TOYKH Kacauus,
MOCTOAHHA M paBHA 3/2.

9.180. Haiitu ypaBHeHue KpHBOH, MpoXoasuwed uepes
touky (0, 1), ecan nnowanp TpeyroabHHKa, o6pa3yemoro
oCbl0 abcLHCe, KacaTenbHOH H PafHyC-BEKTOPOM TOYKH Ka-
caHus, TMOCTOAHHA H paBHa l.

9.181. Haiitu ypaBHeHue KpuBoOf, npoxozxﬂmeﬁ yepes
Touky (1, 2), ecan npousBeseHHe aGCUHCCHI TOYKHM KacCaHHSA
Ha aGCcLHCCy TOYKM MnepeceyeHHs Hopmanu ¢ ocbio Ox paBHO
yIBOSHHOMY KBalpaTy pacCTOIHMSi OT Hayasja KOOPAMHAT
IO TOUKH KacaHHd.

9.182, Haiitu ypaBreune KpuUBOH, NpoXonsiueil uepes
TOYKY C MOJIAPHBIMH KOOpAHHATAMK r=71, @=7m/2, eC/H
nJomAanb CeKTOPa, OrPaHUYEHHOTO 3TOfl KPHBOH, MONAPHOH
OCbl0O H MEpPeMECHHBIM MNOASPHBIM pPajHyCcOM, B IUECTb pas
MeHbie KyBa MOMAPHOrO paauyca.

Opmozoranousm MPackmopuamy LIS OJHOMAP AMETPHUCCKOTO CeMe-
crBa Sy auuuit y=® (x, a) HasblBaeTcs Jpyroe CcemefcTso S, JHHHUi,
KOTOPSIE MepeCeKaloT JHHHH NESPBOTO CEMEiCTBA IOA MPAMHM YIVIOM.

IMpumep 21. Haiitu oproronansHbie TPaeKTOpHH ceMmeficTBa Ky6n~
yecKHX mapaboa y=ax®,
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< Haiinem auddepeHunanbHoe ypaBHeHHE NAHHOTO CeMelCTBA, MCKJAIOUAs
a 13 CHCTeMbl ypaBHeHHi

y=ax3,
y' =3ax?.

IMoayuum y’ =3y/x. ,U,Hd)fbepeuuuanbuoe ypaBHEHHE cCeMeiCcTBa OPTOro-
HaJIbHBIX TPAeKTOPHH ecTb

Ero ofwuit uHTerpan
X213y =C?

AIBJISIETCA yPaBHEHHEM CeMeHCTBAa OPTOTOHAIbHBIX TPaeKTOPHH (3/11UNCoB). P

Hafitu oprorosanbHele TpaeKTOPHH AaHHBIX CEMEHCTB KpH-
BbIX (@—mapamerp):

9.183. ay*=x* 9.184. y=ax®. -

9.185, x*—2y*=a? 9.186. y=ae®.

ITpu cocrasiennu nucddepeHIHaNbHBIX ypaBHeHH{ 1-ro mopsiixka B
(H3MUECKUX 3ajlayaX 4acTo NpPHMeHsieTcs: Memod Ouggepenyuanos, 10
KOTOPOMY NPHOMHIKEHHble COOTHOLIEHHS MEXAy MaJbIMH [pHpAUeHHSIMU
BeJHYMH 3aMEHSIOTCH COOTHOLIEHHSIMH MeXAy HX AuddepeHunanamu.
Takasi 3aMeHa He OTPa)aeTcsl Ha pe3yJbTaTax, TaK Kak [eJo CBOJHTCS
K oT6pacbiBaHMI0O GeCKOHEYHO MalblX BBICIUHX IOPSAKOB. Jpyrum meto-
JIOM cocTaBjieHust JuddepeHINaTbHBIX: YPaBHEHUH SIBASETCS HCIONB30Ba-
Hde (PU3HUECKOrO CMbIC/Ia TPOH3BO,IHOH KaK CKOPOCTH IIPOTEKaHU sl NPoLecca.

ITpumep 22. B pesepByape nepBoHauyasbHO COJAEpPXKHTCA A KT Be-
1eCTBA, PacTBOPEHHOro B B /uTpax Bo/bl. 3aTeM KaXAyld MHHYTY B pe-
3epByap mnocrymaer M JMTPOB BOIM M BHITeKaer N JIMTPOB pacTBopa
(M = N), npuyeM OIHOPOJHOCTb PacTBOPA JOCTHTAETCS MYyTeM IepeMelH-
pannsi. Haiith maccy BewlectBa B pe3epByape uepe3 7 MHHYT mocre
Hagaja mnpouecca.

«f O6osnaunm uepe3 x (f) MacCy BellecTBa B pe3~vayape yepe3 ! MHHYT
nocJae Hayaja npouecca H uepe3 (x--Ax)—B MoMeHT BpeMmeHH (f--Af).
3amernm, uto Ax < 0 npu Af > 0 (T. e. pacTBOp «0GeRHSETCS»).

IMycrs V (£)—o06beM cMecH B MOMEHT f:

V (f) = B-- Mt —Nt.

KoHueHTpanus BelliecTBa B MOMENT ‘BpeMeHH { paBHsieTCs, OYCBHAHO, x/V.
3a Gecxoneuno Manbit oTpe3ok BpeMenn [f, t4-Af] Macca BeuiecTBa
H3MenseTcs: Ha OeCKOHCUHO MasyIo BeJHUYHHY Ax, M KOTOPOH crpaBsed-
JIHBO TPHGIMMKEIHOE PaBclICTBO

X Nx

3anmenss npupamennss Ax u Af nudcepennmanamu dx u dt, nomyuaem
nuddepeHHanbHoe ypaBleHHe:

Nx
B4-(M—N)t di

H}lTerprﬂ 3TO ypanHEHHE C DAa3AeIAIOILUMUCA I€peMEHHbIMH U CUHTas

dx = —

3 TIloa pea. A. B. Edumona, B. 1. [lemugosuua 65



M > N, HaiineM ofuee peurenne:

Jc_(i).= ¢ -

(B+(M—N) ) M=N

Hcnonbays Havanbhoe ycnoBne x=A npu t=0, naiijeM uacTHoe pe-
ICHHE:

.L..

Monaras =T, nonyyum OTBET:

.

N
B M-N

£ =A(5rg=m )
Curyuait M==N Tpebyer oTAe.IbHOrO paccMoTpenns (cM. 3anauy 9.195). B

9.187. CKopocThb OXJIaXKIEHHS Tesja MPONOPLHOHANbIA
pPa3HOCTH TEMMNepaTyp TeJa H OKpyXawoleH ero cpeinl (3a-
ron Hrblotona). Hafith 3aBucumoctb Temnepatypel 7 OT Bpe-
MeHHn f, ecau Teso, Harpetoe fo T, TpafycoB, BHECEHO B MO-
MellleHHe, TeMaepaTypa KOTOPOro NOCTOSIHHA M paBHa a Tpa-
Jycam.

9.188. Uepes ckosbKO BpeMeHH TemmepaTypa Tesa, la-
rpetoro po 100°C, nouunsurcs mo 25°C, ecau Temmepatypa
nomeieHns paBHa 20°C u 3a neppuie 10 MUH TeJsio OXJiaau-
Joch g0 60°C?

9.189*%, 3amenssioliee NeHCTBHE TpPEHUs Ha JHCK, Bpa-
L AOWMHCS B KHIKOCTH, NPONOPLHOHANBHO YIJIOBOH CKOpO-
cru Bpawenus. Halith 3aBHcHMocTh 3TOMH yrjoBoil cCKOpocTH
OT BpEMeHH, eCJIi H3BeCTHO, 4TO ANCK, HayaBLIHH BpaumiaThCsi
CO CKOpOCTbIO & 06/c, NO MCTeYeHHH JABYX MHUHYT Bpallaercs
co ckopocThlo 3 06/c. Uepes CKOMbKO BpeMeHH OH O6yzeT
MMeTb YIJOBYIO ckopocTh 1 o06/c?

9.190. CxopocTp pacnaza pajusi NpPONCPLHOHaJbHA Ha-
JHUHOMY €ro KosuuecTBy. B Teuenue roga H3 Kaxzaoro
rpamma paaus pacnapgaercs 0,44 mr. Uepes ckosbKko J1eT pac-
najeTcst NOJIOBHHA HMEIOIerocsl KOJM4ecTBa pajus?

9.191*. CxopocTh HCTEYEHHS BOJIBI H3 COCYJia Yepe3 MaJoe
oTBepcTiie onpeeasercs dopmyanoii v= 0,6 ) 2gh, rae h— BbI-
COTa YPOBHSI BOAB HaJ OTBEPCTHEM, g— yCKOpeHHe CB06OJ-
Horo najenus (npuHsTh g = 10 M/c?). 3a Kakoe BpeMsi BLITEYeT
BCs BOJA M3 LMJMHApHYecKoro 6aka c jauamerpoM 2R=1m
1 BbicoTol H=1,5 M uepe3 oTBepcTHE B JHE JHAMETPOM
2r=20,05 m?

9.192*, KosunuecTBo cBeTa, NOIJIOUIAEMOrO NMpPH NPOXOXK-
JI€HUH uYepe3 TOHKHMH CJIOH BOJBI, NMPONOPLHOHAJBHO KOJHYe--
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CTBY Majaoliero CBeTa M TOJLUIMHE cJios. 3Hasd, YTO MPU Mpo-
XOX/JEHHH CJI0s BOABI TOJUMHOA 2 M norsowaercsi 1/3 mep-
BOHA4YaJ/JbHOTO CBETOBOTO IOTOKA, HAHTH, Kakas YacTb. ero
noftner a0 ray6HHbl 12 m.

9.193. Jloaka 3aMepisieT CBOe IBHMKEHHE I0J AeHCTBHEM
COMPOTHBJIEHHS BOJABI, KOTOPOE MPOMOPUHOHAJIBHO CKOPOCTH
noxkn. Hauambuas ckopocts Jogku 1,5 m/c, ckopocTh ee
vepes 4 cexynael 1 m/c. Korga ckopocTb ymeHbmmuTes 10
1 cem/c? Kaxkoft mytb mpoizer Jofka A0 OCTaHOBKH?

9.194%, [lynqa, nBurasce co ckopocthio v,=400 wm/c,
npo6uBaeT CTeHY TOMUHHON A==20 cM u BpLIETAET, HMEA
ckopoctb 100 m/c. Tlosaras cuay CONMpPOTHBJIEHHS CTEHBI TIPO-
NOPUHOHAMBHOH KBajpaTy CKOPOCTH ABHKEHHS MNyJH, HalTH
BpeMsl NMPOXOXK/JAEGHUSI NMYJH uYepe3 CTeHy.

9.195. B Gake naxomutcs 100 J1 pacTBopa, cofeprKaliero
10 kr cosu. B 6Gak BiMBaeTcs BOJA CO CKOPOCTbIO B Ji/MHuH,
U CMeCb BbITEKaeT H3 Hero ¢ Toi ke ckopoctbio. OnHoposn-
HOCTb pacTBOpa JOCTHraercsi NyTeM nepemeniuBanus. Cxonbko
CONH ocTaHeTcsi B Gake yepe3 yac?

9.196. Hekortopoe BeiecTBo mnpeoGpasyercsi B ApVroe
BELIeCTBO CO CKOPOCThbIO, MNPONOPLHOHAJBHOH Macce Hemnpe-
ofpa3oBaHHOro BellectBa. Ecsu Macca nepsoro ectb 31,4 r
no HCTeYeHUH ofHoro yaca u 9,7 T MO HCTEYEHHH TPex 4acos,
TO ONpeNeJuTb: a) MacCy BelllecTBAa B HayaJe Ipollecca;
0) uepe3 CKOJIbKO BpPeMEHHM ITOCJIe HayaJjia Ipolecca OCTaHeTCst
Jumb 1% mnepBoHayasbHON Macchl MCXOIHOTO BellecTBa?

9.197*. B nomeuienun nexa smectumoctbio 10800 M* B03-
nyx couepxut 0,12% yriexucnoTel. BeHTHISITOPH AOCTaB-
JSUOT CBEeXHH BO3AyX, comepxautuii 0,04% yriekucnors,
co ckopocteio 1500 m*/mun. Ilpennmonaras, 4uto yriekucsaora
pacnpenensercs no NOMeIEHHI0 PaBHOMEPHO B KaXKMIBIH Mo-
MEHT BpEMEeHIl, HaliTH OO0BEMHYIO JOJIO YIVIEKHCJIOTH uepe3
10 mun mocsne Hauyasa paGOTHL BEHTHJ/IATOPOB.

9.198. Cusia Toka [ B IeNH C COMPOTHBJeHHeM R, camo-
HHAyKUHel L M nanpshkeHHeM 4 YIOBJETBOPSET YPaBHEHHIO

di .
L 7 +Ri=u.
Haiitu cuny Toxa i B MOMEHT BpeMeHH £, ecau u=E sinot
v i=f npu {=0 (L, R, E, ®—n0cTosHHbIE).
§ 2. InddepeHunancHoie ypaBHEHHH BbICUIMX TNOPALKOB

1. OcHosubie nouatun. Teopema Kown. [Tuddepenunansioe ypaske-
HHE A-TO MOPSIKA MMEeT BHI

Fx g4, 4, ..o ™) =0 1y
3+ o



({8471
Y =F(x, 4, Yy oo, YD), (V)]

3adaueii Kowwu ans auddepenunanyHoro ypasHenns (2) HashBaercs
3a5aua OTHICKaHMs pelueHus y (X), YAOBJETBOPSIOLIEr0 3alaHHEIM Hayasb-
HLIM YCJIOBHAM

r - (-1
Y (x)=Yo, Y (X)=Yo, «..s YD (x))=yo . ©)
O6ugum pewernuem ypaBhenns (1) wnu '(2) HaspBaeTcs Takas (yHK-
nusg y=¢ (x, Cy, ..., €,), KOTOpas NpH JIOOLIX ROMYCTHMLIX 3HaUeHHAX
napametpoB Cy, ..., C, SBISIETCA pelleHHeM 3TOro JAuddepesrHaabHOTO
ypaBHeHust M Aas Joboil 3anaun Kowm c ycnoBusmu (3) HalinyTes mo-
crosurpe Cy, Cy, ..., C,, ONpCHENSICMbIE H3 CHCTEMBl YDaBHEHHH:
Yo :.'(p(x{)x Cli LR Cll)'
!/0=(P' (x(n Cly ceey Cn)r
n—1) - .
Y P == (x, Cy, ..., Cp).
Y paBHeHue
D(x, y, Cq, ..., Cp)=0, 4)

onpefensllee obulee peuwieHHe KaK HESBHYI0 (QYRKILMIO, Na3LBACTCSH
obujum unmeepasom NnpdepeHLHaNbHOIO ypaEneHus.

. Teopema cymecTBOBAaHMS M €IMHCTBEHHOCTH pe-
menna sanaun Kowu. Ecau Oupdepenyuarvnoe ypasuerue (2)
maxkaeso, umo pyunkyun.-f(x, y; y’', ..., y"=Y) 8 nexomopod o6aracmu D
USMEHEHUSA C80UX QP2YMEHNIO8 HENPepPblBHA U UMEer HEnpepbiGHbie Hacm-

Kble npou3sooHble _‘2 = ——L —  mo dan a06oii mourxu (x
p ay ) ay’ 3 ey ay(n_l) ) 0 Yo»
y.;, cees yf,"'l’)ED cywecmeyem makod unmepeéas xo—h < x < xy-kh,

Ha KOMOpOM cyujecmeyem u npumom eOuUHCMBEHHOE pelleHue Smoco Ypas-
HeHus, Y008AemeEopaIouiee HAYANbHOM Ycao8uam (3).

Mpumep 1. Toxasats, uTo dyikuns y=CeC?*, Cy, C,€ER, sB-
JIRETCA pewleHHeM AudrpepeHunanbHOro ypasnenns yy’ =y’

« Hnmeewm:
Y =C1CeC?, 3" =C,C2Cs,

TToacTaBuB BhipaxeHus y, y' W y” B laHHOe YypaBHEHHe, TNOJYYHM TOX-
JEeCTBO

Clec’x . CIC§’€02x = (CIC:geC’x)s.

Crepopatenbho, Gynkuns y=CeC** ecTb peinenne JRanHoro ypae-
HeHus. P '

INMpumep 2. Halith o6nacTb CylleCTBOBaHMS H €AMHCTBCIHOCTH
pellleHns ypaBHEHHs

y

3
a 0f i
M U €€ yacTHasag Nponu3BOAHAA a'———‘——Vy
X Y x

VY
. x .

o Oyuxuns f(x, y, y')=

of Yy
HenpepwBHH npu x # 0, y’ =0; uvacTHas npousBoAHAT ——F —=——Z——
Pep kA0 ¥ P o oumyy

HenpepbiBHa NpH x # 0, y’ > 0.
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CaenoBaTe/iblO, JaHHOE ypaBHeHHE MMEET eJHHCTBEHHOE PelueHue NpH
£#£0, 4 >0 p

Haiitu 064acTh CyleCTBOBaHHS W €QMHCTBEHHOCTH pellie-
HUS ypPaBHEHHIi:

9.199. y'=x+V ¥ —y’. 9.200. "=y Iny’.

[TokasaTb, 4TO JAaHHLIE BbIpa)KeHHUS MPH JIOOBIX NEHCTBH-
TeJbHBIX 3HAUEHHAX BXOAAIIMX B HHX IapaMeTpoB ONpefe-
JISIOT pelleHHsi COOTBETCTBYIOLIHX AH(PdepeHIHaNbHbIX YpaB-
HEHHI:

X

9.201. y=)cSSlrl tdt-}-cosx—}—Clx—{— C,; xy"=sinx.

9.202. y=x21nx+C1x2+C2x+Cg, xy’”=2.

9.203. e¢’sin® (C x+C,)=2C%, y' = ey

9.204. C,y=sin(Cyx+C,); Jy”+ 1=

TlokasaTb, 4TO JaHHBIE DYHKIHH ﬂBJIHiOTCH YaCTHBIMH pe-
IIEHUAMH COOTBETCTBYIOIHX AH(depeHHaNbHBIX yPaBHEHHUH:

9.205. y=- l (241); 144" =2yy"

9.206. .y = e" vy =29y

[TyteM HCK/IOYEHH ST NapaMeTPOB BHIBECTH uu(bq;epeﬂunanb-
Hble YPaBHEHHSl CEMEeHCTB CJEAYIOWHX JIHHUI:

9.207. IlpaMpIX Ha TJIOCKOCTH, He mapaJesbHeix ocu Oy.

9.208. OkpyxHocTell MOCTOSAHHOrO paauyca R. .

9.209. Cunycoun y=Asin(x-+ta), rie A u a—napa-
MeTpHI.

9.210. ITapaGon ¢ oceio, mapannenbHoi ocd Oy.

2. YpaBHeHus, JONycKalOl{He HOHKMeHHe mopsaka. Huxe npuso-
NITCA HEKOTOpble BHIb JHddepeHilHaTbHEIX YpaBHEHHt n-ro nopsjxa,
JOMyCKAIOMHKX NOHHKEHHE NOPAJIKA.

a) Ypasuenue Buja y=f(x). Obuee pemenne moayyaercs

NyTeM N-KPaTHOTO HHTETPHUPOBaHHS Y=\ dx S f (x) dx+Pp_1(%),
rae Py (x)=Cyx"~14-Cox®—2- ... -i—C,,_lx—[- C,,, win no dopmyae

v=gy § FO Gty e Pas (0
Xo

IMMpumep 3. Haiitu obuiee ;;eLueHne ypaBHeHHS Y’ = U ero

cos?x

yacTHOe pellleHHe, YIOBAETBOPAIOLIee HAYadbHHIM YCJOBHSM y(%):
In b1

=t y'(f)"‘

<« Unrerpupys nepsmit pas, nonyqaeM y" =tg x4 Cy. TloBTOpHOR® MHTE-

TpHpOBaHHe AaeT y=—In|cos x|+ Cyx+4C,. 310 u ecTs oOlee peiue-
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nue. [NoncTaBus Tenepb B MosiyyeHHoe ofinee 'peileHHe H B BBIPaXs i
b4 In2
AJis nepeoi NpPOH3BOAHON X==- M COOTBETCTBEHHO y=-—5— H Yy,
NONYYHM CHCTEMY ABYX ypaBHeHmH ¢ Hen3BecTHuMH C; n Cp. Pemus 51y
cucteMy, HalileM sHaueHHsi napameTpoB C;=0 n C;=0, cooTseTcTBYIO-
LiHe HCKOMOMY UacTHOMY pelleHHI0, KOTOpoe, CJIeJOBaTeJbHO, MMCET
BUl y=—In}cosx|. p i
0) YpaBueunus Bugna F (x, y®, ..., y)=0, 1. e. ypaBuenus,
He Cojiepaallile SIBHO HCKOMOH QYHKLMH M ee NPOM3BOANBIX JIO MOpSiKa
k—1 sxmounteabHo. C momoublo 3ameHsl YR = p (x) nopsijioK ypasne-
HHUA TIoHHXKaeTcsl Ha k emunuw: F (x, p, p’, ..., p—R)=0. IIpexnosc-
UM, 4TO /st TIONYYEHHOTO YDaBHEHHs Mbl MOXKeM HaHTH obliee pelue-
nue p(x)==¢(x, Ci, ..., Cy_p). Toraa nckomast GpyHknus y (x) noay-
4aeTCsl NyTeM k-KpaTHOTo HuTerpuposanus ¢yHkuuu ¢ (x,Cy, ..., Cp_z).
Mpumep 4. Halitu uactnoe peienne ypasHenns x4y’’’ --2x3y" =1,
) 1 1
YAOBACTBOPSIONICE  HauaJbHbIM YCJIOBHAM Y (1):7 Y (l)=§- ,
Y (1) =—1.
<« Ilannce ypaeneHue He collepkHT y u y'. IMosoxum y”=p, Torja
1 =[:I£ (_1_/7 +
dx’ dx
2

1 " .
-+ FRAntr 370 nuHeliHoe ypaBHeline nepsoro nopsaka. Ero obuiee pe-
1

C
menhe p==— —5 x—; . Hcnonrays navansnoe yeaosne y” (1) = p(1)=—1,

y I ypaBHeHHe INPHHUMaeT BHJ x‘%-{-?xSp:l, HIn

1 1
noayvaem C,-=0. CrneaoBarearHo, y"=——;:-,- , OTKyZa y’=§x—2—|- C,.
Hauaabhoe ycaosue y’ (1) == 1/2 nossossier onpeaenuts Cy=0. Huterpu-

pys eule pa3, noayuaem y=—-§];+Cg, a u3 ycaoBusi y(1)=1/2 cne-
1

nyet, uto Cy==1. Mtak, uckomoe uacTHOe pelweHne ecTb y=1—2—
X

(parnocTOpONNSIST THnep6ona). P
B) Ypasueuns Buga F(y,y, ..., y)=0, ne comepxamne

ABHO ne3aBUCHMON nepemennoii. IloacranoBkolt y' =p (y), y”=pg—z,
dp\*, o d%
y''=p ay “+p rm M T. I. TOPANOK YpaBHeHHS TNOHMKaeTcs Ha
eNHULLY. .

Mpumep 5. Haiitn o6muii uHTerpan ypasHenus y'y’’’ —3y"* =0.

- ! " dp 1y dﬂ 2 2 dzp

<« Tonoxum y' =p (y), v'=rg ¥v'=r{g +p T Torna
ypaBnenne npeoGpasyercss K BHAY

dp\? 2d2p) a (4P \*_
()58 -0 o

[Mpupens nono6ukle uneHbl H COKPATHB Ha p? (IpH STOM CJELYET yuecThb
Tepsiemoc peuienne p=0, nau y=c), NOAyuHM

d2p dp\2
”a—yr?(a‘y) =0.
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dp z Ej— Zﬁ npupeM K aBHEHHUIO
dy— ’ dyz = dp, P yp

dz -
pz&;—Q. =0.

IMosmoxkus 31ech

d .
CoxpaTtuB Ha 2 ( MPH 3TOM CJIe/lyeT Y4ecTh elile OJHO pelreHHe z=——= 10,

dy
T.e. p=Cy Hy:Clx—{—Cz) , IOJIyYHM d—:—?%)::o, orkynaln|z|—In p?=

=In|Cy|, umn z= %%:Clp2. HHrerpupys nocnentee ypaBHeHHe, HaX0AUM

1 dx
——=C0Cy+Cy, umm —-—-=C Cs.
? 1Y +Ce dy~ 1W+Ce

Oxonuarensio noayunm x=Cyy?+4Coy+Cy, rie Cl——-g— Cr=

= —C,, T. e. cemeiicTBO mapa6oJ. -3aMeTHM, YTO B O6lLuee pelieHHe BXO-
JIIT TMOTEepsTHHbIE PaHee YacTHLIE pelleHHA. P»

d
r) YpaBHeHHUSs BH]IA d—G(x Yo 'y oo, y1-D)=0, 1. e. Ta-
RHE ypaBHEHHSl, B KOTOpPLIX JieBast UacTb MOXKeT OhIThb npeicTaBiena Kak
I0JIH s IPOM3BOJHAs IO X OT HekoTopo# pyHkuuu G (x, ¥, y’, ..., y"—D).

HHterpupys mo x, nmoJayyuM HOBOe ypaBHeHHe, MOPSIAOK KOTOpOl"O Ha
€IHHHLY HHXKe NOpPSiAKAa HCXOXHOrO ypaBHEHHUS.
[Tpumep 6. HaiiTu oblee pelieHue ypaBHeHHS

(14-x2) o' 425" = 2.
< Jleaaﬂ JacTh ypaBHellHﬂ €CTb MNOJHas NPOU3BOJHAA MO X OT (byHKU.HH
4

x
(14-x?) y’, a npaBai—oT YHKUHH ——, T. €. YpaBHEHHE MOXHO mepe-

4
4\’
nucatb tak: ((1--x2?) y’)’=<f4—> . OTciofia HHTErpUpOBaHHeM MO/yUaeM
4
O S §
(l+x)y—4—|— 7+
_ x4 —l C1
Y=rar e

CacnoBaTennHo,

v= 54);14—1_%) dx—S (—(xﬁ_l)'* e lex )d”

H, OKOHYaTE/JbHO,

_1 3 l .
Y= -7 x4 Cy aratg x4 C,,

rie Cy =Cl;|_l . 370 u ecTh obwee pewenne. P

1) Ypasuenue F(x,y, 4y, ..., y")=0, onHoOpoRHOEC OT-
HOCHTEJAbHO (QYHKUHH H ee npousnonﬂux T. €. TaKoe,
yto F (x, ty, ty', ..., ty™) =tEF (x,y, y', ..., y™), t # 0. [loacranos-
Kol y’' =yz nopsu(ox ypasuemm NOUHKACTCH HA eIMHULY .
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IMpumep 7. Halitu obinee pemenye ypasnenus xyy” — xy'*—yy'=0.
« Tonoxum y’ =yz. Torpa y’ =y (224 2') n ypaBHeHHe NPHHUMAET BHA

xy? (224 2') — xy22?—y?2 =0.
Cokpamas Ha y® (NIPH 3TOM NOJYYaeTCsA pelueHHe Y= 0), maxomum

x2'—2=0, uu 72—‘-1;—0 OTKYy Iz 2=0Cyx. Tak xaK z= y7 , TO Tpu-

XOlMM K ypaBHenmio y’ = Cyxy, WIK %—:Clx dx, otkyna In |y [:C—12x— +

+1In|Cy), v y:CQeC"‘z, rae Ci=C,/2. 3To u ecTb ofuiee penieHue,
KOTOpOe COMEPKHT W NOTepSHHOe yacTHoe pewesne y=0. P

B nexoTopnix ciyuasx HaHTH peuieHHe B BHJe SIBHOH WJIH HesIBHOMH
(YUKIHY 3aTPYABHTEIbIO OJHAKO YJaeTcsl MOJNYUHTh pelueHHe B napa-
MeTpHuecKoli (opme.

ITpumep 8. Haiitn obwee pentenne ypasnenus y” (14-21ny')=

d
g Tlosoum ¢y’ =p, 1”=%. Torpa  ypanHenWe  NpHMET BHJ

%(H—.‘ZInp): 1, nan dx=(14-21n p) dp, otkyna x=— p--2p In p--

—f:CI. Tak xak dy=pdx, 1o maxoamm dy=p (1+21np)dp, otkyna
y=p%ln p+C,, ¥ nonyuaeM obuiee peuleHue B NMapameTPUUECKOM LHJE:

x=p(—=14-2Inp)4Cys, y=p*Inp4Co. pr

Pemurte auddepennnanniupie  ypaBneHHs, HCIIOAL3YS Me-
TO)]@I HHOHHXKEHH 1 DOopslika:
- 9.211. y":?fﬁ-. 9.212. ' =x-}sinx.

9.213. y”’:l/x. 9.214. xy”'=2x-+ 3.

9.215. ,xy *9.216. y" — 2y’ =0,

9.217. y" - tg, x=sin2x.

9.218. XJ ——_/ —-e‘fx2 9.219. 2yy" =1-}y"".

9.220. 4y —J . )

9.221. J”—|’—2X/ =0. 9.222. xy"'—y'—xsinL =0.

9.223. 1y =y’ lni. 9.224. x*y"+x*y' —1=0.

9.225. (l—xz)y +xy' —2=0. 9.226. (l—]—e")y"—l y' =0.
9.227. _Q(y”—l)ctgx 9.228. xy"’=y”.

9.229. j . 9.230. 2y+y)y' =y

9.231. y' = l/l/y. 9.232. 'y’ +1=0

9.233. yy'+y—y =0. 9.234. yy'—2yy Iny—y"* =0.
9.235. " tg y=2y"". 9.236. (y—1)y" =2y"

9.237. xy”'—}—y -x——l—O 9238 yy' +yt=

9.239. ' — A,

Y P—y Yy
e =%
9.241%, x*yy' = (y'—xy’)z.
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9.242. 1y’ (vy"—y")—yy” = x*y". .
9.243. xyy" 4+ xy'"=2yy’. 9.244. 2yy"— 3y’ = 4y*.

Haiiti yacTHble pelenis muddepeHuHaNbHEIX ypaBHEHHH,
YAOBJIETBOPSAIOLUINE 3aJaHHBIM HayaJIbHbIM YCJOBHSAM:

9.245. y"=xe*, y(0)=1, y' (0)=0.
9.246. y'"’ ﬁ‘—", y(1)=0, y'()=1, y"(1)=2.

9.247. y”=—x_+t/—” y(2)=0s lJ, (2)=4

9.248. (143" +y " +1=0, y(0)=y 0)=1.

9.249. y"'=e¥, y(0)=0, y (0)=1.

9.250. y" cos y+y'*siny—y' =0, y (—1)=m/6, y’ (—1)=2.

9.251. y"ly' =2yy' /(1 +y*), y(0)=0, y' (0)=1.

9.252. yy'—y*=y% y(O)=1, y' (0)=

9.253. yy'=2xy", y(2)=2, ¥’ (2)=0,5.

9.254. 2yy"+y*—y"* =0, y(0)=y 0)=1.

9 255 Hamu MHTETpaJIbHyl0 KPHBYIO ypaBHeHus yy'y’ ==
=y +y"”, Kacaiomylocs B Hauajle KOODAHHAT HpﬂMOli
x+y=0.

9.256. Haiiry nnterpasbHylo KpHBYIO ypaBHenus yy' -+
+ y'*—1=0, npoxonsmyio uepes Touky M,(0, 1) u xa-
caloulylocs B 3TOH Touke npsmod x4 y=1.

Haiitu ofmue pewenns auddepennunanbHbiX ypaBHEBHil
B TapameTpHyecKoH dopme: -

9.257. (x+2¢y")y"=1. 9.258. v —2y'y"+ 3= 0

9.259. (2+y")evy" =1. 9.260. (3y—2y')y'—y'*=0.

9.261. Haiitu ypaBHeHHe KpHBOil, Kacaloweics ocH abeuce
B HauaJle KOOpJMHAT, eC/i4 ee KpUBH3HA B JI0OOH TOUKe paBHa
cosx (—m/2 < x< n/2).

9.262. Haiitn ypaBHeHHs KpWBEIX, Y KOTOPHIX pannyc
KPHMBH3HBI B J1I00OH TOuke PaBeH JUIHHE OTpesKa HOpMaiH,
3aKJIOYEHHOIO MEJKAY 3TOH TOYKOH -H ocblo abcuucce, ecu
KpHuBas:

a) BoruyTa BBepX; 0) BOrHyTa BHH3. ]

9.263*. HaiiTn ypaBHEHMS KPHBBIX, Y KOTODHIX paiuyc
KPUBH3HBI B J/I060H TOUKE BIBOe OOJbIIE IJHHEI OTPe3Ka
HOpMaJIH, 3aKJIOYeHHOrO MeXAy 3ToH TOYKOH M ocblo abcuce,
€CJIM M3BeCTHO, YTO KpHBasi

a) Boruyra BBepX; 6) BOTHyTa BHH3.

9.264. Haiitn dopmy ruGkoit oAHOPONHON HepPaCTAKUMON
HHTH C 3aKpenJieHHLIMM KOHIIAMH, HaXoAsumlylocsi B paBHO-
BECHH NOJ ACHCTBHEM CHJIBI THAXKECTH, €CJM JHHeHHas MJIOT-
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HOCTh HHTH paBHAa ¢ (rOPU30HTA/bHAS TMPOCKIHA CHJIB HATH-
meHust HUTH H=const). Pacnonoxutp HUTb Tak, 4TOGBI
BeplliMHAa KpHBOH coBmajana ¢ Toukoit (a, 0), rae a= H/qg.

9.265. I'nbkasi TsKesasi OAHOPOAHAS HEPACTHAKHUMAs HUTh
B IOJIO)KeHHH PAaBHOBeCHS MOJBEpraeTcs HaTsXKEHUI0, MPo-
NOPIHOHALHOMY TNepeMeHHOH MJIoMajy ee MOMepPeyHoro ce-
uenus. Halitu dopmy HUTH, ecsiu JHHefiHAs NMJIOTHOCTb HHTH
paBHa ¢ (rOpHU30HTa/JbHAS MPOEKLUS CHJIBI HATSIKEHHS HUTH
H=const). Pacnonoxuth HHTb TaK, 4TOObBI KpHBasi MPO-
XOAW1a Yyepe3 11ayano KOOPJAMHAT U MUMesJa B Held TOpH30H-
raJlbHyI0O KacaTesbHYIO.

9.266. Teno macchl /m JBHXETCSl NpSIMOJHHEHHO MOK Jeki-
cTBueM noctosHuoit cuapt . Halith ckopocTb ABHKeHUs
TeJa W NPOHIEeHHbIH UM NyTb KakK (yHKUHHM BpPEeMeHH, eCJH
B HavaJbHbIi MOMEHT OHHU 00a PaBHEHI HYJIIO, & CONPOTHUBJICHHE
cpekbl NPOMOPIHOHANBHO KBaApPaTy CKOPOCTH.

9.267*. Msay wmaccut 400 r mapgaer ¢ BbicoTh 16,7 M Ge3
navanbiiofi ckopoctu. ConpoTHBJeHHe BO3JyXa MNPOMOPIHO-
HAJILHO KBajapaTy ckopoctH Msiua u paBHo 00,0048 H npu
cxopocti 1 m/c. Boiuncautb Bpems najieHust U CKOPOCTh Msya
¢ KoHle nagenus. Ilpuuste g= 10 m/c?.

9.268. Tesno maccel /m MOAHUMAeTCsi BepTHKAJbHO BBEPX
¢ HayasJbHOH cKopocThio v, [losmaras conporuBsieHue BO3-
AyXa NPOMOPIHOHAJbHEIM KBaipaTy CKOPOCTH Tena (Ko3¢-
GULUHEHT NMPONOPUHOHAJBHOCTH &2 > 0), HAHTH BHICOTY NOADB-
eMa Tesa ¥ CKOPOCTh, C KOTODOH OHO BepHeTCSl B HCXOMIHOC
[OJI0JKEHHe, a TaKKe BpeMs IoABeMa M CIyCKa Tesa.

9.269*. Msu maccnt 400 r GpoiueH BBepX CO CKOPOCTBIO
20 m/c. Bulumcanth BpeMs nopbeMa Msida H HAMGOJBLIYIO
BbICOTY TNOABEMA, €CJIH CONPOTHBJIEHHE BO3JyXa MPOMOPIUHO-
HaJbHO KBajpaTy CKOPOCTH MsAYa (K03pGhHUNEHT NpOnopuHo-
naJbHOCTH k > 0), npuuem oHo pasHo 0,0048 H npu cko-
pocti 1 wm/c. [punare g=10 m/c2.

9.270. Halitu 3aKOH npsMOJHHEHHOTO JABHIKEHHS MaTepH-
aJbHOM TOUKH MacChl M TMOJ JeHCTBHEM OTTaJKHBAILeil
cuJibl, 00pPaTHO NPONMOPUHOHANBHON Ky6y pacCTOSIHUSI OT TOYKH
O HEeNOJBHXKHOTO IlleHTpa (KO03((UIHEHT NPONOPILHOHANDb-
nHoctH k > 0). B HauasbHBII MOMEHT TOYKA HAXOJUTCHA B MO-
KO M OTCTOHT OT IIEHTPAa Ha PAaCCTOSIHHUE X,.

9.271. MarepuajnbHass TOYKA MAacChl M ABHXKETCHA MPAMO-
JIHHEAHO K HENOJABH2KHOMY ILEHTpPY, NpUTATHBAWOLEMYy ee
¢ cusof, o6paTHO NMPOMOPIHOHAJBLHOH KYyOy paccTOSIHHA OT
uexTpa (KoagduuneHT nponopuuoHadbHOocTH k2 > 0). Haittu
3aKOH JIBHXKEHMsl, eC/IH OHO HauHHaeTCsl C COCTOSIHHS MOKOf,
KOTJla TOYKa OTCTOMT OT LEHTpa Ha paccTosiHue X, Onpe-
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ARENWTb BPEMS, NO HCTEYEHHMH KOTOPOTO TOYKA LOCTHTHET
HEHTpa.

©9.272. Pakera JBHKETCS BEPTHKaJbHO BBEPX MNOJ JeHCT-
BHEM CHJBI OTHa4yM OT WCTeyeHHs rasoB. Macca pakeTel u3-
MEHSIeTCA B 3aBHCHMOCTH OT BPEMEHH NO 3aKOHYy m = my¢ (1),
rae m,=const (3akoH cropanusa TtonauBa). OTHocHTesbHas
CKOpPOCTb HCTeueHMs ras3oB NOCTOAHHA M paBHa u,. Hauaan-
Has CKOPOCTb PaKeThl y NMOBEPXHOCTH 3eMJM paBHa HYJIIO.
Haiitn BbicOTy noabema pakeThl KaK. (yHKLUHIO BpeMeHH,
€CJIM COMpOTHBJEHHE BO3JyXa He yuMuThiBaetcs. PaccmorTpers
TaKKe YacTHBIH cjaydail, Koraa m=m,(l —atl), ¥ BEUHCIUTD
IJIsi 3TOrO Cjyyasi, Ha KakKylo BBICOTY IOJHHMMaeTcs pakeTa
uepe3 10 ¢, 30 ¢ 1 50 ¢ nmpu uy=2000 m/c Ha=0,01c~
Ioaoxutes g=9,8 m/c.

9.273. OnpegeniTb, yepe3 CKOJBLKO BpeMeHH YynajeT Ha
3emato Teso, nputaArisaemMoe 3emsell no 3akoHy HbloTona
(c ycxopenneM, o6paTHO NpPONOPLHOHAMLHBIM KBaipaTy pac-
€TOSHUSI MEXKIY HHMH), €CJIH B HaualbHbIH MOMEHT CKOPOCTb
Teja paBHA HYJiO, a paccTosiHHe ero OT LeHTpa 3e€MJH
pasio H. ConporusjeHneM atmocdepsl npeHebpeub. ¥ CKo-
peHye cBOGOJHOrO NajieHHsi Ha MOBEPXHOCTH J3eMJIH NOCTo-
SHHO M DAaBHO g.

9.274*. Teso, HaxopsIleecs1 OT LEHTPa 3eMJIH Ha paccTosi-
HuH x5 = 60,27 R3 (4T0 coorBeTcTByeT paccTosiHuio ot JIynh
1o 3emun), najaer Ha 3eMJII0 H3 COCTOSIHMS TOKOS NMOA Jeil-
CTBHEM CHJIbl TSXKECTH C VYCKOpPEHHeM, 00paTHO NpONopLyo-
HaJIbHBIM KBaJpaTy ero paccTosiHus or ueHtpa 3emau. [Ipe-
HeGperasi CONPOTHBJIEHHEM artMocteprl, ONpelesHTb, uepe3
CKOJIbKO BpeMeHH OHO ynazer Ha 3emumo. [Ipunsate Rz =
= 6,377-10° M, g=09,8 m/c2.

9.275. OnpenenuTh CKOPOCTh, € KOTOPOI MeTeop yaapseTcs
o 3emJio, eciH OH NajaeT ¢ HeorpaHiyeHHo O6oJbLIOrO pac-
CTOSIHMSI U3 COCTOSIHHSI TIOKOS W €CJIH NPH ero ABHXKEHHH
K 3emne yckopenue NPHHHMaeTCss 00paTHO NPONOPLHOHAJb-
HbIM KBajpaTy ero pacctosiHug ot ueHtpa 3emau. [Ipunarte
pamnyc 3eman R3=6377 kM, yckopeHHe CBOGOLHOrO maje-
Hus g=9,8 m/ct

9.276. Ilo ocu Oy B MOJOKUTENBHOM HalpaBJeHHH IBH-
JKeTCsl ¢ NOCTOSIHHOH cKopocTbio v Touka A (uesn). Ha nio-
ckoctn Oxy nBuxercss Touka M (npecnejoBaTtenp) € TMOCTO-
SIHHON CKOpPOCTbIO u (¢ > v) TaK, YTO BEKTOP CKOPOCTH BCETJa
Hanpasied B Touky A. Haiitn Ttpaexkrtopuio toukn M (kpu-
Byl0 TIOTOHH), €cJli B HayaJbHblH MOMEHT Bpemenu =10
Touka A HaxoAusJachb B Hayaje KOOPAMHAT, a Touka M—Ha
ocu Ox Ha paccrosHun a >0 or neau.
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9.277%. DbBanka pauser [, Jexamas KOHIIAMH Ha ABYX
oropax, HaXxoAHTCA MNoj AeHCTBHEM pPAaBHOMEPHO. pacnpeje-
JEHHOH Harpy3ku HHTeHCUBHOCTH ¢. Haiitu ypaBHeHue u3o0-
THYTOH ocH 6a/JIKH M ee MaKCUMaJIbHbl# nporud, BeIOpaB Ha4yaa0
KOODAUHAT B CepefMHe HeHarpyMeHHoll GaJiKu.

9.278*%, Banka anunel [/, 3ajenaHHasi OpPaBbIM KOHLOM
B CcTeHy, uarubaercs cunoii F, -TpUNIOXKEHHOH K JeBOMY
KOHILY, M DPaBHOMEPHO pacrpejeseHHOH Harpvsxoﬁ HHTEeH-
cushoctH ¢g. Haittu ypaBHEHHe H30THYTOH OCH Gajku H ee
MaKCHMaJbHBIH MPOTHG.

9.276*. banka anunbl [ ¢ 3aje/aHHBIM JIEBBIM KOHIOM
Karubaercs rnoj JAeHCTBHEM paBHOMEDHO paclpejesNeHHoH
Harpysku HHTeHCHBHOCTH ¢. KakoBa n0/MkHa ObITb NPHJIO-
JKeHHasi K NPaBOMy KOHLYy GasKH AeficTBYyiomas BBepx cuia F,
yTOOB! MPOTHG B MpaBOM KOHLE OajKH OblT paBeH HYJIO?

3. Jluneiinbie opHOpORHBIE ypaBHeHHs. Y paBHeHHe BHIA

YW +ai () Y=Vt Fan1 %) Y +an (x) y=0 ©®
Ha3bIBaeTCHA AuUHedHbiM 00HOPOOHbM NuddepeHIHaIbHBIM yDaBHEHHEM N-To
nopaaka. Ecim u3BeCTHO KakKoe-1HGO 4YacTHOe pelleHHe Yy (¥) YpaBHe-
hHua  (5), TO MNOACTaHOBKA Y (x) =yj (X) 2 (x) NPHBOIMT S5TO ypaBHeHHe
K JIHHCHHOMY YypaBHeHHIO OTHOCHTeJIbHO (GYHKIHH 2 (x), He collepxkauiemy
ABHO 3Ty ¢yHKuuio. [lostomy, mosaras 2’ (x) =u (x), noayuyuM JuHeiHoe
OJIHOPOJIHOE YypaBHeHHe MOpsiAKa n— 1 OTHOCHTeNbHO QYHKUHH U (X).

ITpumep 9. Haiitu ofutee pelueHHe ypaBHEHUSA

(2 41) y'— 2y’ 29 =0, -
yOe/IMBIUHCh B TOM, 4YTO (YHKIHS yj (X) =X €CTb OJHO M3 €ro YacTHBIX
peucHyii.
Taxk.xak y; (x)=1, a y/(x)=0, To, moOjCTaBuB BblpaxeHHs yj (X),
1 yy P
Y; (%), y; (¥) B 3anannoe ypaslenue, yOexjaaemcss B TOM, uTO . (QyHKHHSA

Y1 (x) =x JCHACTBHTELHO SIBJSIETCS €ro YacTHLIM pelteHHeM. Ilosoxum
Yy=xz, HafljleM Yy =x2" 42, Y’ =x2"+22' U MOACTaBMM BbIpAXKEHHUS Y,
y' v y" B ypasuenue. [Toayuyum

(24 1) (x2"+ 22") —2x (x2' 2) + 2x2 =0,
x (x24-1) 2"+ 22" =0.

Tenepb, mnosnarass 2'=w, 2"=u', NPAXOJAMUM K YPaBHEHHIO MEPBOTO IO-
PSIAKA OTHOCHTEJLHO U: ’
x (241 u' +2u=0

310 ypaBHenHe C pasJleJAOUIUMHCS nepemeHHbIMH. Ero ofliee pelueHue
HMeeT BHJ -
z+1

e u=Cy ,

HJIH

OTKYJa, YUHTHIBas i =2’, MOJyyaeM ypaBHeHHe NepBOrd MOPsSNKA OTHO-

CHTEJIbHO 2!
1
dz:Ci (1+F) dx.
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HuTerpupys nocie/iHee VpaBHeHHe, HAXOAHM 2z = C; x——l—)—[- C,, a Tag
Py 3

KaK Yy=x2z, TO OKOHYaTeJbHO NOJyuaeM obiee pemeHne HCXO/IHOro y | as-

HeHus
y=Cy (x*—1)+Cyx. p»

Wlanoxennwili Brie MeTol o6o6ulaeTcss Ha cayuai, Korja Hasectio k
YaCTHLIX JIMHEHHO 1le3aBHCHMbIX pelleHHH ypasHehns (5). B stomcayuae
nyTeM HaJUIeXKdWKX NOJCTaHOBOK MNMOPAJOK YpaBHEHHS MOMXeT OwiTh 110-
HI2KeH Ha k elHMll.

9.280. [oxasaTh TeopeMy: ecsy y, (x) €CTb UacTHOE pe-

IIeHHe JIMHEHHOro OJBOPOJAHOrO YypaBHeHHs Y '+ p(x)y’ -+
_ . ~[oyax di

+q(x)y=0, 10 dynkuna y,(x)=y, (x) ge Jow r;ﬁ-
J 18

TOXKE $IBJSETCS DCIUEHHEM 3TOro ypaBHeHHs, a QyHKUHA

Y=y, (%) (C1 + 025 o) md"f—"‘) ecTb ero ofbluee perle-
yi (%)
HHeE.
9.281. Haiitu obuiee pewenie ypaBruenus y”—6y’ -+ 5y=0,
ecau (YHKUHH €% eCTb €ro YacTHOe peLieHHe. ,
9.282. HaiiTu o6ee pemenne ypasuenusi y'— 2y’ — 3y=0,
ecan (DYHKLMSI e™* €CcTh ero 4acTHOE pelleHHe.
9.283. Haiitn obinee pewenne ypasuenus xy"+2y’ +xy=0,

sinx
ecau (pyHKuHUs — — €CTb €ro YacTHOe pelleHHe.

9.284. Haiitu ofee pewienne ypaBHenus (1—x?)y" —
— 2xy' 42y =0, ecaid PyHKLMA X €CTb €ro YaCTHOE pelleHNe.

9.285. Haiitn oGuiee pemenue ypaBHenus x°y’’'-4-5x%y" +
+ 2xy’' —2y=0, ecii M3BeCTHHl JBa €ro YacTHHIX pelleHHsH
Yi=x 1 y,=1/x.

Onpedeaumenem Bpouckoco (sporckuanom) cucTembl ¢yHKURN Yy (%),
Ya(x), ..., Y, (x) naspBaeTCA ONpeleNHTeNb

¥ (%) Yo (X) oov Yn(®)
y () g, e Y0

.

W (x) =

DY . .. « e .

W@ Y@ e Y ()

Ecan cncrema QyHKuHE Yy (X), Y (X), ««« Yy (¥) Juneiino 3aBHcuMa
Ha uHTepBane (a, b), To ee BPOHCKMAH paBeH HYJIO BCIOAY Ha 3TOM
unteppane. Ecau ke XoTs Gbl B OJlHOM TOuKe Xo € (a, b) nmeem W (x,) # 0,

To cucreMa ¢yHKUHE yyi (%), Y2 (X); «.., Yp(X) JHHEHHO He3aBHCHMA
na (a, b).

Besikasi cucTeMa M3 n JIMHEHHO HE3aBHCHMBIX — pelleHHH Yy (),
Ys (%), <«v, Yy (x) ypaBuenns (5) HasbiBaeTcs pyrOamermanrshoi cucme-

MOLi pewienuil 5TOro ypaBHeHusl. BponckuaH (yHAaMeHTaJIbHOH CHCTeMbl
pelenni OT/IHYeH OT HYJS Ha BCeM WHTepBaje, I€ 5TH PELIEHHS Ofpe-
Jenennl (cm. 3ajgauy 9.304). Ecau nsBectHa ¢yHIameHTaqbHasi CHCTeMa
pewennit ypasnenus (5), To ofiiee peuienye STOTO YpaBHelHH HMeeT
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BHUA
y()=Cwy )+ ... +Cryn (x),

rae Ci, ..., C,,—Npou3BOJIbHEIE MOCTOSTHHbIE.

[Tpumep 10. JlaHa cucrema ¢yHkuuit- x, cos x, sinx. Haiitu
BpoHckHuan cuctembl W (x) B yGeluTbCst B TOM, 4YTO Ha HEKOTOPOM HH-
TepBaJje CHCTeMa JHHeHHo He3zaBHcuMa. COCTaBHTH JIHHEfHOe OJXHOPOIHOE
AnddepeHuHanbHOoe ypaBHeHHe, JJIST. KOTOPOTO 3Ta CHCTeMa (byHKLHit
upasieTcst (pyHIaMeHTaNbHON CHCTeMmoli. peleHuil, H 3anHcaTh ofulee
DeyleHHe YpaBHeHHUS.

& CocTaBuM BpOHCKHaH

X cos x sin x
W)=l —sinx COS x|
0 —cosx —sinx

Tax kak W (x) =x, To cucTema JuHeHHO He3aBHcHMA Ha Bcefi ocu Ok,
as uckJalovenseM Touku x=0, H caefoBaTenbHO, oGpasyeT ¢yHaamen-
TANBHYIO CHCTeMY pelIeHHH HEeKOTOpOro JIHHEHHOTO OAHOPOZHOro ypapie-
nis 3-ro nopsiika B obaactu RN {0}, o6uium pereHseM KOTOPOro siBaseTCs
dyuruusn y=Cx-}Cy cos x4- C3 sin x. [Las coctaBieHus auddepeHInann-
HOrO ypaBHeHUs HaiileM NPoOu3BOJHbE ¥', y”, y''' M HCKIIOYHM INIPOH3-
BOJiblible MOCTOSIHHBIE H3 BblpaxeHuit 1as y, ', y”, y'''. Umeem:
y=Cyx+ Cycos x4 Cssin x,
y’ = C;—Csysin x4 Cscos x,
y'=  —Cycos x—Csgsin x,
Y= Cosin x— Cycos x.
Jlerko B#AeTb, YTO, YMHOXHB IIepBO€ M TPeTbe paBeHCTBO Ha —I1,
a BTOPOE€ M 4YeTBePTOe Ha X H CJOMMHUB BCE YeThipe PaBEHCTBA, MOJYYUM
xy'" —y"4-xy' —y=0. (©)
VYpasuenite (6) MOXKHO GbUIO NOJAYYHTb H APYTHM NYTeM, €C/IH YUeCTb,
YTO peuleHHe Y HCKOMOIO YpaBHeHWss BMecTe ¢ (QYHKUHSMH X, COS X,
sin x o6pa3yeT JMHEHHO 3aBHCHMYIO CHCTEMY H IO3TOMY BPOHCKUaH CHC-
TeMbl QYHKUMIT Y, ¥, cOS X, Sin X paBeH HYJIO:
Yy x cosx sinx
y 1 —sinx cosx
y'’ 0 —cosx —sin x
y''" 0 sinx —cos x|
PackpblBast ompenenutenn, IMOJTYYHM TO Ke caMmoe ypaprenue (6) (mpo-
BepUTh!). ’ )
Jlens ofe uacTd ypaBHeHHs (6) Ha x, moJyuyaeMm

=0.

L, I
y' =<y +y——y=0 ™

YpasHeune (7) M SIBASETCS HCKOMbIM JIHHEHHBIM ORHOpPOAHBIM Audpepen-
LHAMBHLIM ypaBHEHHeM. P>

HcenenoBath Ha JHHEHHYIO 3aBHCHMOCTH CJEAYIOLLME CHC-
TeMbl (PyHKIHUH:

9.286. x, Inx. 9.287. sin2x, sinxcosx.

9.288. e~*, xe~*. 9.289, x, 2x, x*.
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9.290. ¢, xe*, x%*. 9.291. sinx, cosx, sin2x.
9.292. chx, shx. 9.293. ¢*, e*1.
9.294. x, 0, ¢*. 9.295. 1, sinx, cos2x.

3Has (yHAAaMEHTANbHYIO CHCTEMY pelleHHH JIHHEHHOro
OJHOpOAHOro AuddepeHIHaJbHOrO YPaBHEHHS, COCTABHTDb 3TO
ypaBHeHHE:

9.296. 1, e™*.  9.297. ¢>*cosx, € sin x.

9.298. %, xt.  9.299.:1, x, €.

9.300. 1, sinx, cosx. 9.301. 2x, x—2, e* 1.
9.302. ¢**, e5*.  9.303. ¢*, sinx, cosx.

9.304**, [loxkasaTb, YTO €cau Y, (), Y, (%), ..., ¥, (x) —
pelleHNs JIMHEHHOro ORHOPOJAHOro AuddepeHLHa bHOTO ypas-
HeHMsl MOpSJika 7 C HeNpepLIBHEIMU B HEKOTOPOM HHTEpBaJje
(@, b) xosdbduunmeHtaMH u BpoHcKHaH W (x) 3To#l cHcTeMbl
paBeH HyJl0 NpH X, €(a, b), To W (x)=0 npu a << x<b.

9.305%. Jlana cucrema QyHKUMEA Y, (X), Y, (%), ..., Yy, (%),
npyueM Ha HEKOTOpPOM HHTepBase BpoHckuan W (x) a3rtoi
cUCTeMBl OTaMYeH OT HyJs. COCTaBHUTb JIHHEHHOE ONHOPOAHOE
IubdepeHunanbHoe ypaBHEHHe, JJIsi KOTOPOro 3Ta CHUCTEMa
spagercs (QyHIAaMeHTaJbHOH CHCTEMOH pelleHHH.

9.306. 3Has QyHAaMeHTaJbHYIO CHCTEMY “PelleHHH JMHeH-
HOTO OJHOPOJHOro AMdbepeHHaNIbHOIO yPaBHEHHS €¥, Cos X,
sinx, HalTH ero yacTHOe pelleHue, YIOBJETBOpSIOIee HA-
yaabHeM yeaoBuaM: y (0)=3, y' (0)=4, y" (0)= —1.

9.307. 3Has (yHIaMeHTaJbHYIO CHCTEMY pelIeHHil JnHel-
HOTO OJHOPOAHOro AMddepeHUHaNbHOTO YPaBHEHHs e*, e,
e3*, HaliTH €ro YacTHOE pelleHHe, yNOBJIETBOPSOLiee ¥Hayalb-
BbiM ycnoBusaM: y(0)=6, y' (0) =14, y" (0) = 36.

4. Jluneiinble HeolHOPOAHblE ypaBHEeHHsi. Y paBHeHHe BHIA

Y +ay (x) YTV F a1 (%) Y - a, (X) y=1 (%), ®
B KoTopoM f(x) 0, Ha3biBaeTCst AuHelHbIM HEOOHOPOOHbIM IrddepeH-

IHaJbHLIM YPaBHEHWEM n-TO NOPsJIKa.
O6uiee pelueHHe ypasHeHus (8) ompelesnsiercsi dopmyJon

Y (®) =yo.(x)+79 (1), ©
rae Yo (x¥) —obliee pelleHHe COOTBETCTBYIOUIETO OJHOPOJHOTO YpaBHEHMs

(5), a Y (X) — HeKOTOpOe uacTHoe pelleHHe HeOAHOPOAHOTO ypaBHEHHS 8).
ITpumep 11. JlaHo JMHeliHOe HeoJHOpPoAHOe AH(DdepeHLUANLHOE
ypaBnenne xy'!’ —y"'+xy’'—y=2x3.
N3BectHo, uTo ¢ynkuus x3 ecTb ero wacthoe pemenue. Tpebyercs
HaliTH oflee pelleHNe 3TOr0 ypaBHEHHS. N
« CornnacHo dopmyse (9) obuiee pelleHHe HEOJHOPOJAHOTO ypaBHEHHS
COCTaBJISIETCS KaK CyMMa OOLLero peuleHHsi Yo (X) COOTBETCTBYIOLIEro Of-

HODOJAHOIO YpaBHeHHS M YacTHOIO pelieHHs Y (X) HeOAHOPOAHOTO ypaBHe-
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Hus. B HameM ciyuae Yo (x) =Cyx - C, cos x--Cy sin x (cM. npumep 10),

a y(x)—x3 CrefioBatesbHO, HCKOMoe ofiiee pemeuue ectb Yy=Cr1x +
~+ C; eos x--C3 sin x4-x*. }

Ecan u3BecTHO o6uwee -pemenue Yo (x) =Cyyy (¥)4- ...+ Cry, (%)
COOTBETCTBYIOILEro ypaBHeHHIO (8) opHOpoAHOro ypasHeHHA (5), TO Aas

QUpe/e/ieHHs] YaCTHOrO pelleHHusl y (¥) ypaBHeHus (8) MOXHO BOCIOJIb-
goBaTecs MerogoM JlarpaH:ka BapHauHH NPOH3BOJIBHBIX MOCTOSHHBIX.
HimMenHo, 6yaeM HCKaTb 4YacCTHOe pelleHHe HEOJHOPOAHOrO YpasHe-

Hus (8) B BHIE 'g;(x) =C;i(®)y1 (x)+ ...+ Cp (%) yn (x), rae oT DyHKUHH
Ci (%), ..., C, (x) nomonnuTenbHO moTpebyeM, uTOGBI OHH YLOBJETBOPAIH

n
dCy (x) .
(k) v . — —
YC/10BHAM E:lyv dx =0 pana Bcex k=0, 1, ..., n—2 (rme
v=

yﬁ”:yv). Torpa ana ¢yukuuit Cy (x), v=1, 2, ..., n, MOAyYuM CH-
CTeMy YypaBHeHHH
. dCy dC
W d): + Yo —— 2 + + Yn _'_0
,dC dC
N dxl+ yz 2+ A+ !/n——o (10)

4 e s e s e 8 e e LRI « v Q

y(n 1)dcl+ (n-— l)dcz+ + (n-1 dC —f(x)

Onpenenutens 3TOH CHCTEMBI eCTh OTJ(MUHBIA OT HYJISi BPOHCKHaH (QyH-

JNaMCHTA/IbHOM CHCTeMbl pelleHHH yy(x), ..., Y, (X¥), MO3TOMy cucrema
HMeeT eJUHCTBEHHOE DelleHHe OTHOCHTENbHO ‘Z_CV ,y v=1,2 ..., n
x
o X sinx
IMpumep 12. 3Has, yro PyHKUHH y; (X)= HYs (X)= 06-

pa3yoT QyHIaMEHTAJIbHYIO CHCTEMY pelleHHH ypaBHeHUs y”+ y +

~+y=0 (cm. 3anauy 9.283), HaiiTu obliee pelweHHe ypaBHEHHs

xy" 2y +xy =x. (11)
<« Ofee pelenne COOTBETCTBYIOUIETO OIHOPOIHOTO YpaBHEHHH 3anucw-
cos x sin x
Baercsl B BHIe Y, (x)=Cjy

IAs1 onpejesieHHst 4acTHOTO peLLIeHP[ﬂ ypaBHenust (l1) coctaBuM cucreMy
Buzaa (10): .

C; (x) Sll"l L

Ci (%) (cosx) +02 ) <smx> =1

(ypasuenne (11) cnenyer mpusectd K BHAY (8), T. €. pasfieNuTh BCE €ro

. cos x
wieHsl Ha x). IMoacrasasa C, (x) = —snx C, (x) Bo BTOpOe ypaBHeHHe,
- c —XxSinx—Ccosx Ccosx xcosx—sinx 1
qa —_—— L] —
omytaem ©; (x) P sinx %2
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Orciona umeem C;=—xsinx, C;=xcos x. [locie nurerpupopanus mo-
Jydaem.

Cy (¥) =x cos x—sin x4 Cj,

C (X) = x sin x—+cos x4-Cs.
I'Iono()rr)s nanpumep, C;=C, =0, monyunm uacTHoe pemenue ypaBHe-
Husl

. (x)-_(x cos x—sin x) Los ¥

sin x
+(x sin x- cos x) - = 1.
CnenoBarenbho, obuee peieHHe ypaBHeHus (11) umeer BuA

Y D=40 () +§ (O=Cr—=4C: —=+1. P

Ecnu npaBasi 4acTh JIMHEHHOTO HEOJHOPOJHOrO ypaBHeHH (8) ecTb CyM-
Ma HeCKOJbKHX (yHKUHH

F=h@W+F®@+...+Fr )
u _17,- () (=1, 2, ..., r)—HeKOTOpPble YaCTHLE pelIeHUs YyDPaBHEHHH
Y 4a () gVt aga (Y Fan D y=Fi(x)  (=12,...,7)
COOTBETCTBEHHO, TO CyMMa

=0+ O+ ... +y,®

eCTh HEKOTOpOe YacTHOe perieHHe ypaBHeHUs (8) (IPHH UMM cymep-
NO3HIHH PelIeHHH).

CoS X sin x

IMpumep 13. [Iposepus, uto dyHKIHUA yj =— % e¥ fBJIsIETCS YacT-
. ~ 1
HbIM peleHHeM ypaBHeHUs Yy’ —2¢y' —3y=e¥, a dyHKuus y2=—-3—e*"--

YacTHuLIM PelleHHeM ypaBHeHus y”—2y'—3y =e?¥, HaiiTu obuiee peleHue
ypaBleHus

Yy —2y' —3y =eX +|e2%,
«f CornacHo NPHHIUIY CYNepPNO3HUHH YaCTHHIM pelleHHeM IOC/IeIHEro

- 1 .
YypaBlieHUs SBJAETCH PYHKUUSA y=——4-e"—-§ e2*, OGuee peleHne Co-

OTBETCTBYIOIIEro JIHHEHHOTO OHOPOJHOTO YPaBHEHHS eCTh (DYHKIHS Yp=
w= C103% - Coe=* (cM. 3anauy 9.282). Ilo dopmyne (9) obuwee pemeHue
JaHHOI0 YPaBHEHHSl HMEET BHI

y=C* Cﬁe—x_% ox _% e2x. P

9.308. Hcnoabsys peenye 3anauu 9.298, Hamucath 06-
mee peuleHue ypaBHeHHs x%y”—6xy’ -+ 12y =3x, npepsapu-
TeJNbHO y6e;mBmHCb B TOM, 4TO (YHKIUS X/2 eCThb OLHO U3
pelLIeHHHl 3TOro ypaBHEeHHS.

9.309. Hcronb3ys pelleHHe 3ajlaun 9: 303 HanucaTh 006-
uiee peiueHue ypaBHenus y'''—2y"+y'—2y=10e%, npen-
BapUTEJbHO YOeIMBLIMCh B TOM, YTO (YHKUHS €%* eCTh OXHO
H3 pelleHHli 3TOr0 ypaBHEHHS.

6 Tloa pex. A. B. E¢pumona, B. 1. Jemugonuua 81



9.310. IlposepuB, 4TO OGYHRUMH y,(X)=¢€* U Y, (x)=x
o6pa3yloT GyHlaMeHTalbHYI0O CHCTEMY pelleHHH YpaBHeHHs

y'— xil Yy + xily 0, wHafiTh ofwee pelwleHHe YpaBHe-

Hua (x— 1Dy —xy + y=(x—1)2

9.311. IlpoBepuB, uTo QYHKUUH ¥, (X)=cCOSX U y,(x) =
= XCO0S X 00Opa3yloT (yHIaMEeHTaJbHYI0O CHCTEMY pelieHui
ypaBHenus Yy '+ 2tgxy -+ (2tg2x+ 1)y=0, HaiiTu obuee
pewieHue ypaBHenusi ctg x-y” + 2y’ 4 (2 tg x 4 ctg x) y=cos? x

9.312. [IpoBepus, uto dyHKIHA Y, (x)=5x-+6 sBasercs
YaCTHBIM pellenueM ypaBHenns y’—6y’+5y=25x, a ¢yux-
s yz(r) == — € —YaCTHHIM pelleHyeM ypaBHeHUs y —6J -+
+ 5y=3e**, naliTh obuiee pewieHue ypasuenus y'—6y -
+ S5y =25x 4 3e** (cm. 3amauy 9.281).

1

9.313. IlpoBepus, uto pyHKUUSA gl(x)z—e” ABJSACTCA

e

YaCTHHIM pelleHueM ypapHenus y'"’ 4y’ =e*, a odynxuus

Y, (X) = — Sin 2x—4YacTHBIM pellleHneM ypaBHenust y''' -+ y' =
= 6cos2x, HaliTh ofwee pewenne ypaBHeHust y''’ -} y'=
= e"6cos2x (cMm. 3apauy 9.300).

5. JluHeliHble ORHOPOLHBIC YpaBHEHUs C NOCTOSAHHLIMH K03hdHuHeH-
Tamu. OGuwuit BuX JuHeliHOro AudepeHIHATbHOIO ypaBHeHusl NIOPsAAKa n
C NOCTOSIHHBIMH KO3(uLHeHTaMH

y(")_]_aly("-1)+__.-]—an_ly’+g,ly=0, (12)
rae a; (=1, 2, ..., n)—IefCTBHTe/bHblE NOCTOSIHHBIE.
YpaBHeHHe
AMba A =14 a3 -Fa,=0, (13)
noJiyyenHoe 3amenoil npouspoaubix Y (k=0, 1, ..., n) uckomolt dyuk-

LMK cTeneHsiMH AR, HasbiBaeTCs XApAKMepUCMudecKUmM YpPasHeHuem ANt
ypaBrenus (12). Kaxuomy JeficTBuTe/lbHOMY KOpPHIO A ypaBHenusn (13)
KPaTHOCTH 7 COOTBETCTBYIOT 7 JIMHEHHO HE3aBHCHMBIX pelueHui ypasie-
nua (12):

ehx, xehx, . xr-lehx |

a KaX[I0/i Nnape KOMIJIEKCHBIX KOpHeH A=oa 4 if KpaTHOCTH §- COOTBeT-
CTBYIOT S Iap JHHEHHO He3aBHCHMBLIX pelueHHi:

e%x cos Bx, xe®¥ cos Bx, ..., x5—1eX cos Px,

e%x sin fx, xe®* sin fx, ..., x5=1e%* sin Px.

TakuM 06pa3oM, ec/li XapaKTePHUCTHUECKOe YpaBHenue umeer & nefi-
CTBHTeNbHBIX KOpHe# Aj, ..., A KparuocTedl ry, ..., rp ¥ I nap Komn-
JIEKCHO CONpsiKeHIbIX KophueH ap--ify, oy —ify, ..., o;+if;, a;—if;
KpaTHoctelt sy, ..., §; (ri+...+re+251+...+2s;=n), 1O 0BmeEe
pewenne ypaeHenus (12) sannwercst B Buje
. A X Ayx
Y@ =P (e ... 4 Pp(x)e ¥ 4 (Qq (1) cos Brx -

. . a,x
=+ Ry () sin Brx) €4 - .. . 4(Qq (x) cos Bx++ Ry (x) sin Byx) €°F,  (14)
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rﬂe P+, () —NPOH3ROABHLIH MHOTOuWNeH cTemewu ry— 1, v=1, ..., &,
Qu (x) # Ry (x)—npou3Bosblibie  MHOrOuleHbl cremend sy — 1L,

l'[ p nmep 14. Hafitu oGuwiee perierine ypaBHeHHs
¥ 43y +2y=0.

« XapaktepucTuueckoe ypasteine A2-3A--2 =0 umeer KopHu Aj=—1,
Aa=—2. anuwenm pyn1aMeNTANbHYIO CHCTEMY PeIUeHHH yy==e =%, yy==e =¥,
Crejoarensto, oobiee peutenne HumeeT Bull y=Ce=* 4 Coe=2%, P

[Mpumep 15. Haiith ofuiee peluenue ypaBHeHHS
§'-2y’ +5y=0
« )\apaKTepncmvtet‘Koe ypasueune A24-2L+4-5=0 umeer KopHll Aj, g =

= —1 4 2i. CnenoBatenbno, GyHKUHH yy=e~% cos2x, y,=e~*sin2¢
cocTanaslioT  (yHIaMeHTATbHYIO CHCTeMy peleHni, a ofuiee peleHue

HMCCT BHA
y=e—% (C;cos 2x+ Cy sin 2x). P
Mpuwmep 16. Haiitu vacrnoe peiuenue ypaBHeHIs
y'"' —3y"+3y' —y =0,
ynosaerpopsiolee Hauaabanim yeaoensim y (0) =1, y' (0)=2, y" (0)=

4 XapdeepHcmqecxoe ypapHenne A*—3A24-3A—1=0 umeer eauHCT-
BeHILI KOpeilb A=1 kpartHoctu r=3. [losToMy (yHNaMeHTaNbHAS CHC-
TeMa peuieHnii UMeeT BHA Yy =e¥, y,=xe¥, yz=x%*. CiefoBatenbHo,

=(Cy+Cox+-Cyx?) e*

— ofutee peuieHue ypaBHEHHS.
Jlns onpejlenenuss MPOU3BOJNBHLIX TMOCTOSIHHBIX Hai/leM MPOH3BOAHBIE

Y = (Cy -+ Cox+-Cyx?) eX |- (Cy - 2C3x) €%,
Y" =(Cy-]- Cox-}- C3x2) eX 4-2 (Cy + 2Csx) X 4-2C4e*

W HCloJAb3yeM Hauanbiible ycaosus. [lonyuaem: Cy=sl, Ci--Cy=2,
C(--2C,+2C3=3, orkyna Cy=1, Cz=0. CrezoBaresbHO, HCKOMOE
4acTHOE peLieHHe HMEeT BH

=(1+x)ev. p

Mpumep 17. Haliru obuice pewcnue ypasuenns
4y +-4y"+y=0.
«f Xapaxtepuctuuecxoe. ypannenue 4A44-4A2--1=0, nau (2A%24-1)2=0,

| S
MMCCT JIBa KOMMACKCHO COMPSKEHILIX KOPHSA ;}:-—V.—_él KpaTHOCTH 2.
CJIeJIOBaTeJIbIIO (pyH JlaMeHTaJIbHast cucrema peL[JeHHH HMeeT BHJ COS —— V__
—, ok xsm—_ Orciona mosnyuyaeM oGiuee pelleHue:;
V 2 V V2
y=(Ci+Cy %) cos ﬁ

9.314, M3BecTHO uacTHOe pellleHHE Y, =e** JHHEHHOro
O HOPOAHOrO JH((depeHIlHalbHOrO YPaBHEeHHS BTOPOrO MOpPSiA-
Ka C MOCTOSHHBIMH Kod(pduuueHTamu. CooTBeTcTBYIOILEE Xa-
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paKTepUCTHUYECKCE ypaBHeHNEe HMeeT IHCKPUMMHaHT, PaBHBIH
nymo. HaifiTn yacTHoe pelueHue storo YpaBHeHus, ynoBIeT-
Bopsaioliee HayadbHbIM ycaoBuam: y(0)=y (0)=1.

Ilo paHHBIM KOpHSAM xapax"repncnmem\oro yYpaBHeHHs
JINHEHHOTO OJAHOPOJHOrO AH(pPepeRINaNbHOTO YpaBHEHHA ¢
IIOCTOSIHHBIMH  KO3PHLHEHTaMH COCTaBHTb IN(depeHIIHa b
HOoe ypaBHeHHe H HanHcaTb ero ofliee peleHHC.

19315, A, =3, A,=—2. 9.316. A,=A,=1.

9.317. Ay, ,=3 £+ 2i. 9.318. A=A, =h,=2.

9.319. A, =0, h,=}, =4,

9.329. HoxasaTb uTo ofliee pelleHHe ypaBleina

m—]—OﬁX:O

MoxMer OniTh NpeicTaBieHo B Buae x= A sin(af -+ ¢) nau
x=Acos(at+¢), rie A U ¢— NpoN3BOJbHEE INOCTOSHHEIE.

Hajitn ofmue pelenns And@epeHINanbHbIX ypaBHEHUil:
9.321. y"——‘?J —2y=0. 9.322. y”—|—6y +13y=0.
9.323. ¢’ —Gy +9y=0. 9.324. 3y"'—2y'—8y=0.
9.325. 4y"—8y'+5y=0. 9.326. 4y"-+4y' + y=0.
9.327. y'''—5y"+ 17y’ —13y=0.

9.328. y v +4y" +3y =0,

9.329. J“’+2y”’+ =0. 9.330. yV—y" =0.

9.331. yV+ 2y +y=0. 9.332. yV—8y" 4 16y=0.
9.333. yV+8y”’+ 16y’ =0. 9.334. y¥v—64"V +9y""" —=0.
9.335. yV'—2yV+3y"V—4y""' +3y"—2y" 4+ y=0.
9.336. yV14-2yV+ y'v=0.

Haiitn wactible pemleHns ypaBHENMH O JaHHBLIM Hayalb-
HBIM YCJOBHAM! X

9.337. y'—5y'+4y=0; y (0)=y'(0)=1.

9.338. y'—2y' +y=0; y(2)=1, y' (2)=—2.

"9.339. y'''—y'=0; y(0)=3, ¥y (0)=—1, ¥y (0)=1.

9.340 *. Ha¥itn uHTerpanbnylo kpuBylo AupipepeHunanb-
noro ypaeuenns y'— y=0, Kacawouyioca B Touke O (0, 0)
npaMoil y==x.

9.341. Hajrru wnnTerpa/ibHyilo KpuByI0 AunddepeHunasnb-
Horo ypaeuenus y"—4y' +3y=0, kacalomylocs B Touke
M, (0, 2) npamoit 2x—2y-+9=0.

6. Jiuheiinble HEORKGPGRHBIE YPIBHeNMA C NOCTOSHHBINKM KO3 uuu-
enTamu. PaccMOTpuM JinHelinoe HEORHOpCAHOe anupdepeHLHaIbBOe VpPaB-
HeilMe ¢ MCCTOSHHBIMH KO3(@HLHEeNTaMH, “T. €. ypaBHEHNe BHAA

Y ayn Y ayn =P tayoy Hay=f(x),  (I5)
rre a; (i=1, 2, ..., n)— nelicTEuTeNbHEE NocTosHKLE, a f(x) Z 0.
84



Coraacto ¢>opmyne~(9) obee peirenue ypasneHus (15) sanuceiBaercs
B Buge y (x)=y, (x)4y(x), rne Y (x) —ob6uee pelieHHe COOTBETCTBYIO-
1ero OJHOPOXHOTO ypaBHeHHs, a y (x)—Jo6oe yacTHOe peilleHHe ypaB-
neuusi (15). OGuiee pemenHe y, (x) maercs ¢opmyaoit (14). das orwicka-

Hus Y (x) B obuieM clyuae MOXHO BOCIOJb30BAaThC MeTojoM JlarpaHika
BapHaUUH MPOH3BOTLHBIX NMOCTOAHHBIX (CM. 1. 4). :
ITpumep 18. Hafitu obuiee peenHe ypaBHeHHS
. <

ylll+yl=tg x.
<«§ OGuee peuieHHe COOTBETCTBYIOLIETO OXHOPOJHOrO ypaBHeHus yo=Cji-~
+C, cos x4 C3sinx, Tak Kak y; =1, y,=cos x, ys=sinx. Jaa Haxox-
Jlet sl 4YacTHOTO peLIeHHS] HEOAHOPOJHOrO yPaBHEHHS BOCIOJIb3yeMCH Me-
ToAOM Bapuauuu nocrosiHHbix, Cucrema (10) B 3TOM ciiyuae nmpHiuMaer BUA
C;+C, cos x+4C; sin x=0,
—C, sinx+- C:;_ cos x=0,
’ - ’ —
—C,; cos x—C; sin x=tg x. )
VMHOKHB 0Ge YaCTH BTOPOIO ypaBHEHHMS Ha Sin X, TPeTbero Ha COS X H
cnoxus, nonyyum C;=—sinx. Torna u3 BTOPOro ypaBHEHHS CJeAyeT
sin? x
C:=—
3 cos ¥
Jem C;-:tg x. HHTerpupoBaHue Haett

. CioxuB o6e yacTH NepBOr0 M TPEThEro ypaBHeHuH, Hail-

-Ci=—1In|cos x|, Ca=cos x, Cy=sinx—In tg] %4——’2‘-'

CrnejloBaTeNbHO, HCKOMOE o61ee peumieHHe HEOAHOPOAHOrO ypaBHEHHUSA UMEET
BHUJ .

y=Cy-Cy cos x4 Cgsin x—In| cos x | —sin x-lntgl %——{--’2‘—| >

MeTogoM BapHauHMd NPOM3BOJNBHBIX MOCTOSHHBIX DeIlHTh
cJIeyIolHe YpaBHEeHHS: - ‘
” ’ 1 " 1
" ’ _ ex
9.344. y"—2y —}—y—-————V_m_
9.345. y'+4y +4y=e*Inx.
B uacTHbIX cayyasix, korga Qydaruus f (x) B ypasHeHnu (15) nmeer
BHA fy (X) = (dox™ +- . .. +d /) €M wn f3 (x) = ((box™1 4. .. +bp,) cOS Pt
+ (cox™3+ ... ~Cpp,) sin Px) e%¥, yacTHOe peilleHHe y (x) MOXKHO HalTH

MeTOAOM HeONpejeJeHHbX Ko3ap¢puunentoB. Hmenuo, ecau A unn o + if
HE COBNAJaloT HH C OJHUM H3 JeHCTBHTEJBHBIX MJIH COOTBETCTBEHHO KOMM-

JIEKCHbIX KOpHeH XapakTepHcTHYecKoro ypasHenus (13), To y (x) mmercs
B BHIe

Y (%) =(Dox™ +4Dyxm =1+ ... 4 Dp) ehx (16)

as f(x)=f;(x) uan-B BuIe
7 (0)=((Box™ +...4Bg) cos Bx+ (Cox™ - . .. +C_,;{) sin Bx) exx  (17)
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aas f(x)y=fy(x). 3nccy Dy, By n Cy—necnpenenennnie Kosdpuunentel,

m=max (my, my).

Ecan xe A uan a 4 if coenapaiorT ¢ HEKOTOPHIM KOPHEM YPaBHEHUR
(13) xparHocti 7, TO BHpaXeHHs B npaBoii wactH (16) man (17) caenyer
LOMHO)KMTb Ha X7, T. €. MCKaTb pellcHie COOTBETCTBEHHO B BHAE

g(x)=x’ (Dox™ 4 ...4-D,) erx (18)
ana f(x)=fy(x) wan

5 (x)=x" ((Box™ + ... B;i) cos Px+ (Cox + ... +Cp7i) sin Px) exx (19)
ans | (x) =fz (x). :
ITpumep 19. HaiiTn obiee peuenne ypaBHeHHs
Y’ —3y" 42y = (x2+x) 3%,

< XapakTepucTHiecKoe ypaBHeHHE COOTBETCTBYIOLLErO OlHOPOAHOIO ypaB-
HeHuss A2—3A-+2==0 umeeT KopHu A; =1, Ay==2. CuxejoBaTeasHo, (yn-
JlaMeHTaJiblHasi CHCTeMa DelleHHH HMeeT BHI Yy =e¥, y;=e€2%, a obuice
pelueHre OIHOPOAHOTO ypPaBHEHHs eCTb Y, (X) = Cie* | Cqoe?¥.

Jas HaXoMJEHHs YaCTHOTO pelleHHs HEOXHOPOJHOrO YpaBHeRHs BOC-
noJib3yeMcsi METOLOM HeonmpeZeneHHbIX KospduunentoB. Tak Kak A==
He SIBJASIeTCSs KOPHEM XapaKTePHCTHUYECKOTO ypaBHEHHsi, TO 4acTHOE pelle-

Hue GyJeM MCKaTb B BHJe y=(Dgx%+ D1x+ D,) €*. Haiiisn npouasonnvie
y', y' m noictaBuB y, ¥’ M Yy’ B HCXOJHOE YpaBHeHHe, NOJYYHM (mocJe
COKpallelust Ha e3%)
2D¢x2 - (6D¢+-2Dy) x+ (2D 3D - 2Dy) = x2 -} x.
CpaBuuBasi KO3ppUUHEHTH O6EMX YacTeH 3TOTO TOXKAECTBA, NMOJYYHM CH-
CTeMy ypaBHEHHHl JJisi. onpejeseHKsl HensBecTHhX Dy, Dy, Dj:
2Dy =1,
6Dg+2Dy =1,
2Dy+3D, 42Dy =0,

otkyAa Dy=1/2, Dy=—1, Dy=1.

2
}10,406mee pelleHne VpaBHEHUs] HMEET BUJ

Y=Y +§=Cle"+Cze”‘+% (x2—2x42) %, P

Hrak, y= (-1— x”—x—l—l)e”x:% (x2—2x+2) €%, u, caenomatesinb-

"HMpumep 20. Haiitu yacTHOe pelleHue ypaBHeHWs
y" -+ 4y =4 (sin 2x - cos 2x),

YIOBJIETBOPSIOILEE HauyaJbHbIM YCAOBHAM ¥ (1) =y’ (7)) =27,

<« Xapaxtepuctnueckoe ypasHenne A%-|-4=0 umeeT KOpHH Aj, o= 0+2i.
(O6uiee pelwenne COOTBETCTBYIOW(ETO. OJHOPOLHOFO yPaBHEHHS €CTb Yy =
= Cj cos 2x -} C, sin 2x.

YacTHoe pelleHKe HeOAHOPOAHOrO YpaBHeHHsi 6yleM HCKaTb B BHJAE
y=2x (B cos 2x-Csin 2x), Takx Kak 0+2{—KOpPHH XapaKTepPUCTHUYECKOTO
ypaBHenus kpartvoctu 1. Haiinst y’, y" v nmoxcraBuB y, y’, y” B HCXOAHOE
ypaBHeHKe, TONYYHM .

—4B sin 2x - 4C cos 2x = 4 sin 2x -} 4 cos 2,
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otkyla B=—1, C=1 u, ceioBaTessHo,
Y =x (sin 2x—cos 2x).

O6iee pemenne 6yaeT y=yo-y=:C;cos 2x4-Cy sin 2x 4 x (sin 2x—cos 2x).
Ins naxoxzenus Cy u Cp BOCNOJBb3yeMCSl HaYaJNbHbLIMH YC/JOBHAMH,
NpeABapHTe/IbHO NPOAHGBQEPeHIHPOBAB Oblliee pelleHHe:

y' =—2Cj sin 2x+ 2C, cos 2x4-x (2 cos 2x4-2 sin 2x) 4 (sin 2x — cos 2x).

Hmeem: 2n=C; —n => Ci=3n, 2n=2C, - 2n— 1 => Cy =1/2. Hckombim
YaCTHLIM PelueHHeM sIBJSieTCs (YHKIHS

y=23mn cos 2x—i—-é— sin 2x-4-x (sin 2x—cos 2x). p»

ITpumep-2t. Haiitu ofwee pelienne ypaBHeHHS
Yy — 4y’ Ay =xe?x.

<« Xapaktepuctuueckoe ypapHeHHe A2—4A--4=0 wumeer IBYKpaTHbiil
Kopeib A=2. OGuiee pelLlelHe COOTBETCTBYIOLIErO OJXHODOJIHOrO ypaBHe-
Husl ecth Yo =(Ci-+Cax) e2%.

YacTHoe pellleHHe JaHHOrO ypaBHeHHst GyleM HCKaTb B Buie Y =
= x2 (Dox+ D) €¥*, Tak Kak NOKa3aTeJb SKCIIOHEHTH B IPaBOH YACTH
YpaBlielHs COBNajaeT ¢ ABYKPATHHIM KOPHEM XapaKTepPHCTHYECKOro ypas-

ncHus. MeTOIOM HEOmpejiesieHHBIX KO3((HIHEHTOB (T. . Halis y v,
NoAiCTaBHB g, ¥ W 4’ B MCXOAHOE ypaBHeHHe, COKPATHB Ha e2* W CPaBHUB
KO3(MDULHEHTBI NIPH OJHHAKOBBIX CTeNeHAX x) HaxoauM Dy=1/6, D;=0.

CuieloBaTeNIbHO, _E}:-(li—xse“, a ofulee pelwleHHe NPHHHMAeT BHA
Y=ot i = (Co-4-Con) e 05 = O Corp g o0 ) 5. o

JJss KaXaoro M3 JaHHBIX HEOJHOPOAHBIX AH(gepeHiH-
aJbHBIX yPaBHEHHH HamucaTb BHJ €ro YacTHOTO pelIeHHs
C HeomnpejeJeHHBIMH KO03(h(hHUIHEHTaMH (YHCJIOBBIX 3HAYEHHUil
K03((UILHEHTOB He HAaXOAHTB):

9.346. y'—8y' + 16y =(1—x)e**.

9.347. y"+ 16_/ =sin(4x+a) (o= const).

9.348. y’'— 4y’ =2 cos? 4x.

9.349. yIV 4+ 4y" + 4y = xsin 2x.

9.350. y"— 4y =xe'*, 9.351. y'—Ty = (x—1)2

9.352. y" 42y +5y=e*((x+ 1) cos 2x+ 3 sin 2x).

9.353. y’'— 4y’ + 13y =¢** (x® cos 3x—x sin 3x).

Haiitu ofine pemeHns CJeNyOUMX ypaBHEHHI:

9.354. ' —y=e"*. 9.355. y"—y=chux.

9.356. y" + 3y’ —4y=et* 4 xe~*.

9.357. y”—— 5y’ 4 6y =13 sin 3x.

9.358. y "—2my’ +m2y=sinnx (m==n).

9.359. y’—2my’ 4 m?y =sin mx.

9.360. y" 4 y=4xcosx. 9.361. y"'+ 4y=cos?x.
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9.362. 4y"—y=x*—24x.

9.363. y”—}-5y'—}-6y=e"‘+e‘“.

9.364. y'—3y =e’*—18x. -~ 9.365. y”’+y”—6x+e"‘.
9.366. y'''—3y" +3y —y=¢". 9367 YVt =x+x.
9.368. y' —y=2xe*+cosx. 9.369. yV—yV=1xe*—1.
HaiiTu yacTHble peluendsi ypaBHEHHH, yIOBJETBOPSIOLIHE

Ha‘{aJIbeIM YCJIOBI/IﬂM
9.370. y'—2y' =2¢%; y(1))=—1, y' (1) =0.

0371, 3y 8 (O =0, 4 (0) =2, 4 (0)=
9.372. y”+4j—x y(O)_l y(n/4)—ﬂ/2
9.373. i + y=4e*; y(0)=4, (0):-3.
0474, YN —y=8, y(0=0, ¥ O=2 ¥(O=4
ylll( )

9.375. y‘v —y=28¢*;, y(0)=—1, 4y (0)=0, ¥y (0)=1,
III (0) - 0 '
19.376. y'—2y' +2y=4e*cosx; y(n)=mne", y (n)=e"

7. Duddepenunanshnie ypasHenns diinepa. Y paBHeHHe BHJA
oy fapan=tyn=D 4 ta, gxy' apy=[(x), x#0,

rie a; (i=1, 2, ..., n) NOCTOSIHHLIE, €CTb YaCTHHI CJayuyail JMHelHoro
Avdipe peHIIHANBbHOTO YPaBHERH s ¢ NepeMeHHBIMH KO3(OdHULMEHTaMH H HA3LI-
BaeTcs ypasHenuem Jirepa. BpeleM HOBYIO HE3aBHCHMYIO NepeMeHHYIO t:
¢ JIOMOmbIO TIOACTaHOBKH x =€l (ecanm x > 0) uau NOJCTaHOBKH x=—¢t

(ec.:m x < 0). Tlycts ans onpemenednoctn x > 0. Torma. yy=-e=ly;,

Yxx=e"* (yi1—u1), yrxx=e=*(y1z—3yir+2y1) u 7. 8., W ypasuenne
Dilnepa npeo6pasyercsi B JIMHEHHOE YpaBHEHHE C IOCTOSHHHMH Ko3(-
(UL HEHTaMH.

Y paBHeHue BHJA

(ax+8)" y+ay (ax+ b)" =1y Vb (@x+0) Y+ any =] (%),

rae a, b, a; (i=1, 2, ..., n)—noCcTofHHbE, NPABOJUTCH K JHHEHHOMY
YPaBHEHHIO C TIOCTOSHHLIMH KO3(pHLLHEHTaMH TNIOACTAHOBKOH ax-}-b-=et
(8 o6aactn ax+b > 0).

Peluenye ofHOpPOJHOTO ypaBHeHHsi Diinepa

#I0 fagxn=Ipn =D 3, a3y 2y =0

moxHO (npu x > 0) nckarh B BuIe y=x7n

Moncrasnsas Bepaxenna aas y', y", ..., Y™ B OAHOPOANOE YpaB-
Henye Diyiepa, HaXOJUM XapaKTePHCTHYECKOE YDaBHEHHE AJsi ONpejcJe-
HUA NOKasarens crereHu A. IIpu sToM, ecin A— jeliCTBHTeNbHBI KOpens
XapaKTePHCTHYECKOTO YPaBHEHHSI KPaTHOCTH 7, TO eMY COOTBETCTBYIOT 7
JIHHEHHO He3aBHCHMBIX PpelleHHH

, xrMnx, x*(Inx)?, ... 2 (Inx)r-1,

a ecn @ 4 if—napa KOMIJIEKCHBIX KOpHEH KDAaTHOCTH S, TO € COOT-
BETCTBYIOT § Nap JIMHEHHO HE3aBHCHMBIX pelleHHH

x¥cos (Blnx), x*Inxcos(BlInx), ..., x%(Inx)s=1cos (B In x),
x¢sin(BInx), x*InxsinBlnx), ..., x*(Inx)>~1sin (B Inx).
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Mprumep 22. Halitn obmee pemeHHe HeOAHOPOAHOIO ~ypaBHeHHS
diinepa x2y"— 3xy’ -+ 5y =3x2.
<« Tonoxum x=et, cuntas x > 0. Toraa yy=-e~tyy, yrr=0"2 (y;1—yi),
¥ Halle ypaBHeHHe NPHMeT BHJ

et e=21 (yy— y7) — 3¢t -e~Ty; 4 5y = 3¢,
naH
Y11— 4yi -5y =3¢,

O6uice pewenne Yo CCOTSETCTBYIOWLETO ORHOPOJHOTO YPABHEHHS €CTb
yo=e2 (Cycos t+Cysint), a _UacTHOE pelleHHEe J HEOAHOPOAHOIO ypas-
nerust 6yleM_nCKaTh B BUjle y=Ae?t. Torna y =24e%, g'=4A¢e%, u,
NONCTaBAAS Y, ', §' B HEOJHOPOJHOE yPaBHEHHE, IPUXOIHM K TOXK/ECTBY
Aet = 3¢, otkyna A=3. CrenoatenbHo, y=3¢%, u obliee peleHue

1ICO/IHOPOJHOTO YDPaBHEHUSI €CTb Y =Yo+y=-e2t (C; cos ¢ C,sin t4-3).
BosBpamiasicb K nepeoHauajbHOH HE3aBHCHMOM I€pPeMEHHOH X, INOJYYHM
OKOHUYATeNbHO

=x2%(C, cos In x+C; sin In x4 3).

Ecan yunthBath caydail x < 0, To oflee pelneHHe MOXKHO 3alHCaTh
B BHJle, OXBaThBAlOlleM ob6a cayuas:

y=x2(Cycosn|x|4Cysinln|x|+43). p -
MMpumep 23. Haiitn obimee peineHHe OAHOPOAHOrO YpaBHEHHs

ditzepa .
x+2?2y"+3(x+2)y'—3y=0.

<€ Tonoxnm y=(x-+2)» Toraa nmeem y —h(x+2)7~—l, Yy =

= A(A—1) (x+2)A-2. TloacTaBasiem Buipaxenus y, y', y’ B 3alannioe

ypaBHelne, TNOJYUHM ~XapPaKTepPHCTHUECKOe ypaBHeHne " +2A—3=0,

KOpHu KoToporo Ay=1, Ay=—3. CnejloparenbHo, ofllee pelieHHe eCTb

$yHKUH ) .

y= Cl(x+2)+(x+2)3 ’

Haiitn ofnine pewenns ypaBHeHuiHl Diiiepa:

9.377. x*y +xy' +y=0. 9.378. x*y"+xy' + 4y=10x.
9.379. xy"—6y=121nx.

9.380. x?y'"' — 3xy" + 3y’ =0.

9.381. x%y'"'—2y'=0.

9.382. 2x+1)*y"—2(2x+ 1)y’ +4y=0.

8. KpaeBme 3anauu B cjyyae JMHeHHBIX auddepeHUHAIbHBX ypaBHe-
nuil. Bo MHOrMX (H3WYECKHX 3ajlayaX TNpPHXOJMTCH HCKaTh pellleHHe
JauddepeHInaibHBIX YPaBHEHHH He 110 3aJlaHHbIM HauaJbHBIM- YCJAOBHSM,
4 N0 MX 3HAYEHHNM Ha KOHLAaxXx MHTepBana. Takue B3ajaun Oy KA
HasBanne kpaeébix (eparudubix) 3agad. O6WMHA BHI KDaeBLHIX YCJOBHH
s uHTepBana (a, b) B cayyae ypaBHeHM# 2-TO MOpsifiKa TaKOB:

oy (@+Bey’ (@)=4, ey (b)+p1y (b)=B, (20)

rae a,,, ai, Py, Pi— ONHOBpeMeHHO He paBHble HYJIO 3alaHHble IOCTOSH-
Hpie. KpaeBbie YCJOBUS Ha3HBAIOTCH O00HOPOOHbIMIL, €CJH M3 TOro, uTO
(YHKUMH Yy (X) ¥ Yo (X) YROBJETBOPSAIOT 3THM YCJOBHSIM, CJelyeT, 4YTO
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# ux JuHeliHaa KoMGuHaUHA Yy (x) = Cyy, (x) +Cay, (x) TakXKe yHOBIET-
BopsieT 3THM YycaoBusaM. Kpaesvie ycsiosust (20) npu A= B =0, oue-
BHJIHO, OJHOPOJHBI. :

Kpaesble 3agayd He Bcerja paspewuMbl. [Ipu peuilenuu Kpaesoit
3ajayd CHayala HaxoAuTcs ofliee pellleHHe JaHHOro AHddepeHHa bHOTO
yPaBHEHHS, U H3 T'PAHHYHBIX YCJOBHH MOJIyyaeTcst CHCTeMa JJisi omnpeje-
nenns suauenuit noctostHHbX Cy, Cy, ..., Gy, IPH KOTOPHIX K3 06Llero
peuleHHs MoJyuaeTcs pellieHHe NaHHOH KpaeBoil 3ajauH.

ITpumep 24. Halitu pemeuue ypaBHeHHﬂ y'+4-y=1, ynosnersops-
foutee ycaosusaMm y' (0) =y’ (n)=
« HcxonHoe ypaBHeHHe HMeeT odmee peilleHHe BHAA

y=Cicos x+Cysinx+1.
V3 rpanuudeix yciosuii noayuaem: y' (0)=C,=0 u y’ (n)=—C,=0,
TaK uto (yHKUUA y(x)=C;cosx-+| 1 yloBJIeTBOpSAET TpaHUYHLIM YCJIO-

BHAM MpH Jw6om Cqi. P
I[Ipumep 25. Haiitn yacTHoe pelueHue ypaBHeHHS

Y'—2y" +2y=e¥,
YZIOBJIETBOpSItOIEe KPAeBLIM YCJOBHSIM
v O 4y @)= y O +y (/2)=1.

« Xapaxrepucruueckoe ypasuenne AZ—2)--2=0 umeer KopHH A; 2 =
=1 4 i. Obliee peuieHHe COOTBETCTBYIOLIETO OJHOPOJAHOTO ypaBHEHH S
ectb Yo=e* (Cycos x+C, sin x).

YacrHoe pelieHHe HEOJHOPOJIHOrO YypaBHeHHS GyjAeM HCKaTh B BHJE
y=Ae*. TloacraBuB y' = Ae* u y"= Ae* B JlaHHOE ypaBHEHHE, MONYYHM

Ae* =e*, otkyna A=1. Urax, J:e", H ofllee pelleHHe HCXOAIOro
YPaBHEHUS] HMeeT BHJ

y=e* (Cjcos x4 Cq sin x4 1).
Haiips
y' =e* (Cycos x+Csy sin x4 1) 4-e¥ (— Cy sin x--C; cos x),

UCrO/Nb3yeM KpaeBble yCJOBHA. ITosiyunm cHCTEMY ypaBHeHHH AJs ompe-
jenenust Cy u Cq:

(Ce+1)+e™2 (Cot-1) ="
(Ci+Cat D42 (— Ci+Cat- D=1
PewuB 3Ty cHcTeMy, HaxoIum

et — 11—V 1—2"2
Cl= g : , Cg: en
14-e . 14e

T. €. HCKOMbIM YaCTHLIM pelueHHeM SIBJISAeTCA CbVHKU.Hﬂ

T2 7
y:ex(.ﬁ_l?;;_cosx—[—_l_lje—snnx—}—) P

Hafitn pemenus anddepeHLHaNbHBIX ypaBHEHHH, YAOB-
JeTBOPSIOIIHE 33/IAHHBIM KPACBLIM YCJIOBHAM:

9.383. y —y 0; y(0)=0, y(2n)=1.

9.384. y'—y=0; y(0)=0, y()=1.
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9.385. 4 +y="0; ¥ (0)=0, ' (1)=1.
9.386. y +y=0; y' (0)=0, ¥ (m)=1,
9.387. yy' L y2+1=0; y(0)=1, y(1)=2.

—~

yy'+y
- 9.388. y”—.Lyzzl y(0)=0, y(n/2)=0
9.389. yy' +y”+yy" =0, y(O)=1, y(—I
9.3%0. x2y” —2xy’ +2y=x2, y(0) —}—2 (0)=1,
y()—y (1)=0

L3
9. 3agaun Qu3nyeckoro xapakrepa.

9.391*. MaTepnanpHasi TOYUKa Macchl m JABHXKETCS INps-
MOJIMHEeHO TNOJX JHeHCTBHEM CHJIbI NPHTSXKEHHS K HENOAB-
HOMY I1leHTPY, NPONOPLUHOHAJNBHON PACCTOSIHHIO OT TOYKH MO
nentpa (kKo3ddHIMEHT mnponopuHoHanbHocTH £ > 0). Cnaa
COTIPOTHBJIEHHUS] Cpelbl NPONOPLHOHAJNbHA CKOPOCTH (KO30-
¢GMUKMEHT NpONoplUHOHAMbHOCTH A > 0). B HauasbHBIH MOMEHT
paccrosiHie OT TOYKHM JIO LEeHTpPa PaBHO @, a CKOPOCTh Ha-
npaBjeHa MO MNpPSAMOH, COENMHSAIOIEH TOYKY C LEHTPOM, H
paBHa v,. HafiTi 3aKoH JBHMKeHHS TOYKHU NPH YCJOBHH, UTO
A\ < dmk.

9.392*, MaTtepuaJsbHasi TOYKAa MacChl m JBIXKETCS Nps-
MOJIHHE{HO NOJ ' IeHCTBHEM CHJBI OTTaJKHBaHHUsI OT HeNoj-
BHUXKHOTO IEHTPA, NMPONOPLUHOHAILHOH PacCTOSHHIO OT TOYKH
Jio neHTpa (KoshduuueHT nponopuuoHasbHOCTH £ > 0). Cuia
COTIPOTHBJIEHHSl Cpejpl NPONOPUHOHAJbHA CKOpOCTH (KO3~
GUILMEHT NPOMOPUUOHAJIBHOCTH A > 0). B HauanbHBIH MOMeEHT
TOYKA HAXOAUTCSH HA PACCTOSSHHH @ OT LEHTPa, CKOPOCTb
paBHa v, W HampaBjeHa MO NPAMOH, COENHHSIOIEH TOUKY
¢ neHTpoM. HaliTn 3akoH JABHMKEHHS TOUKH.

-9.393*%. ¥Y3gas pmiuHHasi TpyGKa Bpallaercs € MOCTOSH<
HOH yTIJIOBOH CKOPOCTHIO ® BOKPYT MNEPINEHIUKYJIAPHOH K Hell
BepTHKaabHOH ocu. lllapuk, Haxojsuuiics BHYTPH TpPyGKH,
CKOJIb3UT NO Heit Ge3 Tpenusi. Hafitu sakoH ABuxKeHHA ua-
pHKa OTHOCHTEJbHO TPYOKH, ecJu:

a) B HayaJbHBII MOMEHT LUADHK HAXOAMJICS Ha paccTos-
HHH Q@ OT OCH BpalleHHs, HayaJbHAsl CKOPOCTh luapukKa paBua
HYJHO;

6) B Haya/bHbI MOMEHT LIAPHK HAXOIHJCS HAa OCH Bpa-
IIEeHUS M HMeJ HadaJbHYIO CKOPOCTb U,.

- 9.394. Yskas aauHHaA Tpyb6ka Bpaulaercs ¢ NocTOSHHOA
YIJI0BOH CKOPOCTbIO ® BOKPYT TNEPNeHAMKYJASAPHOH K Hefl
pepTuKaabHOH ocH. Ulapuk, Haxonsimmiics BHYTpH pr6}m,

CKOJIb3UT 110 Heil ¢ TpeHHeM, BeIHUHHA KOTOPOro R=2mpo — dl ,

rie p—ko>pdulHeHT TpeHHs cKoabKeHusi. Halitn 3akom
JBHXXEHHS IlaphKa, ecJM B HayaJbHbIi MOMEHT IWapHK Ha-
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XOJHMJICA HA PACCTOSIHUH @ OT OCH BpAUIEHUs H HayaJbHas
CKOpOCTb €ro paBHa HY.JIO.

9.395*, Tsaxesast OfHOPOAHAs LeMb mnepeGpolleHa yepe3s
rMafkuil rBO3Ab TaK, YTO C OJHOH CTOPOHBI CBHCAeT 4acTb
ee naauHOi 8 M, a ¢ ApPyro#l CTOPOHBI—uacTb AJMHHOH 10 M.
3a kakoe Bpemsi T 1leNb COCKOJIb3HET C I'BO3.SA?

9.396%. I'py3 Maccoit 4 Kr nojBellleH Ha INPYXKHHE H yBe-
JuynBaer ee NauHY Ha 1 cM. Halitn 3akoH nBH:KeHHs rpy3a,
ecl  BepPXHUH KOHell NpPYKHHBL COBepLIaeT BepTHKAJbHOE
rapMoOHHYecKoe KoJjieGaHue y=2sin30f (cM) 1 B Haya/bHBIMA
MOMEHT T[py3 HaXoQWJCs B MOKOe (CONPOTHBJIEHHEM Cpeibl
npexHe6peusn).

9.397*. dyieKTpUYECKasA LeNb COCTOHT M3 -NOCJEI0BATEHHO
COEJIMHEHHBIX HCTOUHHKA TOKa ¢ 3. 1.C. e(!)=E sin of, un-
IyKTHBHOCTH L, COITpOTHBJIeHPIﬂ R u emkoctu C, npuuem

R2C—4L < 0, m;é]/w i . Haiitn TOK { B menu Kak

GyHKUMIO BpeMmeHH f, €cJH t}t=o=a- ,=0.

9.398*. DniekTpHYeCKas LeNb COCTOUT 143 MOCJIEA0BATENbHO
COEMHEHHBIX HMCTOYHHKA TOKa € 3. A.C. e(t)—Esm of, HUH-

ayktuBHocTH L M emxoctu C, mpuueM o= V ic (cnyuait pe-

30HaHca). Halitu TOK i B uenu kak q)yHKumo BpeMeHH [,
di

ecad I |¢= =0=177|, =0.

9.399. SJIepruqecxaﬂ UeNb COCTOMT U3 TMOCJENOBATEIbHO
COeJMHEeHHBIX: HCTOUHHKA TOKa ¢ 3. A.-C. €(!)= E cos(of -+ ),
1 ;

HHAYKTHBHOCTH L u emkoctu C, mpuuem wz——VL'—C . Hafitn

ai =0.
0

TOK { B LieMH KaK QYyHKIHIO BPeMEeHH ¢, €CJH i |¢=0 = |

§ 3. Cucremnl nucpqiepeﬁuuanbnblx YpaBHEHHH

1. OcnoBHble NOHATHSA. CBsA3b. ¢ NHpEPeHUHAIBHEIMH YPaBHEHHSIMU
n-ro nopsaka. Ecin cucrema k£ Mu(pepeHLHANbHBIX ypaBHEHHH, CBA3bI-
BalOUla# HE3ABHCHMYIO TNeEpeMeHHYI0 X H R OYHKIHE yy (X), «. ¢, Yg (%),
paspellleHa  OTHOCHTEJIbHO  CTApIIMX TIPOM3BOJAHBIX  BTHX cbym(umx

g (), .o, ykpk) (), T.e. UMeeT BHA
- -1
G Iy P A N s MR N LBy §
-1
y(pg) (x) f2 (xv Yir vy y(pl 5! toey Ygs "-' ykk )) (l)
(p ) o1 '
k *)= fk (x» Yi se ey y(m 1)1 seey Yks woey y/ ))
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TO OHA HA3BIBACTCS  KAHOHUYECKOL, TIPUYEM YHCIO N =pi-+pat ...} Pz
HasbiBaeTCsl nopadxom cucrembl. KaHonnueckast cucrema (1) npu p; =
=py=...=pp=1, T.€. cucrema gubdepeHUUANbHbIX YypPaBHEHHI
l-ro mopsaxa '

yI’ (x)=fl (s Yis oo vs Yn)s
y; (x)=f2 (x3 Y1y «v o) yn)s (Q)
_l//; (X):fn (*, Yis «os Yn)s

Ha3bLIBAGTCS HOPMAAbHOU CHCTEMOH.

Pewenuem cucmemor (2) na uHTEpBaNe a < X < b HA3HIBaeTC CORU:
KYNMHOCTb OYHKUHH Y1 =1 (X), ..., ¥5 =@y (X), HeNpepuBHO Iupbepen-
nupyembix Ha (@, b) M ofpallaiolNX YpaBHEHHS CHCTeMBl (2) B TOX/e-
CTBAa OTHOCHTENbHO X € (a, b)

Hnumeepason nopmanbHoil cicteMsl (2) naspiBaetcs oysruus ¥ (x, yy, ...
ceey Yn) ongeneﬂeﬂuaﬂqu HenpepbIBHAash BMECTE C YaCTHHIMH IPOM3BOJ-

HBIMH B HexoTopoi o6nacth D u3MeHeHHs mepe-

ox ' dyy "7 Oy,
MEHHBIX H NpuHHMaomWas npu J6bix x€(a, b) NOCTOsHHOe 3HaueHiue
NpH NOACTAHOBKE B Hee NPOM3BOJbLHOrO pEIIEHAs CHCTEMEL.

P aBeHcTBO

Y (%, Y1, «ons yn)=c

rae ¥ (x, yi, «.., Yo)—UHTEIpPan HOPMaJLHON cuCTemb, a C—mpous-
BOJIbHAA TIOCTOSIHHAs, Ha3LIBAETCH NEPELiM LHMe2pasom CUCTeMDb (2).

JndodepeniinanLHoe ypaBHeHne n-TO NOpsiika

G =F (0t gy ¥y s Y1) |

MOIKHO 'CBECTH K Hopmanrnoit cucteme (2). O6patno, chetemu (1) uau (2)
B CONBUIMHCTEBE' CNyyaeB CBOAATCH K AudepeHUBanbHOMY ypPaBHEHHIO
n-ro Nops/iKa, peliast KOTODOe MOMMHO HAHTH H pelleHHe HCXOLHOM
CHCTEMBI.

IMMpumep 1. IlpuBecTn KaHOHMYECKYIO CHCTeMY AN(pOepeHIIHANBHBIX
ypaBHeHuH

=241 —3Y»,
~. Y2=Y1—2»

K HOpMalLHOMY BHAY.

<« [Tonoxum %:y " %=y4. Toraa Aannymo cnm‘eMy MOXHO 3anu-
caTb B BHJE

n=ys,

Y2 =Yy,

Y3=24i—3s;

!/4=!/1—2!/2:

KoTOpast M sIBJIsSIeTC HOPMalbHOH cucTemod 4-ro mopsiika. p»
INNpumep 2. I'Ipm:ecm K- HOpMaJbliol cHcTeMe AnddepeHUnaIbHOE

ypaBHeHue Y’ (x)—l—/k2 (x)=

Ql'lo.uoxmm y' =z, TOrza Y’ ~z’, W ypaBHeHHe NPHBOAMTCA K HOpMalb-

HOH cHCTeMe ypanHeHHH

y =z, .
2 = —kty. P
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f1pusmep 3. Coectn cuctemy ypasreHuit

Yy =y—z, .
2= —dytz, 3

re y=y(x), 2=2z(x), K ypasBHeHHI0O 2-ro NMOpsiiKa H HalfTH peureHue
CUCTEMSI.

4 Haligem 2 (x) u3 nepsoro ypasHenus: z=y—y'. Orciona HreeM
2’ =y’ —y". TloacTaBuB 3HAYeHHs 2 H 2’ BO BTOpOE YypPaBHEHHe CHCTEMBI,
noayuum ypaeHeHue y"—2y’ —3y=0, o6uM peleHineM KOTOPOro sBJsi-
etcs GyHKUHS

y () =Cre=*4-Cyed*,
Otcio7a, MCMOIb3YS PABEHCTBO 2=y —y , HaiijleM
2 (x) =C1e~% - Cpe®* - Cre=% — 3C,e>* = 2Ce~* —2C,e%%,
Takum obpasom, npu Jo6bix nocrosinHuix C; n C, cuctema dyHKUUE

y:CIe""—(-Czes", (4)
2=2C1e~% —2C,e%¥

ABJISIETCS PelleHHeM HCXOAHOM cucTteMmsl (3). P>

3anava Komwu fas cucteMs! (2) CTaBHTCH CaeAylouUM oGpa3om:
HaHTH pewleHue Yy (X), ..., Y, (X) cuCTeMsl (2), yAOB/IETBOPAIOLIEE Hauallb-
HbIM YCJIOBHSIM

U1 ()= Y2, Y2 (X0) =02, -, Yu (K0) =Y, (5)

e 43, ..., Yys—3ajanHBe uHCaa.

Teopema Kowun. [Tyemo npassie wacmu fy, fa, .., [ HOpMars-
Hod cucmemot (2) onpedeserst 8 (n—1)-meproi o6aacmu D usmenerus ne-
PeMEHHBIX X, Yi, ..., Yu. Ecau 8 Hexomopod okpecmuocmu A mouku

B
My (%o, [ A Yyn) ED pynkyuu fy Henpepsisror u umeom Henpeposrole
qacmusie npou3eooHse 61_\ N0 NePeMEHHBIM Yy, «vey Ypn, MO CHueCmEYem
(2

unmepsanr xy—h < x < xXy--h usmexenun nepemenHod x, 8 KOMOPOM
cywecmayem 1L npumom eduncmeernnoe peuterue cucmemst (2), ydogremsops-
1owee HadarvHoimn yeaosuam (5).

O6uyum pewennienr cuctembl (2) Ha3bIBaeTCst COBOKYMHOCTH -y KU

yv(x, Ci, ..., Cy), v=1, 2, ,..,n, (6)

3aBUCSIIHUX OT A IPOHU3BOJILHBIX MOCTOSIHHEIX, KOTOpBIC MPH JIOOLIX JO-
NYCTUMbBIX 3HaueHusX nocTosiuHuiX Cy, ..., C, 0o6paiaioT ypaBHeHUsl CHC-
TeMul (2) B TOXJecTBa, H B 06JacTH, B KOTOPOH BBLIMOJHEIb YCIOBHSI Teo-
pemol KowH, 13 coBoxynHocTH (ynkuui (6) MOXKNIO MOJYYHTb peuiciiue
nio6oit 3anaun Koun.

[Tpumep 4. IloxasaTs, uTo onpejiesielinast pasencTBamu (4) cucre-
mMa QyHKUuit sBaseTcss o6UIMM pelllenHeM cHcTemul (3) (cM. mpumep 3).
@ B kauectBe o6nactu D nas (3) MOXKHO B3AATb 06/aCTh — ® < X, Y, 2<
< -~ 00; NpH 3TOM IS JNIOOBIX Xg, Yo M 29 U3 3TOH 0671aCTH BLIMOMHEIIBI
ycaoBusi Teopemol Kowun. TloacTaBuB 3HaueHMst Xy, Yo, 2o B cuctemy (4),
nonyuum cucremy anst onpefenenus C; u Co:

Yo=Cre™ ¥ Cye®™,
2, =2C e~ 0 —9C,e%o,
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1 1
1 —1
Hyas npu Jmo6oM x,. CnenoBaTesbHo, npu JOGBIX Yo H 29 uncia Cy u Cy
onpefeasioTcsl OAHO3HAYHO, T. €. M3 CHCTeMBl (pyHKUHH (4) MOXKHO nosy-
uynTh Ji6oe pewende 3anauyn KowH mis cucTeMbl IHpgepeBInanbREIX

ypaBnenui (3). p»

Ilytem uckmouenisi napameTpoB a W b HalTH cucTemMy
JAuddepeHHaNbHBIX yPaBHEHUil, OnpeleJsIoOlUX ceMeicTBa
JHHUH B NIPOCI paHCTBE:

[y——:ax—{-b, 9.401 [ax+z=b,
\ X2 fyr=22—2bz. 2 2 =02
Jupdepenunanbible ypaBHeHHS HJH CHCTeMbl 3aMEHHTb

HODMaJbHBIMH ~ CHCTeMaMH AH(depeHLUHANbHEIX ypaBHEHHH
(x—HesaBUcHManA nepeMeHHasn):

9.402. y'"" —xyy +y"?*=0. 9.403. yV—y*=0.

9.404. y'=y +2', "=2"+u', u"=u"+y.

9.405. 2"4-z2—2y=0, y'"' +z—y=~x.

9.406. y'—z—u=0, 2’ tuz=ux* u'" = —uxy.

IlpoBeputhb, uTO (YHKUHH y(X) H z(X) SBJAAIOTCS peLle-

HHSAMH CHCTeM AH(p{epeHLHa bHbIX ypPaBHEHHH:

9.407. y' = —1/z,
' =1/y;

9.408. y' =1—22,
z'=y—|—z+%—’—1;

ITpoBeputs, uto ¢yukuun ¥ (x, y, z) sABnsOTCS MHTErpa-
JIaMHi JlaHHBIX HOPMaJbHBEIX CHCTEM:

2Xx
= —4¢""° ormanuved ot

o 2x
Onpenenviteny 370 cuctembr A=2¢"°

9.400.

y=e 2, z=2¢2,

x 1 x 1
y=3tu, t=C—3+a:

y,‘_‘y_z_z ’
9.409. ¥ (x, y, 2)=x-ty—z; y
d =
,_ 3x—4z
T 2z—3y"*
9.410. ¥ (x, y, 2)=2*+y*+2% | 4o
z =22T3y'
L. Y=yl

1
WAL W(x o D=3—73 3

2, MeToAn MHTETPHPOBAHHS HOPMaJbHBIX cHcTeM. OJHHM H3 MeTo-
JOB peiueHHsl chcTeM AH(depeHIHaNbHbIX YPaBHEHHH SBJAETCH METOJ HC-
KJIIOYeHNsl HeH3BECTHBIX, KOTOPbLIH CBOJHT CHCTeMY YPaBHEHHH K OJLHO-
MY HJIH HECKONbKMM JH(¢epeHUHaTbHbIM yDaBHEHHAM C OJHOH He«
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u3pecTHOH ¢QyHKuued B KamaoM. IloscHuM 3To Ha npuMepax (cMm. Tak-
Ke npumep 3).
[Tpumep 5. Haiith oGuiee peineHne cucteMbl AudipepeHiiHalbHbIX
ypaBHeHu
dy dz 2%

dx dx oy
4 "acTHoe PpeuleHHC, YHOBJIETBOpMAIOUlee HavalbHuIM ycaoBusm y (1)=1,
1
z2(l)=—=

2 .
« ITpoauddepenunpyeM obe uyacTH NepBOro YpaBHEHHS MO X, MOJYYHM
22 2?
y"= —2'. Tak Kak u3 BTOpOro ypapHeHHs 2 =7 T0 y’=—=—, HO

U3 nepBoro ypasHeHus 22= (y')%, MO3TOMY CHCTeMa ABYX ypaBHEHHH mep-
BOr0 MNOPsilka CBejachb K OJNHOMY YPaBHEHHIO BTOPOro MNOPSAAKA
ne R
y"='—-(—yyl, T. e. K ypasHeHuwo yy"-+ (y')*=0.
JleBaﬂ 4acTb  MOJYYEHHOTO yPaBHEHUA eCTb (vy")', mnostomy

yy ——-Cl, OTKY/a ydy—— Cidx u 5 y2=—2— Clx—}--;—Cz, T. & Y=
=4 VC1x+Cz. 5K} nepBoro YPaBHEHHS CHCTEeMBI uMeeM: z2=—y’, T. €.

z2=F ——=1_ Cucrema HKIMH = C Ca, 2=x
;2VC1x+Ca T ¢yHKUH y=1 V Cix+Cy

F —Cl——___ obpasyer ofuiee peileHue 3anaHHO# cucreMur aud-
2V Cix+C,
(depeHUHANbHBIX ypaBHeHHUH.
Ins HaxoMAEHHS YaCTHOTO pELIeHUs HCMOJb3yeM HayalbHbE YCJIO-

i —_ 1 C
BHK!/(I)ZI.Z(I):—'——. Humeem: 1=V-C]_+Cg, —y e,
2 2 2V GTG
orkyRa Cy=1, C,=0.
Wrak, napa dyukunit y="V %, z—-——-—l—_: M eCThb HCKOMOE 4acT-

2V'x
HOe peLIeHHe CHCTEMHl. P>
He BCfKyI0 cHCTeMy IuQepSHIHAIBHLIX YpPAaBHEHHH MOXKHO CBECTH
K OJHOMY YpaBHEHHIO.
ITpumep 6. IlokasaTb, 4YTO CHCTeMY YypaBHeHHUM

y'=xy, 2’4y =z2+xy

Hesib3sl CBECTH K OJHOMY YpaBHEHHIO.

<« [elicTBUTENIBHO, MNOIACTaBHB BO BTOpPOe YpaBHEHHE BMeCTo Y’ ero
3HaueHue Xy, TOJYYHM JBa He CBSI3aHHBIX MeXJy coGoft AubdepeHIHab-
HbIX YPaBHEHHS, KaX/ioe H3 KOTOPLIX COJEDPIKHT TOJNbLKO OAHY (YHKIHIO:

e s ’
y' =xy, 2'=z2;
) o -2/ .
¥3 3THX ypapHeHuit HaxoauM y=C1e* /% u 2=Coe*. P
JIpyruM  MeTOJOM HMHTETrpPUPOBaHUS CHcTeM  JuddepeHIHANBHBIX

ypaBHeHuli sABJIseTC METOJA BB AEJEeHHS HHTETLDHPYEMBIX
KoMOGUHHAN UM, T. e TNOJyYeHHS U3 CHCTeMbl (2) TaKOro ypaBHEHus,
KOTOpOE MOXHO NDOMHTErpHpOBaTb H MOJYYHTb NeEPBbIA MHTErpa; CH-

crembi, Eciin Hailjienpl n HE3aBUCHMBIX TIEPBLIX WHTErpajioB CHCTEMS! (2),
TO HX COBOKYIHOCTb HaeT OGLIMH MHTerpaj 3Tol CHCTeMSI.
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IMMpumep 7. Halitn o6muii MHTErpajt CHCTeMBI AuddepeHIHANbHbIX
ypaBHeHHH
dy z-4e? dz 2P—erty
dx T zter * dx  zHer

«f YMHOXKHM 0Be 4acTH BTOPOTO ypaBHeHHsl CHCTEMbl HAa ¢~* M CJIOXKHM
HX C COOTBETCTBYIOLLUMH YaCTSIMH NMEPBOrO YpPaBHEHHS. H C TOMKIECTBOM
—e~¥z=—e~%z, monyunM (e~*2)'+y' =0, otkyna e~*z-+y=Cy. Do
NepBLIfl HHTErpas CHCTEMDL.

Tenepb yMHOXHUM 06e YacCTH BTOPOrO YypaBHEHHSl Ha €~ H CJIOXKHM
z-4-e¥
z24-ex
(e=Y2)' 4+ x'=0, orkyma e Yz+4x=C,. D10 TOXKe MepBbIYi HHTErpal
cucreMbl. Tak Kak fKO6HAH CHCTeMBI

e~*2+y=Cy,

e“)’z-{—x=C,
oT/MYeH OT Hyas (nposepbTel), TO ‘00a MepBBHIX HHTErpaja He3aBHCHMbI
Mexay co6oif, MO3TOMY HX COBOKYMHOCTb HESBHO ONpejeJisieT obuliee perie-
HUe, 3aJlaHHOH CHCTeMbl ypaBHeHHH. P

Iins BblAeNeHUA HMHTErPHPYEMbiX KOMOMHAUMA M3 cHcTemsl (2) mo-
CJIeHIO0 YNoOHee 3anucaTh B TaK HasbiBaeMoH CHMMeTpHueckod opme:

dyi dy, . AYn _ dx

¢ paBeHCTBaMH —e~YVzy'=—e~V2 u  x'=I1, nonyunm

fl(xn Y ';°'yn)_ fz (xr Y ooy yn) _fn (x! Y1y oo ey yn)—T
M
W 'HCHOJIb30BATh CJAGAyiOllee CBOCTBO paBHBX Apobeli: ecau Z—‘:.
Uy 7 to
;—62—=...=-;;—=v, TO 0Opu JIO6BIX Oy, ..., O, HMEET MECTO COOT-
HoueHnue

oyuy+ ottt .. . -t U, =7 ('8}
U - AaUs 4+« . F= AU,

Yucna ay, ..., @, DOAGHPAIOTCA OObIYHO TAKUM OOGPA3OM, YTOSHl YHCIU-
Tesb B (8) Obw1 MoNHBIM Nup(DEPEHUHANOM 3HAMeHaTeNs Wiu e 3Hameua-
Teab: GBI paBeH HYJIIO.

B cooTHowenuu (7) HE3ABHCHMAN MePeMeHHas H MCKOMbie (yHKULHR
PaBHOMPABHLI.

Npumep 8. Haiitn ofee pewenue cucremol ypasueuuii

, mz—Ix , nhx—my
=, ="
ly —nz ly—nz
«f 3anauiem cucremy B cummerpudeckolt opme:
- dx dy dz
ly—nz Tme—Ix “nx—my

=7
M BOCTONMb3yeMcAA -cooTHOweHueM (8). Buibupaev oy=m, as=n n

az=1[, TOrAa umeem
d(mx+4ny4lz) .
R R

T. e. d(mx-+-ny+Il2)=0, otkyna
mx - ny 4 lz=Cq. )
47 Iox vea. A. B. Ebumosa, B. [I. Jemuaosuua 97



AHanornunnm o6£asom, Bubnpas o =2x, a;=2y U ag=22, NPHUXOLUM
K paseHcTBY d (x%2-y%-}2%) =0, oTkyZna

Btyt422=Ch (10)

Coornowenns (9) u (10) ob6pasyioT ABa NepBEIX HHTerpana CHCTEMH,
HeSIBHO OmpejiesisiomuX obliee peweHue.. P

Haiitu ofmue pewenuns cucreM auddepeHINaabHBIX ypas-
HEHMH:

0412, =, P——. 0413 L _Z_4,
0414, Ut L
1S, =124, f=ish ey,
8.416. %=x2_—%’ i;V%:':xz—?yx’z—zi-
9.417. %=Lx’;=uyd_y2ﬁ.
\ d
9.418. ﬁzd_ﬁ:%
9.419, & _ ¥ 4y _ x°

AdT ke T gy

Hafitih ofmee pewenune © cuctembl auddepeHHasbHBIX
YPaBHEHHH, a TaKe uYacTHOe pelleHUe, YAOBJETBOPAOLLEE
SaJlaHHbIM HayaJlbHbIM YCJIOBHSM:

o dy z2—1 dz 1 _ _
9.420. =2 ,d_x=y__x, yO)=—1, z(@©0)=1.

d x d

9.421, d—i=ﬁ, = yz, y(0)=z(0)=1.

9.422*, Jlns cuctembl auddepeHNHaNbHBIX  ypaBHEHHH
dx x*—t dy o
A= g = YHKIMHA

a) ¢, =1242xy; 6) @,=x*—1y
NPOBEPHTD, SABJASOTCA JH CcOOTHomenus @,=C (i=1, 2)
NepBbLIMH HMHTErpajlaMi. 3TOH CHCTEeMBbL. '

3. ®u3nyeckuit CMBICA HOpMaJbHOH cucTeMbl. Jlasi npocToTh oOrpa-
HHUIMCSL PACCMOTPEHHEM CHCTeMbl ABYX AH(depeRuuanbHBIX ypaBHEHuH,
npuieM OyjenM CUMTaTh, YTO He3aBHCHMasl TNepeMeHHast { €CTb Bpems:

x=f(t, % y), (1

.i/=f2 (t» X, y)'

Pemenne x=¢ ({), y=9 ({) s3T0li CuCTeMbl €CTb HeKOTOpas KpHBas
B miockocth Oxy ¢ (UKCHPOBaHHOH JAEKapTOBOH NpAMOYrO/LHON CHETe-
moii  Koopaunat. Ilaockocte Oxy Ha3biBaeTcss (paszosoid  nAOCKOCH1b10,
a Kpupag x=¢@ (), y=v ({)—daszoeoi mpaexmopuei cucremni (11).
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Cama cucrema (11) nasmBaercsi dunamuueckod cucmemod. {nHamuueckas
CHCTEMa HA3bIBAETCS QBMOHOMHOL (CMAyUOHApPHOH), €CIK B NpaBble 9acTH
ypaBHeHHI 3TOH cHcTeMbl BpeMmst { He BXOAHT fIBHBIM 06pa3oM

... JlUHaMHYecKast cucTeMa omnpejesifieT NOJe CKOPOCTeH ABHXKYIMeHCH
B ILIOCKOCTH TOYKH B JI000# MOMeHT BpeMeHH [. Pemenne aunamuye-
ckoft cucremMbl x=x(f), y=y({)—3T0 YypaBHEHHA JBHKEHHA TOUKH:
OHM OMpeJeNsioT NOJIOXKeHHe JBHIKYLIEHCS TOYKH B JIIOGOH MOMEHT Bpe-
meHn {. Havanbiiple ycnoBHS 3ajalOT MOJOXKEHHe TOYKH B HayasbHGIH
MOMEHT: X (fp))=xy, Y (fo)=Yo. Y paBHEHHS [IBUXKEHHS ONpPELENAT
TaKXXe W TPaeKTOPHIO JBHXeHHs, GYAyyH YpaBHEeHUAIMH 3TOli Kpusol
B MapameTpHuecKoi popme.

[Mpumep 9. Haiith pa3oByio TpaeKTOPHIO aBTOHOMHOIl JdHamude-

CKOM CHCTEMbI

npoxoisiuyio ueped Touky M, (2, 3). )
« [Mponuddeperunpyem . BTopoe ypasHeHue no f W MONCTaBHM BHIpa-
WeHue x=y H x=y B nmnepsoe ypasHeHHe. [lonydnm y=(—~'i/l—.

HIu yﬁ—(y'z=0, T. €. OMHO ypaBHEHHE BTOPOrO MOPAAKA O ORHOH
Heu3secTHOH QyHKuUHeH y.
Pasgeaum 00e uacTH NOCTeIHero ypaBHueHHs HA y? W Mepenuwenm
. . i
ero Tak: —%(%):0 Orciona caenyer, 4To -%=C1*, HIH 7“’:01 dt,

otkyna y=CyeC. ]

Haitnem gy= C1Co¢®¥ u noacrasum so BTOpoe ypaBHEHHE CHCTeMel;
ROJY4HM x=CIC2eC". HUrak, cucrema QyHkuuii  x=C[CpeC!,
y=C,eC" ecTb ofuiee peuleHHe Hauwel cHcTeMbl AHPPepeHuranbHbIX
ypasHeHU#.

Hckaouas u3 obulero petwieHus Bpems f (CyeC =y), nony4um,
4t0 $a30BLIMH TPaeKTOPHAMH CHCTeMbl sABAsOTCA npamuie x=Cyy, npu-

yeM 4epes 3ajaHHYIO TOYKY M, (2, 3) mpoxoaur mpamasn y=x p»

Idna ykasaHHbIX CHCTeM HadTH (asoBble TpPaeKTOPHH,
npoxopsiuike yepe3 3ajaHHble TOYKH M

9.423. x=1—x*—y2, y=2x; M,(1,2).
9.424, x=1—x2—yt, y=2xy; M,(2, 1).
9.425. x=2x, y=x+2y; M,(1, ).

9.426, x=y—x, y=y—2x M,(1,1).

4. Jludeiisnie oanoponusie cucremn, Hopmanbhaa auuefinas oAHo-
pojiHasi cucreMa n-ro MOPANKA HMEET BHI

x1=ayi (t) X+ ais () X2+ oo . +in () Xn,.
o X2 =01 (£) X1 4 sq () X200 +2n () Xps

e o s s o s e w e e ¥ s e # e e s, (l?)

X =i (1) X1+ s (£) Xt o oo+ Tun () X
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WIH, B MaTpuHuHoil dopwme,

Xy=a0) X @), (13)
rne
aii () a2 () ... ain (2) x (f)
A= ag () ag (f) ... az (1) . X ()= x”,(t)
p1 (1) ape(?) .. apn (%) Xa (2)
- B o6nactn " HenpepriBHOCTH Koa(duuuento ag;;(?), i, j=1, ..., n,

cucteMa (12) yLOBJIETBOPSIET YCJIOBHSIM TeOPEMbl CYMIECTBOBAHHS M €/IHH-
.CTBEHHOCTH pelueHus 3ajaun Kowm.

Dyndamenmarbnol cucmemoti pewenud cuctembl (12) nasniBaeTcs co-
BOKYITHOCTb ITPOW3BOJILHEIX 7 JIMHEHHO He3aBHCHUMBIX pewennii X (f) =
= (P @), @), ..., LT, k=1,2, ..., n.

Ecnn Xy (8), k=1, 2, ..., n,— dyHlamMeHTaJbHas CHCTEMA pelUeHHH

n
cucremsl (12), To obmee peuienne umeeT BUA X (f)= z CpXy (1), THe
k=1
Cyi, Cq, ..., C,,—TNpOH3BOJIbHLIE TOCTOSTHHLIE.
Hurerpuposanue cucrembl (12) o6bIMHO TPOBOAUTCS METOAOM MCKJIO-
yenus (cM. npumep 3).

PemnTb cucTeMbl JMHEAHBIX IHGQEpEHUMANbHBIX YpaB-
HeHuii:

dy__ Y d2__ 2y | 2z
9.427. Ve x+x2, i x3+x'

d d
9.428. xa—z=—y+zx, xzd—i=——2y—|—zx.
9.429. x=—%, y=—7.
9.430. )E=———27x, _i/~=y+t——tt2—x. !

B uacTHOM cnyuae CHCTEM C NOCTOSHHHMH Ko3dou-
nueHTaMu, Koria marpuna A (f) B npamoit uacth (13) He 3aBucut
of !, AJs OTbICKaHHA (YHAaMeHTalbHOM CHCTeMbl pelnennii Xy (f),
k=1, 2, ..., n, Moryt ObiTb HCNOJb30OBaHbLI METOAB! JIHHEHHOH anre6pel.

M3 dxapakTepuCTHYECKOro ypaBHeHHs

det (A—AE)=0 (14)

HaXOAATCH pa3iuyHbie KOPHH Aj, Ag, ..., Ag M JJIsi BCAKOTO KOpHA A
(€ yueToM €ro KpaTHOCTH) ONpejle]IsieTC COOTBETCTBYIOLIEE €My YaCTHOe
pemenne XM (7). OGuee peweHye CHCTEMB HMeeT BHA

xm=3 cxx™ @), (15)
k=1

TTpu 5ToM BO3MOXMHEI CJleAYIOMIHE CyuaH:

a) A— neiictButensHul Kopens Kpartnoctu 1. Toraa
(2
¥

XV (fy =YWt = . eM,
(M)
yn”
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rae YR —co6cTBeHHBI BEKTOpP MAaTpHubl A, COOTBETCTBYIOMHMI COGCTBEH=
HOMY 3HaueHH0 A (T. e. AYM =AY, Y} £ ().
NMpumep 10. Hafith yacTHoe peieHHe OLHOPOMHOH CHCTEMBI

x.]: = 4x1+ X2,
":'2 = 3x1 _{- 2X2,
~ x'g =2x1+ 3%, 4x3;

yhoBaerBopsiotee ycaoBuaM xj (0) =6, x; (0)=—6, x5 (0)=24.

«f Xapakrepuctudeckoe ypasHeHHe (14) Ias 3TOM CUCTEMBI MMeeT BUJ

4—) 1 0
3 2—A 0
2 3 4}

Ero kopuu Aj=1, A;=4, Ag=>5, CobcTBenHble BEKTODbI, HANpuUMep,

TAKOBBI!
3 0 1
Y(M)=(__g>’ Y(Az)=<0>' Y(A«:)=(l > .
\

7 1 \5

det (A—AE) = =0,

‘l'loaromy

3 0 1
x<’*-’=<_9>et. X4 =<0>e“. x<*«>=< 1 >e=t.
7/ 1 5

Otciofa ofuiee peiieHne cucteMol B coorBerctBuu ¢ (15) umeer Bug

3\ 0 1
X(t)=Cl~<—9>ef+C,< 0 >e“—{—C3< 1 >e~"‘.
: 7 1 5

Jas Haxomaenusl wactuoro pewenus koscrautoi Cy, Cp, C3 onpeneasiem
43 crefyiolel CUCTeMbi:

6 3 0 1 3C,+ Cs
X'(0)=<—6>=cl<—9>+c,<o>+cs< l>=<—9C1-|,— C.>,

orkyaa Cy=1, Cy=2, Cz=3. OkoH4aTeJsHO JIJfi UCKOMOTO 4aCTHOTO
pelieHus moJaydyaem :

x1 (f) 3 0 3
X@ =<x2 (t)>=<—9>et -|-<0 >e4t+< 3> et P
xs (f) 7 2 15/ "

6) A—xommiekcHblt Kopeub Kpateoctd 1. Torga xopHem xapakre-
puctayeckoro ypasHeHus (14) sBasieTcs TaKKe COMpRIKEeHHOe C A yuc-

710 A. BMeCTO KOMIJIEKCHBIX uacTHmX pewenuis X® (f) u XM (f) cue-
Ayer BaaTe JeiicrBuTensubie wactHee pewetns X{ ()=Re XM (9 n
X® (y=1m X® ().
MMpumep ll. Halitu obuee pewenne cucTembl
x1 () =x14 %3,
&g (f) = —2x; 4 3xp.
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« XapaxTepHcTHueCKoe ypaBHeHHe
1—a 1
—2 3—Ai
HMeeT KOMILIEKCHO CONpsKeHHble KOpHH Aj o =2 4 i. M naxomzienns

€Oo6CTBEHHOTO BEKTOPa, COOTEETCTBYIOMIETO KOpHIO A=2-}i, moayuaem
CHCTEMY )

=0

(—l——i) y(h) K _0
""—}-(l i) y(k)

Ionaras y‘1}"’=l, HaXOIHM yg =1+i, T. €.

Y""_———<1_IH) 'Y X‘”(I)=(1_:_i)e(’+f)t.

OT1ciopa napa HeHCTBHTENbHEIX UaCTHHIX pelleHHH MMeeT CJeAyIOmui BHM

X 1 aiit ) €2 cos ¢ B
(t)—Re(( -}-i)e( )=\ e (cost—sint))
: cost ) o3t
cos t—sin? i
Ay 1 24t e?sin ¢ _
Az (t)_lm((l—i—t)e( +l et (cost-sint) )

sint af
= e,
cos t-sin &
Oxonyartenrno (cM. gopmyay (15)) nonyuaem ofiuee pemneHue

_ cos ¢ ot sint ot
X(t)—cl(cost—sint)e +C2(cost+sint)e o
. ( Cycost4Cysint )

Il

(Ci+Cp)cost+(C;—Cy)sint et p

B) A—Kopenb KpatHocTH r==2. CooTBeTcTByIOLIE 3TOMY KOPHIO
peweHne cucremnl (13) Huiercs B BHJle BEKTOpa
a(1)+a(2)t+ S afDr-1
@) Myp—
X(M(t)'—' az +Q’. 4ot aytr-? oM, (16)

(1) (2)1-}- _}_a(r)t,. -1

K03hHIHEHTEl KOTOPOro oei“, i=1, ..., n; j=1, ..., r, onpeneasiorcs
M3 CHCTeMbl JIHHEfHBIX ypaBHEHHMIl, NoNyualouweics HPHPABHUBAHHCM KO-
9()pHLLHEHTOB NpPU ONMHAKOBLIX CTENEHAX ¢ B pe3yabTaTe MNOJCTAHOBKH
pextopa (16) B mcxoanywo cucremy (13).

ITpumep 12. HaiiTh ofuiee pelieHne CHCTEMLI

Xy () =2x,—x,
X, (£) =4x;+6x,.
«§ XapaxTepucTiuecKoe ypaBHeHHe

2—2
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uMeeT KopeHb A=4 kparHoct# r=2. [TosTOMYy HIEM peleHHe CHUCTEMBI
B BHJE
) g 4Pt
X t=("1( >=( 1 st
@ xs (2) oz Bot
FloacTaBisieM 3TO BbipaXKeHHe B HCXOJHYIO CHCTEMY W COKpaiiaeM Ha edf.
&) ( ) (Bl) <2a1‘—az > (251‘—462)
4 4 i.
(be) e ()2 (Be) = rom,) + G o
TlpupasunBas KoS(UIHEHTH MPH OAUHAKOBLIX CTeMeHAx f, moaydaem:

B1+20u+ az=0,
[52—4051—2053:0,

28;+ B =0,
—2Ba—4B1 =0.
TMoaarasn a;=Cj u f§i=C,, nveeM Py =—2C; # oty =—2C;—C,. Takum

06pa3om, obulee peiueHne CHCTEMBI HMEeT BHA

XO=x0O=(_ oeicn oc) o »

Pewiuth caenyiouide cucteMbl JHHeHHbIX AuddepeHinuann-
HBIX YpPaBHEHHMH 'C MOCTOSHHBIMM Kod(pduuuentamu. Tawm, rae
JlaHBl Haya/ibHble YCJIOBHS, KPOMe OOLIero pelueHus, HaUTH
coomemmyrouwe YacTHOe pelleHHe:

9.431. x=y, y=—2x-+3y.

9.432, Jé=x-1—3y. J=——x+5y, x(0)=3, yO)=1.

9.433. x=3x—2y, y=4dx+T7y, x(0)=1, y(0)=0.

9.434. x=2xr—5y, y=>5x—6y.

9.435. x=x—4y, y=x—3y.

9.436. x_—x+2y, y——2x——5y, x(0)=0, y()=1.

9.437. x=y, y=z z=x, xO0)=y0)=z(@)=1.

9.438. x=y-t+2z, y=2z+x z=x+y,
x(0)=y(0)=2, 2(0)=-—1.

9.439. x=x—2y—z, Yy=—x+y+z z=x—z

9.440. x=>5x+2y—3z, y=4x+ 5y—dz,
z=06x+4y—4z.

5. Jluneiinnte HeonuopopHbie cHcTeMmsl. HopmanbHaa suueiiHan HeoA-
HOpo/iHaA cHcTeMa AudxpepeHUUATbHBIX yPaBHEHHH UMeeT BUL

5‘1=a11 (t) xi4-ars (£) xa -+ oo 4 ain (1) Xu+Fo (B),
Xy =gy () Xi+asa ({) X2+ . . +a2n () Xa+F2 (1),

........ o e e 2 o 0 L A )

Xn —anl (t) x1+an2 (t) x2+ e +arm ([) xn+fn (’)-

(17)
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rae RO KpaiiHei Mepe ofHa M3 ¢ynxunit fp(f) He paBHa TO)KI(GCTB&HHO
Hyao. B marpuunoi dopme cucrema (17) umeer BHA

X@O=A@) X @O+F @), (18)

rae F(@)=(f1(2), fa(®), --vy [u (#)T. Hnurerpuposanne cucremn (17)
MOM{HO NPOBOIMTb METOAOM MCKJOuYeHHs (CM. npumep 3), OAHAaKQ MHOTAA
NpeANnoUTHTEbHee HalTH NpeABapHTeabHO pemenne Xg (f) COOTBETCTBY-
omeit (18) oxnoponnoit cucreMsl

X()=A@®) X (19)

W Kakoe-1n6o uacthoe pewenne X (f) cuctemb (18). Torna ofuiee pewe-
HHE CHCTEMbl (18) umeer BuA

- X (1)=2X, () +X (). (20)

Ecnu nsBectHa byHJamenTanbHast cucreMa Xy (¢), k=1, 2, ..., n,

peiennit ojnopoanon cuctemnl (19), To ofiiee pewenue X (f) MOxHO
HalTH METOUOM BapHAlMH NPOH3BOAbILIX NocToslHbIX. VimenHo, nonaras

n
X(t)y= 2 Cp(t) X (1), @1
k=1
onpenensieM dynxwun Cp (f) noacranoskoit (21) B cucremy (18). Yunthi-
Basi IPX 3TOM PaBEHCTBA
Xp— AWM X (1)=0, k=1,2, ..., n,

DPUXOAHM K CHCTEME ypaBHEHHH OTHOCHTENbHO Cr(1):
n
2 Ce() Xp()=F (1). (22)
k=1

Hsa atoit cucremer naxopnm Cy (1) = @p (1) ¥, MHTETpUpYs, NonyyaeM HyHK-

nuu Cp (f) ¢ TO"HOCTBIO R0 NPOM3BOJBHHIX MOCTOSHAEBIX. [loncTaBasa ux

B (21), nonyuaem nckomoe ofiee pelleHHe HeOAHOPOAHOH cHcTembl (18).
Ilpumep 13. 3nan QynaaMeHTANEHYIO CHCTEMY penienHi

X, (t)= ( }) e, Xy (l)= ( 5)et
ORHOPOAHOI CHCTEME! ~ B
x3=6x1+xy,
X3 = Bxy 4 2%,
HaiTH obmee peluenne HeOAHGPOAHOH CHCTEMBI
J}1=6xl+x2+t,
Xo =5y 5 2%, 4 1.
«f BocrnonibayeMcs MeTOAOM BapHauMM NPOHSBOJBRLIX MOCTOSAHHLIX. Jlist
¢byHKDRH C1 () u C,(f) cocraBuM cucreMy suia (22)

Cl(z)< 1 )e7t+C‘2(t) <—51)et=< '; )

Goy=2FL e, &=ttt

Haiina
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H DPOHHTErpHPOBaB, TOHYUHM - -
(544 2 -t gy (=L to-1
Cl(t)——<42f+279)8 +C1, Cg (t)—'a- te —l—Cg-

Takim o6pagoM, ofilee pemenne CHCTEMb 3aNMIICTCH B BHJE

so=(-(ed)mre) () (hersa) ()
2\

-a(t)era( e 2>
7 49/

Eesn Kos(puirenTr a; (1) cuctemn (17) nocrosun, 1. €. a;;(¢)=a; ;,
I, j=1, ..., n, a pyukuuy f; () UMeIOT BUA NPOH3BENEHHIT

(P () cos Bt-+ Q (2)'sin B1) e, (23)

rae P (f) n Q (f)—mHorousent:, To 4acTHOe peLieHHe )?(t) MOXKHO HalTH

MeTOLOM heonpejieleHHBIX Kos(pdnunenTos, 3anucas X (f) B Bule, aHazno-
ruyHoM (23), C yueToM COBNaJleHHsi WM NeCOBNAJeHMA uncea o + iff
C KODHAMHM XapaKTepHCTHYECKOTO ypaBHEHHUS.

Cnepyer WMeTb B BHLY, 4TO ecau k—HanGoabuiasi cTeneHb MHOTO-
unenoB P (1) m Q(f) B (23) n A=o0a-} i —xopeHb KpaTHOCTH 7 Xapax-
TEPUCTHYECKOrO YpaBHeHHs, TO uacTHoe pewenne X (I) nwercas B buje

RPTLAARE S PP SR L VA PR
X (f)=Re/| tr-1 Yzoth“—i‘ ?211”+ <+ Ve, k+1 oM

011‘+]+'\7mt”+ ‘l‘Yn,k+1

Npumep 14. Haiitn vacruoe pewenne chHcremsi

E 3
X =—1xy412
X2=x1+ei.
—A —1
«f Tak KaKk XapaKTepnCTHMECKOE ypaBHeHMe 1 2 =0 umeer KOpHH

A, 2= 1 i, MM YACTHOE PeMIEHME CHCTEMH B BHAE CYMME MHOIOMACHA
BTOPOI- CTenenn i QyHKUWH BHAA Det:

x1=Alt2+Blt+C1+Dlet, XZ—A212+Bgt+C2+szt.
nO}lCT}aBJIﬁﬁ 9TH (QYHKUHH B 33JaHHYIO CHCTeMYy, NOJYYHM paBeHCTBA
24y By Dyét = — Ayt®— Byt — Cy— Dyet -2,
94yl + By Dyet = Ay (2 Byt -+ Cy -+ Dyt ¢t

MNpupapuyBasg KoshEHuyeHTH NPH OLMHAKOBHX CTENeHsiX ¢ ¥ NpH ef, no-
JYudM CHCTEMY

24,=— By, By=—C,, Di=—D,, 1—A;=0,
24, =By, B,=Cy, D,=D,+1, A1=0.
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Otciozfa Alsz=C1=0, A3= 1, Bl=2, Cg=——2, D3=l/2. D1=—l/2.
‘W HCKOMO€ YacTHOe pelleHHe HMeeT BHUJ

xi=2t——;— et,

—2—{—% et. p
IIpumep 15. Haiitu obiee peiweHHe CHCTEMH
X(t)y=AX (t)+F (1),

rEe A=(? _l) n F=<t;;l)e‘".
« XapakTepHcTHuecKoe ypaBHeHUe
2 A —1|_
1 4—0
HMeerT Kopelb A=23 KparHoctH 2. O6miee pelueHue ORHOPORHOH CHCTEMB

at+B ot

nuieM B Buae X, (H)= - 6) NOJCTaBHB KOTOpPOE B ORHOPOAHYIO:

A—6A4-8+1=(A—3)2=0

CHCTeMY M COKpaulasi Ha e3' HMeeM

(o) H(s)=(0 73) (G3%):
[Moayuum cuctemy

3 (at+p)+p =2 (at+B)—(vt4-9),
3(yt46)4-0=at+p+4(ytt0),

M3 KOTOPOW cJegyeT /[Ba He3aBHCHMbIX COOTHOMWEHHA O == — y H
ﬁ-|—oc = —6. I'lonaraﬂ a=C; u fB=C,; wuveeMm y=—C; #n
6=— Cl —_ Cz, T. e.

_ CitH-Cy > st
. X“""<—~clt—(cl+cn e

Tak xak F (f) conepxut muoxureab e, mpuuem A=3 —kopetus Kapak-
TePHUCTHYECKOrO0 YpPaBHEHHA KPAaTHOCTH 2, TO HIICM YacTHOe peLUeHue
B BHfe

X(‘)=t A1t2+31t+Dl e3t — A1t3+Bltz+Dit eat
Ayt L Byt 1D, Agt 4 Byt? 4 Dyt

: A+ B
2 1 L) o3t
(a He B Buie | (A,t—}—Bz)e )
Moacrasus X (f) B 3aJaHHYIO0 CHCTEMY M COKpaTHB Ha e¥, mosyuaem

MaTpPHYHOEe DaBEHCTBO

AL -Byl* 4Dt | (32 4-2B,0 4Dy
AptS - Byt2 |- Dyt 34542 2Byt Dy ) T

(2 —1\ [Af34By* 4 Dyt f4 1
=\t 4)\pyByring) T 2 )
‘KOTOPOC MOXKHO 3anucats B BuUle paBeHCTB

Alt3+ Blt2+Dlt+3A1t2+QBlt +D]_ = _A2t3_82t2__th+ t+l,
— Ay f3— Byt?— Dyt + 3Agi3 2Byt + Dy = Ayt Byt 4Dyt 42t
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CpapHnBas Ko3(hGHUNEHTH NPH OLMHAKOBHIX CTeNeHsiX f, NONyYaeM Cu-
€TeMy YpaBHeHuH a

A1+A2=0) A1+A2=07
B1+4-34;+B,=0, B;+B;—34,=0,
D;3+2Bi+D,=1, Dy+Dy—2By =—2,

D1= y D2=0

Haxomum Dy =1, D=0, B;=0, By =3/2, A;=—1/2, A;=1/2. Cue-
JOBaTeJILHO,
) —% 241
[} X (i) =t ) 3 831,
— 2 =
5 124 5 t
W HCKOMOe ofllee pellleHMe 3aMMIIETCS B BUAE

. C11+C2——;-t3+t
X=X 0+X ()= L e
—Ct— (CiHC) o B

Hafitn pewenns cieLyiomuX CHCTeM ypaBHEHHH:

9.441. x=3x—2y+1t, y=3x—4y.

9.442. x=x—1y, y-x—i—y-i—e'

9.443. x—5x—3y+te” y=3x—y-+e.

9.444. x=Xx-}y—cost, )= —2x—y-+sint 4 cost.

9.445. x-y—{— tgrt—1, y=—x-+tgt.

£ 9.446%, x=2x+ 3y, y=4x—2y.

9.447*. BemwectBo A pasnaraercs ua asa BeulectBa P u Q.
CKOpOCTb 06PAa30BaHMA KAXKJOTO H3 HHUX MPONOPLHOHAJIbHA
Mmacce Hepasjoxupulerocs emectBa A. Hafitu 3akonnr nzme-
HeHHs Macc x U y BemecTB P W Q B 3aBUCUMOCTH OT Bpe-

MEHH ‘1, ECJIH ‘yepes3 yac nocJie HauaJa mnpounecca pas3isoxeHus

a 3a
x = —- y = —g- , The a—mpsonaqanbﬂaﬂ mMaccCa BelleCTBa A

9.448*. MarepuasibHasi TOYKa Macchl /M OPHTACHBAETCs
nedTpom O ¢ CHJIOH, NPONOPUHOHAIBHONH paccrosauuio. JiBu-
MEHUC Hauuuaercs M3 ToukH A Ha PaccTosIHMM @ OT LEHTpa
C HayasJbHOH CKOPOCTBIO Uy, NEPNEeHJHKYJAAPHOH K OTPesKy
OA. HaiiTi TpaexTOpHIO ABHKEHHS.

§ 4. JaeMeHTHI TeOpUH YCTOHYHBOCTH

1. OcHoBrble nousTua. IIycTh 3ajana nopmajibnasi cucreMa Aug-
depeHIHANLILIX Y PaBlenuiT
\ a(O)=F1(t, x1, Xas -o0s ),

"J (t) f2 (t xlx *2: ceee x,,), (})

xn O =Fu @, x1i, Xgs «evy X5)
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¢ HavalbHLIMH YCJIOBHAMH B TOuke fy. Pemenune Xy (f)=(95i(¢), +..
I (t))T cHcTeMbt (1) HaspiBaeTcst yemoduusoin no Jlanyuosy, ecnu Ans
mo6oro € > 0 Haiigercss Takoe &8(g) >0, uro A BCAKOro pelileHHs
X)) =1 (), evv, Xp (1)) T Toit e cuCTEMEI, 3HAYEHH ST KOTOPOTO B TOUKS o
YAOBJIETBOPSAIOT HEPaBEHCTBAM

- | %; (to) — @i (o) | < 8 (e), i=1,2...,n (2)
s Bcex { > f, cnpaBejJIHBbl HEPaBeHCTBA
|x[(t)—(Pi(t)|<8, i=l: 2. ceey No (3)

Ecau ke mpu ckosib yrofHo MaaoM 6 > 0 xors Gul Ijisi ORHOTO pe-
wenust X (f) HepaBeHCTBa (3) He BBHINOJHAIOTCHA, TO peueHue X, (f) Ha3bl-
BAETCH HEYCMOLHUBLIM.

Ecan pemenne X, (f) He TOJIBKO YCTOHYHBO, HO, KpOMe TOrO, npH
yciaoBu# (2) yROBNETBOPSAET COOTHOLIEHHIO

lim |x(#)—@;(0)]|=0, i=1,2 ...,n,
t—> 4+ ®

TO 3TO peIleHHE Ha3bIBAeTCH ACUMNMOMUYECKU YCMOLUUBOIM.

[Tpumep 1. Hccneposate Ha ycToHuMBOCTH penexHe JHddepen-
HANBHOTO ypa‘BHeHuﬂ x=ax (@ € R), onpejieifieMoe HavaNbHBIM YCHO-
BHeM X (£)) =Cy
 Ecin a # 0 To peLiIeHHE -HMEEeT BHJ

%o (£) = Cpettt=to,

[Mycts x (t) =Ce%t—1) —npon3BosbHOE pelieHne 3TOro- -ypaBHeHus,
ynosaersopsioiee ycaosuio | C—Cy| < 6=e. Toraa npu a < 0 nmony-
vaem )

|x(t)—xn(t)|=|cea(f—to)_coea(t-tn)l=ea(t—t,)lC_Co| <e,
OTKYAA
lim |x(t)—xo(t)|=|C—Co| lim e%(~t) =,
t— >+ ®

T. €. pelleHHe acCHMINTOTUYECKH YCTOMYHMBO.
Mpu a >0
L () —xo (6) | =e 2 =1 | C—Cy |
MOMKeT ObiThb CKOJIb YrOAHO GOJIBLIMM YHCJOM MPH AOCTATOYHO Gom.mux t.
3uaunr, npu a > 0 pewenne HeycToH4HBO.

Ecnu a =0, 10 pemenue umeer BHA X, (t)_Co
Jansa sesikoro pewenus x (¢)=C c ycaosuem |C—GCy | < 6—8 HMeeM

[x()—x () |=|C—Cy| < &.
Ho
) lim lx(_l)—xo(i)|=|C—C.,|;é0,

a nOTOMY peilleHHe YCTOMYHBO, HO He aCUMITOTHHECKH: YCTOH4HBO. P

HccnenoBaiue Ha yCTOHYKBOCTB peiueHus X (t) cuctemst (1) moxer
6BITb CBEICHO K MCCJEJOBAHMIO HA YCTOHYHBOCTH TPHBHAJBLHOrO (HyJ/eBOro)
pelleH s — MO4KY NOKOA HEKOTOPO# CHCTeMb, aHaJsoruuHOi cucreme (1)
(cm. -3azauy 9.454).

HcenienoBath Ha yCTORYHBOCTD pelleHUs CREAYOWHAX YPaB-
HeHHH M CHCTEM ' ypaBHEHHUH:
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9.449. x=1(x—1), x(0)=1. 9.450. x=1—1, x(0)=—1.

9451 x=x+y, y=x—y;, x(0)=y(0)=0

9.452. x——2x—3y, y=x+y, x(0)=y(0)=0

9.453. x=ax—y, Y=oy—z, z=0az—Ax;
x(O)——J(O)=z(0)= » a€R.

9.454*, Hanucatp cuctemy nuddepeHunanbibix ypasHe-
HUH, UCCe]0BaHNe Ha YCTOHYMBOCTb TOYKHM INOKOSI KOTODOH
PaBHOCHJIBHO UCCJIELOBAHMIO HA YCTOHYHMBOCTb pelieHus X, (f)
cucremsl (1).

9.455. CpopmynnpoBaTh  onpejesieHusi  YCTOHYHBCCTH,
aCHMINTOTHYECKOH YCTOHYMBOCTH H HEYCTOHUMBOCTH AJIS TOUKH
MOKOSI CHCTeMBl AM(hepeHUaNbHEIX YPaBHEHNH.

2. Nipocteiiluke Tunbkl TodeX noxosm. [lna uccnenoBanmus na ycroii-
YHBOCTH TOUKH MOKOA CHCTEMbI ABYX JHHENHBLIX OJHOPOAHBIX AudepeH-
HHAJbHBIX YPaBUEHuIl C NOCTOSIHHEIMU KOS((pHIHENTaMH

X=ayx -+ a1y,
Y =a93X-} as0Y,

i Gy

- £0
Qa1 Q2o

» (4)

Ha)l0 COCTABHTb XapaKTePUCTHUECKOE ypaBHEHHE
. an —A

2% (gl A A —
8ai Gga— ) =M —(a51-| 022)7_» [-A=0

¥ naiiTn ero xopnu A; n Ap.' B Tabanue 4.1 npueesena Kaaccndukanns
TOYeH RNOKOA cHCTeMH (4) B 32BHCHMOCTH OT KOpHeH A, AQ XapaKrepu-
CTH'ECKOTO YpaBHeHns.

IIpumep 2. OnpenenuTs xapaxTep H HeenelonaTh ha ycToiiny-
BOCTb TOWKY NOKOf CHCTEMbI

x=—2x+ay,
. y=x+y
B 3aBMCHMOCTH OT NapameTpa a (o # —2).
@ XapaxTepucTuveckoe ypaBHenne

—2—7 a |_., e Loy —
N S e e A

HMeeT KOpHH 7»1,2———-:l: ]/9+4a Hccnenys nosejenue -kepheit

A1, Mg B 3aBHCUMOCTH OT napameTpa Q H HCTONb3Yysl Janhple Tabanibl
4.1, nonyuaem: ; L
v eca o < —9/4 (kopmu xomnﬂexcnue, Re Mg, o < 0)—ycroituupsiii

‘Poxyc;
ecat —9/4<<a <— —2 (KOpHH }.LeHCTBHTEJ]be]e H OTpHilaTesibubie) —

yETOHUMBLIA y3eu;
i, BCAM —2-< @ (KOPHH J1e11CTBmeJ1bub1e M PpasHbIX 3HAKOB)—CeJlIO,

TOWRZ ToKoa heycrofiuna. B>
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Ta6auua 4.1

Kopuu A, A,

XapaxkTep TOUKH MOKOS

Ycro#iynsoctn
TOYKH MOKOHA

Heiictautens-{ A; < 0, Ycmoduusoud yaea AcumnToTH-
HbIE: A2 <O qecku
MA 2 % ycroityuBa
A > 0,1 Heycmoduuesii yser Heycroii-
Az >0 Yusa
Ai > 0,] Cedao Heycrtofun-
2 <0 Ba
*—/
\_/
) =
C——
Komnaekc- |a < 0, |¥cmoduusod gokyc AcumnToTH-
Hoble B#0 YecKu
M=—atip ycToityusa
A.z =0 — lB &
a >0, | Heycmoduussui goxyc Heycroituu-
B #£0 Ba
a=0, |leump Ycrodyupa
B 0 -

L’@
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Ta6auna 4.1 (nporomuente)

+Kopumn'A;, A, XapaKkTep TOUKH NOXOs };gzﬁﬂ“?]gﬁg?
Heticteatens- | A < 0 | Yemoduuendi ysea AeumnToTn-
HHIA, KparT- - YECKH
_HocTh 2t \ ycTofiunpa
Ai=hy=A
ey
A >0 | Heycrmodiuueoui ysea Heycro#un-

Ba

'OnpenesnTb XapakTep TOYEK NMOKOR CJAEAYIOWUX CHCTEM:
9.456. x=x+ 2y, y=-—3x+y
9.457. x=—2x —[—-é- Y, y=—2x +% y.
9.458. x——x+3y, y=—2x+2y.
9.459. x--—y, y=x—2y.
9.460. x=—6x—>5y, y=—2x—5y.
9.461. x=—x+2y, y=—2x—>5y.

Onpene.rm'rb l'lpﬂ KaKHX 3HAYC€HHAX IIapaMeTpa a TOYKa
MOKO# CHCTEMbI YC’IOH'-lMBa

9.462. X =ox— Y, Yy=x-+2y.

9.463. x——3xtay, §——axty.
9.464*. HccaenoBath Ha ycTOHUMBOCTb YypaBHEHHE YMpPY-
rux xKonebGanuit

X+2x+4+px=0  (a>0).

9.465*. IlycTb 3ajana cucrema n JMHeHHBIX AnbdepeHIn-
aJbHLIX YPaBHEHHH € MOCTOSHHbIMM KO3pdHLHEeHTaMu

x,—zla,,x,, i=1,2 ..., n
l_.
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JloxasaTh, 4TO ec/M. BCe KOPHH XapaKTepHCTHYECKOrO ypas-
HEHHUS 3TOH CHCTEMbI HMEIOT OTPHUATEJbHYIO NEeHCTBHTE/b-
HYIO 4acTh, TO TOYKA NOKOS CHCTEMBI aCHMITOTHUYECKH YyCTOH-
unBa. Ecan xe xoTs Obl OAHH H3 KOpHeil XapaKTepHCTH-
YECKOr'O ypaBHEHHS HMeeT IOJIOKHTENbHYIO AeHCTBUTEIbHYIO
YacTh, TO TOYKA HOKOSI HEYCTOHYMBA.

Hcnoansys pesynabtat 3agaun 9.465, uccnenoBartb Ha yc-
TOHYHBOCTD TOYKY MOKOSl KaX<IOH H3 CJCAYIOLUX CHCTEM!

9.466. x=2x, y=23x+2y, é——-—;c—y—z.
9.467. x=—2x—y, y=x—2y, z=x+3y—az.

3. Meton ¢ynkumii Jianysosa. 3TOT MeTOJ B IIDUMEHEHHH K aBToO-
HOMHO# cHcTeMe *

J.‘l.=f1(xlv"'v xn)"
)

Xn="Fn (%1, -e0y %5),

ree ;i (0, ..., 0)=0, {=1, 2, ..., n, COCTOMT B HeNOCPEACTBEHHOM
HCCACOBAHHH YCTOHYMBOCTH €e TOYKH MOKOSl MPH IMOMOIH MOAXOMAUMM
oGpasom nopo6panHoit gynkyuu Janynosa V (xy, ..., Xp).

Bepubt cienytomue teopems! JIsnmyHoBa:

Teopema 1 (06 ycrofiuuBoctH). Ecau cywecmsyem Oupepertju-

pyemas Gynxyus V(xy, ..., X,), y0081em8opAOUAR 8 OKPeCcmHOCHL
HAYaAQ KOOPOUHAM CACOY UM . YCAOBILAM:
a) V(xg, +.., %,)=0, npuvesm V=0 auwe npu xy=...=x,=0;

o dt 2 Ox; fi (21, vovy 25)<<O,

mo mouxa nokos cucmemet (5) ycmoduusa.
Teopema 2 (06 acumnroTHyecko# ycroftuusoctu). Ecau cywecn-

syem Ougppeperyupyeman ynxyus V (X5, «.., Xp), yaoe/zemsopmou;an
8 OKPeCIHOCMU HA4aNa KOOPOUHAM CAeDYIOUUM YCAOBUAM:

a) V(xi, oeey Xg) =0, npuvem V=0 sruwe npu xi=...=x,=0,
6) %: OV f, X1y «oey X)) <<0, npuuen %?:0 AUULS npU

Xi=...=Xp= 0
mo mo4ka nokos cucmemot (5) acumnmomuuecku ycmoduusa.

Teopema 3 (o Heycrofiuusocru). Ecau cyuwgecmsyem Ouggepen-
yupyeman @yaxyua V (xg, .., X), y0081emBOPAIOWAR 8 OKPECMHOCHLL
HAUara KOOPOUHAM YCAOBUAM:

a) V(,..., 0)=0 u cxoao yeodno 6ausko om nauara Icoopéuuam
umeromesn mourcu, 8 komopbix V (Xg, «ee, Xg) > 0;

6) dv = OV f, (X1y ooey X,) =0, npuuem —dz= 0 auwe npu
At dt
x1=...=_x =0

mo mouKka noxkoa cucmems. (5) wneycmotidusa.
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Mpumep 3. C nomowsio -¢pynkuuu Jisnynosa uccienosath Ha
YCTOHYHBOCTH TOUKY MOKOSI CHCTEMBI

éz_x‘i’.’/’
y=—23—x.
« B xauvectBe ¢ynkuum Jlanynosa BosbMem V=x2-}y2. Torna

% =2x (— x4 y)+ 2y (—24® —x) = —2 (x2+24*), u QyHKuUUA V BMecTe

Cc _dT YZOBJIETBOPAET YCJOBHAM TE€OPEMBI 2. 3HayHuT, TOYKA MOKOH CHC-

TeMbl aCHMITOTHYECKH ycToHuuBa. P
[Mpumep 4. Hccnenosarb Ha yCTOHUMBOCTH TOUKY HMOKOSI CHCTEMbl

x=x (24 cos x),
y=—y.
« Bossmem dyukumio V (x, y) =x*—y?% Torza fi_‘tl = 2x2 (24-cos x) -+

+ 242 =2 (2x24-y*4-x%cos x) = 2 <x2—|— 2x2 cos’%-{- yﬂ) >0 Bcioay,

KpOMe Hayana KoopAuHar. Kpome Toro, CKo/b yrofHo GIM3KO K Hauany
KOOPJAMHAT HaH1yTCA TOUYKH, B KOTOpwX V > 0 (Hanpuwmep,.BIONs Hpse
Mokt y=0 V=x? > 0). CrezoBaTe/bHO, BLIMOJHEHb! YCJIOBHS TeOpeMut 3,
M TOYKA MOKOS HeycTofuuBa. P
O6uiero -MeToAa ImocTpoeHHs ¢yHknuA JlanyHoBa He CyluecTByer.
B nmpocrefiinx caydasx ee chaelyeT HCKaTb B Buge: V =ax?-}- by¥,
V =axt4- by, V=ax?+ by*, noabGxpas- HaaNeKaUMM -06PaAZOM: TIOCTORN
Hoe.a >0 u b > 0. .
[Tpumep 5. HccrenoBaTs Ha yCTOHYHBOCTH TOHYKY- HOKOA~CHETOMSI
. 3
r=—x+5y+3x,

by — 1 2,3

y———x—§y—2x y2.
4 diyﬂxnmo JlanyHoBa GyAem wuckarte B Buge V=ax®{-by? a >0,
b > 0. Toraa umeem:
av__ g3 3 Y 2,8\
'Tit_Tan( x4 3 y-+3xy )—i—?by( £ 3_—2xy >_

- (2ax2 +- % byz) 4 (g + 24%°) (3a—26)..

[Monaras b=% a, HONyduM, 4TO (;—'t/=—-a(2x2—|—y2)<0 APd BCAKOM

a> 0. Hs T€OpPEeMbI 2 BBITEKaeT, YTO TOUKA (OKOA CHUCTEMbI- ACHMATOTH-
yeckd ycroftuusa. P

HcenenoBaTh Ha yCTOAYMBOCTb TOYKH MOKOS CJIEAYIOHIMX
CHCTEM: T

9.468. x=—x—y—x'—y, y=x—y-+xy.

9.469. kx=y+1x%, y=—x+y"

8 roa pem. A. B. Edumosa, B. [1. Hemumosusa 118



9.470. x=xy*, y=—x'y.

9471, x="y+x°, y=x+yt. .
9.472. x=y+ x*y* —% X, y=—2x— 2x3y-——;— v
9.473. x=—2x+ 4xy?, y=y-+2x%y.

4. ¥YcroiiynocTb N0 nepsomy npubauxenuto. IlpeanonoxuM, uro
npapbie yacTd cuctemul (5), T. e. QYHKHBH f; (X1, ..., %,),i=1,2, ..., n,
angdepeHnpyeMbl B Hauase KOODAMHAT JOCTaTOYHOE YHCJIO pa3. Pasio-
HuM nx no ¢opmyae Teilopa B OKPeCTHOCTH Hauana KOOPAHHAT:

n
fi (X, covy x5)= 2 aijxj""Fi (X15 o5 0y Xn),
i=1

of; (0, ..., 0)
Ox;
CUTeNBHO Xg, ..., Xp. TOrAa MCXofHas cucrema (5) Moxer GbiTb 3anu-

cana B BHJE

rae a;]= , @ Fi—‘NIEHbl BTOPOTO TNMOPSAAK3 MAAOCTH OTHO-

n
. Xy = 421 al'ij—!—F] (x1 ... xn),
j=

9 e e e & s e e e o s e e 4

n
Xp= 2 a,,jxj-}-F,, (xl v x,,).
i=1
PaccmoTpuM cnctemy

5“..___2‘1‘.].)(].’ i=‘, 2, veey Ry (6)

Ha3bIBAEMYI0 CHCTEMOH ypaBHEHHH nepsoco npubiuscerus AN cHCTeMBI (5).

CnpaBei/IHBO CJelylollee YTBEPXKJEHHE: €CNIH BCe KODHH XapakTe-
PHCTHYECKOTO YpaBHeHHs cucTeMsl (6) MMeIOT oOTpHIaTe/bHbie LEHCTBY-
TeJbHbIE YaCTH, TO TOYKa Nokos cucteMbl (6), a Takxe ucxonuoil cu-
creMbl (5) aCHMNTOTHYECKH YCTOHUMBA; €CAM XOTS Obl ONMH H3 KOpheil
XapaKTepHCTHUECKOro YypapHeHWs cucteMbl (6) HMeeT NOJOXKHIENbLHYIO
IEACTBHTEJbLHYIO 4aCTh, TO TOUYKa NOKosi cucremn (6) (4 cuctemsl (5))
HeyCTOHuHBA. ‘

[oBOpAT, 4TO B STHX CJAyuasiX BO3MOXHO HCC/EAOBaliMe CUCTeMh (5)
Had ycmodwueocmov no nepsomy npubausenuro. B ocTanbHLIX cayuasx
TaKOe HCCJENOBaHHe, BOOGUle FOBOPS, HEBO3MOXKHO, TaK KaK HAauMHAeT
CKa3blBaThCA. BAHSHUE YJIeHOB 2-TO MOpPSANKa MaJOCTH."

Mpumep 6. HccneloraTs Ha yCTOHYMBGCTL TOUKY [UKOSI CHCTEMLI

i=2x—:—8 sin y,
§=2—e% —3y—cos y.

«f Pasnaras ¢ynkunn siny, cosy, e* no ¢opmyae Tefiropa n Bhjenss
wiennl 1-r0 NOPSAKa MaJOCTH, MOXKEM NEPenHcaTh HCXOAHYIO CHCTeMY
B BH)le Y

x=2x-48y--Fi(x, v),
y=—x=3y--Fy(x, 1),
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rie Fj, Fy—unenst 2-ro mopsiika MajoCTH OTHOCHTENbHO x u -y. Coor-
BEeTCTBYIOMasl CHCTeMa YpaBHEHW! MepBoro MpuGauMKeHus Buja (6) 3am-
weTcs caefyiouumM 06pasom: ‘

x=2x-8y,
_l‘/ =—x—23y. _
Kopuu ee XapaKTepPUCTHYECKOTO YypaBHeHH AL, 2= _l+'lf7 AMEIOT

oTpUUaTe/ibHble  JefcTBHTesqbHbIe YacTH. CJIe1oBaTesbHO, TOYKA MOKON
9TOH, a Tak»Ke HCXOJHOH CHCTeM ycToluuBa. P» "

HccnenoBath Ha yCTOMYMBOCTL MO MePBOMY MPHGIuke-
HHIO TOYKH TMOKOS CJEAYIOUHX CHCTeM Au(depeHIHATbHBIK
ypaBHeHU H:

9.474. 3c=71—'(e"-—1)—9y, _1./=%x—siny.
9.475. x="5x+ycosy, y=3x+2y—yev.
9.476. x=Tr42siny, y=e*—3y—1.

9.477. fc=—%x—{-—é—sin2y, y=—y—2x.

9.478. x=In(4y+e %), y=2y—1+4 3/ T—6x.
9.479. x=e*+2—cos3x, y=} 4+ 8x—2.

9.480. [TokasaTb, 4TO HCCJIEOBaHHE HA YCTOAYUBOCTB IO
nepBoMy NpPUGIHKEHHIO TOUKH MOKOS CHCTEMBI

f=—4y—x, y=23—y

HeBo3MOXHO. IIpoBectd wHcciienoBanue MetomoM yHKIui
JInnyHoBa.

§ 5. YncaeHHoe HHTErpHPOBAHHE OOBIKHOBEHHBIX
auddepeHUHANBHBIX YpaBHEHHI

1. 3anasa Kowwu. 3ajaya HAXOKIEHUS UACTHOTO DeWeHUS y=y (k)
(y (xp) =Yo) RuddepeHunanbHoro ypasHewus y' =f(x, y), HaspiBaemas
3agave#t KomM, Moxer ObiTh NDHOIHMEHHO pelleHAa GHC/ACHHBIMH MeTo-
JaMH.

MeTox Diinepa. 3HaueHHs HCKOMOR (YHKUHH y=y (x) Ha OT-
peske [xg, X] naxomar mo dopmyane

Yeei=Ye+h-[(xr, yr), (1

THE Yo =1 (x0), %eri=%e+h (cu=X), k=0, 1, ..., n—1, gh=K=%0

(war). ITo 3amanHoft mnpenenbHOM .aGCOMIOTHOR MOrPEeWIHOCTH € Ha-
YanbHbldl [HAr BbMUCHEHuHl A yCTAHABNMBAIOT C IOMOWIBIO HEpaseH-
crBa h? < e. ' '
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MeTon Difinepa ¢ nTepanuamu. Jina BbiuncieHus 3suauc-
it yHKIHMB Y=y (x) NpUMCHTIOT DopmMyay

= Gope o+ G 03)), @

k=0,1,..., n—1, m=1,2,..., M,

0
rie y}¢.21=yk+1 Buuncasior no dgopmyae (1). INpu Kaxnom anavennu k
BLIYKMCJEHHS] NPOJOJKAIOTCH A0 BLINOJNHEHHS HepaBeHCTBA

| B <, ®

rne S—SQJiaIIHaﬂ npe;le.nbnaﬂ afcontoTHas NOrpeuinocCTs. Tlocne storo

NoJaraioT y;~+1—jk+1 M TEPEXOAAT K HAXOXKAEHHIO CAEYMLIETO 3Haue-
HHSL Ypyo HCKCMOH (ynxunu. Ecan nepaBencTBo (3) ne AocTHraercs, To
YMEHbINAOT 1ar i W BLIMOJNSIOT BCe BLIYHCJeHVs cHavana. [lo 3amannoit
npeaeattoil  aCconcTHON DOrpelHOCTH € HayaibHLIF 1War BHUMCAEHHH A
yCTanasnuBaIoT ¢ NOMOLLIO HepaeencTsa h? < €. Amocrepnopiiasi oleHKa
TOYHOCTH  BLINOJHAETCS NpH  nNomowy npasuaa Pynre — Pom6epra
(cM. HRMeE).

INpumep 1. PenmTs Meronom Smepa C HUTepauMsMH 3ajauy
l(oum Ha orpeske [0, 1] ana ypaerenss y' =2x—y ¢ HavyairMHM yc-
aoseM y=—1 npn x=0. llar Bu6GpaTh Tak, uTo6H YLORNETBOPAIOCH
nepasedcreo h3 < 0,01..
<gVcxons w3 nepasenctea h® < 0,01, BuCepem war Bunncaenuit h=0,2.

Toraa n—le-—S T1poeo/is BEUMCJCNMST € OADMM 3aNaclLIM 3HAKOM,
HAXOMIM IO Gormyne (1) snanenne
0 == —1-40,2(2:0—(—1)) = —0,800. -
Bepem wrepaiucHnyo oGpatorky yy no dopmyde (2):
W =—1 -1-33 (2:0—(—1) 20,2 —(—0,800)) == —0,780,

o =—1 +—§ (2-0—(—1)-2-0,2—(—0,780)) = —0,782,
g =— -.1-%3 (2:0—(—1)+2.0,2—(—0,782)) == —0,782.

Hony\raem 1y =—0,782.
Brmucasem no dopmysie (1) snavenne yy:
" =—0,782-1-0,2 (2-0,2— (—0,782)) = —0,546.
nj)OBOAHM' MTC[)BL\HOHHY]O 06paCoTKy:

Yy =—0, 782+—— (2:0,2—(— 0,782) -}- 2.0,4 — (— 0,546)) = — 0,529,
Y =—0 782—[-———(” 0,2—(— 0,782) -}- 2-0,4—(— 0,529)) = — 0,531,
Y =0, 732-;--;—‘. (2-0,2—(—0,782) - 2.0,4—(— 0,531)) = —0,531.

Tlonynaem ‘yg = —0,531. i
ARasCIRulo BHYNCIAE, HAROANHM Y3 == —0,283, y, = 0,047, y, = 0,366.
Oxpyrass A0 COTHX, noayuder yy=—I 00, y1=—0, 78, Yo = —0,53,
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ys=—0,25, y,=0,05, y;=0,37, HaiinenHrie -3HaueHUS Y; COBIAJAIOT
¢ ToyHocTbI0 0 10~2 CO 3HAYEHHSMH YaCTHOTO PEIleHHs Yy =e~% 4-2x—2
B COOTBETCTBYKIUX TouKax orpeska [0, 1]. p»

Metox PyHre—KyTTa. 3HaueHHs HCKOMOH QYHKUHH y=y (x)
Ha orpeske [¥,, X] HOCJeNOBATebHO HAXOAAT MO (GopMysaMm

‘ Ye+i=Yr+ Ay, k=0, 1, ..,, n—1, O]
.G .

1
Ayp=5 (41" +208 +205° + ),

k) _ " _p h ] 4§k)
g =h-f (s 9, 92 =h-F{ et 35 et )4

h (k)
0§,k’=h-f(xk+7. !/k+q—;‘ v g =hf (eprr, vp+qP),

X—
tpei=rth  (Ga=X), A==

[To sagaHHO¥! mpelesbHOi aGCOMIOTHON MOrpPelHOCTY € HaYadbHBI war
BHIYMC/IEHUA R YCTaHABJIMBAIOT C MOMOLILIO HepaBeHCTBa h* < e. Amocte-
PHOPHASA OlleHKA TOYHOCTH BHINOJHsETCH MO npasuiy Pynre—Pom6epra.

IpaBuao Pynre—Pom6epra. Ilycrs 4§ u 42 —suave-
HUSL HCKOMON (yHKUHMH, MOJyYeHHble OJHHM M3 YKa3aHHBIX BhLILIE METOAOB
NpU Warax BbIYHC/IEHHS A M 2h COOTBETCTBEHHO, a €—a3ajaHHasA - a6Cco-
JIOTHAS TNpejesbHAsg NOrpemHocTs. Torja CUMTaeTcs, 4TO JAOCTHIHYTA
3a/laHHAsA TOYHOCTb BBIYMC/IEHHH, €C/IH BHIOHAETCA HEPaBEHCTBO.

i
s |k —" | < e (5)

npu Bcex k ® mpu s=2, 3, 4 COOTBETCTBEHHO AAA MeTOAOB Jlsepa,
Stepa ¢ urepauuamu u Pynre—Kyrtra. Pemenuem sagaun ssasercs
“yHRUUSA {yf'zm}- . ‘

IMpumensas ykasaHHOe MNPABHUJO, MOCJELOBATEbHO BBIYHCASKT 3HA-
yeHust HCKOMOH (yHKUHMH ¢ maroM 2k M C WaroM A M CPAaBHHBAIOT MoAy-
yeHHbIe ‘pe3yJabTaTel o dopmyJae (5). BolumcieHuss 3akaHYMBAIOT, KOrAa
HepaBeHCTBO (5) BHIMOJHAETCA MpH BCeX k.

. IMpumep 2. Peuwnrr MmeromoM Pynre—Kyrra c TtouHOCTBIO g0
10-% sagawy Kowwn Ha orpeske [0, 0,6] nns ypasHenus ¢ =x-+4y
C HayasMbHHIM yciaoBHeM y=1 npu x =0. '

« Mcxons u3 mnepasencrsa ht < 0,001, Bni6upaem HayadbHuik miap
poyucnendit h=0,15. Torga n=4. [IpoBOAs BHIUHC/IEHHUA C OAHUM
BamacHbLIM 3HAKOM, HaxoAuM yi no dopmymaam (4): o

1
pi=1+48gy =1+ (0" +20"+ 25" +-4i"),
re ¢ =0,1500, ¢ =0,1725, ¢§=0,1742, ¢’ =0,1986. Hwmeeu:

gi=1 +% (0,15004-2.0,1725-2.0,17424-0,1986) = 1,1737.

Hanee,
1
vs=1,1737+ = (01 + 265" +-268" +4i"),s
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ree gi¥=0,1986, ¢V ==

TEeALHO,

Yo = x,1737+%

=0,2247, ¢3’ =

0,2267, g3’ =

Ananornyno Bhuncasiem yz;=1,6867 n y,=2,0443. S
YMeHBIIMM lar B ABa pasa, T. e. Bubepem h=0,075, Teneps n=8.

Haxonum y1

)

no gopmyaam (4):

""—l—l-Ay(,—1—|——(q(°’+2t7(°’+24‘°’-I-:iff’)=

0,2551.

Cnepopa-

(0,1986 1-2.0,2247 4 2.0,2267 4 0,2551) — 1,3098.

=1 "T (0,075 +2.0,0806 - 2-0,0808 - 0,0867) — 1,0808.

AHANOTHUHO HaXOAHM CCTa/ibHbE 3HaueHHs yg.
Pe3yJibTaTH BLIUMCIEHHI noMeinaeM B TaGauuy:

U?h) ”’(lh) y}fh’ _ ”;zh)
y:]zh) =1 J‘()’n =1 0
4 =1,0808
Y =1,1737| 4P =1,1737 0
4 — 1.2796
Y = 1,3998 "”_1 ,3997 0,0001
ys ’—=1,5350
Y =1,6867 y"“_l 6865 0,0001
¥ =1,8559
o2 =2,0443 | P =2, 0442 0,0001

OueBnano, uyTo JeBass uacTb HepameHcTBa (5) B JIaHHOM Clyuae He

npesocxoxut 0,00002. TMostomy g ¢ Tounoctsio zo 10~4 npencras-
JISIIOT HCKOMYIO (DYHKUHIO, T. €. BCe Hali/leHHble 3HaKH BepHbIe.

Meton Muana 3uauenuss uckomoil GyHKIMU y =y (X) Ha OTpe3Ke
[xy, X] nocnenoBaTenbHO HAXOAST 110 ABYM GOpMyJiaM:

(2 [ (¥k=3y Yh—3)—F (xp—2, Yp—-2)4-
+2f (vp- 1, Yr-1))s

Yr=Yxr- a+—(f (ko Uh-2)-F4F Chts ho)+F (th TR
X —x,

h= ,

n

!/h Yr-s +
)

k=4, 5, ..., “n, Xp=Xp-1-FN.

TlepBble ueThipe 3HAUEHHS Yq, Yi, Yo, Y3 JAOMXKHbI ChITb 3a3jabl, IS UerP
Y1, Y2, Y3 NPELBAPHTENLHO HaxoAAT Kakum-1u6o aApyrum merofom. [lpe.
JeNbHasi a0COMOTHAA FHOTPEWHOCTh & 3Havenus Yp DPHOHMCHHOFO
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pemeﬂﬂﬁ ofipeiesifieTCH paBeHCTBOM
3=— |9 —Yk . Y]

Npumep 3. Hcnonbsys nonyuennse npumepe 2 merosom Pynre—
KyTra aHaueHus Yy, Ys, Y3, HaliTH MeroioM MuiiHa 3HaueHHe yq.
4 Hueem y,=1, 0000; y, =1,0808, y=1,1737, y3=1,2796 u h=0,075.

Buuucanst y, u y, no popmyiam (6), momydaem:
=1 _|_4 -0, 075

(2 (0,075 1,0808) — (0,154 1,1737) 4
+2(0,225 4 1,2796)) == 1,3997,
ga=1, 1737+°—%((0 15-4-1,1737) 44 (0,225 - 1,2796) 4

+(0,3+41,3997)) = 1,3997.

[MockonbKy Y3—ys =0, u3 dopmynt (7) 3aKJiouaeM, 4TO B SHAUEHHH A
BCE 3HAaKU BepHble. P

B 3agauax 9.481—9.499 TpeGyeTcs HaliTH C TOYHOCTHIO HO
0,0001 pemenue nupdepeHnHaNbHOTO ypaBHeHHS |-ro nopsg-
Ka C YKa3aHHBIMH Ha4ya/bHBIMH YCJOBHSIMH Ha 3aJaHHOM
orpeske:

a) MeTolOM Jiinepa ¢ UTepaLUAMH,

6) meronom Pynre—KyTra,

B) MeTOJLOM Musnna.

9.481. y' = y(©0)=1, [0, 1].
9.482. y —2y=3e", y (0, 3)_1 415 [03 0,6].

9.483. y' = x+ 12, (0)—- [0, O
9.484. :_y—x2, y(l)—l [1, 2]

9.485. y = x4 4?, y(O)_027 [0, 1].
9.486. '+xy(1— y*) =0, y(O) 05 [0, 1].
9.487. y’—x‘——xy—l—y, y(0)= [O 1].
9.488. :—(Qy—x)/y, y(1)=2, [l,

9.489. y' =x*+xy+y*+1, (0) =0, [0 1].
9.490. y 4 y=x3, y(l)=—-l 9.

9.491. y'=xyt+e, y(O)-O [0, 0 I
9.492. ’.-2xy+x2 y(0)=0, [0, 0 ,5]-
9.493. 4’ =x+sinZ T y(O)—l, [0, 2].
9.494. y' =e*—y2, y(0)=0, [0, 0,4].

9.495. y'=2x+cosy, y(0)=0, [0, 0,1].

9.496. y' =x3+y2, y(0)=0,5, [0, 0,5].
9.497. y' =

9,498, y =yr-er—2y, (0)—1 [O 1]

9499,y =—1_ y)=0, [1, 2].
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B sapauax 9.500—9.502 coctasuTh Ha dopTpane noanpo-
rpaMMel pelienns andfepeHnnanbHOro ypaBHEBRHAA  y' =
= f (X, Y) YKa3aHHLIMM METOLaMH.

9.500. Merox Diinepa c urepanusamu. Ilapamerpu: F, X0,
Y0, H,"N, Y, rae F—nMa noanporpaMmbl-QyHKUMA JJIst
BBIYMC/IEHHS 3Hauenuit @ywkunn f(x,. y), X0—mnavanabHoe
3gaueHue aprymeHra, Y(O-—HauyasnbHoe 3HaueHne GyHKUUH,
H —miar Boiuucaenn#, N—uucso. 3HaueHuii uckomoit ¢yHk-
uud y=y(x), Y—maccuB pasmepa N 3HaueHH#l QyHKIWMH
y=yx). .

9.501. Metox Pyunre—Kyrra. Ilapamerpsi: F, X0, YO, H,
N, Y, EPS, rune H—mnavanpHnit war suiyucaennii, EPS —
3ajiaHHas npelejbHasi abCOMOTHAsl MOrPelHOCTb, BXOAHOH
napameTp; OCTaJbHbleé mapameTphl, Kak B 3amaue 9.500.

9.502. Metox Munna. [Tapamerpu: F, X0, H, N, Y, EPS,
raie EPS—nonyuennasa npu BhlUKC/IEHMSX NpejenbHas abco-
JIOTHAsi NOrpPelHoOCTb, BBHIXOAHOH napameTp, N-—uucno 3ua-
yeHM# HCKOMOH (YHKUWM, BKJouasi Hauaabroe. Ocrajbhbie
napameTpel, Kak B 3anaue 9.500. Ilepsbie yeThipe 3jeMeHTa
maccuBa Y JIO/DKHB GHIThb Onpene/neHnl nepej obpaileHueM
K NOANporpamme.

B sapauax 9.503—9.505 coctaBuThb Ha dopTpane npo-
rpammy pelieHus ofHoH M3 3anau 9.481—9.499, vcnoabsys
AJIsl 3TOrO OJHY M3 YKa3aHHHIX NOANPOrpamm.

9.503. I[lopnporpamma, noJsyuenHas B 3agauye 9.500.

9.504. Tlognporpamma, nosnyyeHHas B 3ajaue 9.501.

9.505. [lopnporpamma, noJyuyeHHass B 3ajaue 9.502.

Pa(ZCMOTPEHHb]e BbllI€ METOALI MOTYT 6bITh HCNOJAbLSOBaHLH NpPH pelie-
HUM 3ajauy Komu NS HOPManbROH. CHCTEMBl, ABYX AnddepenuHalbibix
ypabHenn#i l-ro nopaika u -Anst AnddepeHnHaNbHOTO ypaBHeHHs 2-T0
nopajka. v . i

Mpumep 4. Meronom Ditnepa ¢ UTepauHsaMH PelWwHTh 3agavy Kown
na orpeske [3, 4] ¢ TouHocTeo no 10-% ans ypaBrenus

— Y4y
y=—"t+z+!

npu HauaJbHHIX ycaoBuax y (3)=6, ¥’ (3)=3.
« Hcxons ns nepasencrsa h® < 0,01, BriGepem war Bunucaenni h=0,2.
Torna n=2=3—_5

raa n=-go-=>5.

TlpuBonuM ypaBHenne 2-r0 moOpsiKa K CHCTeMe ABYX YypaBHcUMH
1-ro mopsiiKa, BBeAs HOBYM GQYHKUHIO p=y':

2
p'=—%+—yx—+l=f(x, Y, p)l

Y=p=9¢x 9 p)
Hauanbubie YC/I0BHA AAS AaHHON cucTemb: y=6, p=3 npn x=3.
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Coxpansin OAMH 3anacHOM 8HaK, BHIYMCAMM 3HaueHRA QYHKUMil
p=p@) u y=y(x) B TouKax x;=3,2, x,=3,4, x3=3,6, x,=3,8,
x5 =4 no dopmyaam (1) n (2).

Tlpn x; =3,2 umeem:

. . '8 6
P{‘D:po‘l‘h'f("o’ Yor Po)=3+0,2 (‘?‘*‘?‘}'1 ) =3,133,
u” =Yo+h-9 (x5, Yo Po)=Yo+h-py=6+0,2-3=6,600,

h ,
Pil)=Po+'§' (f (xO’ .llo: p0)+f (xia yiO)s p(lm));—

=340, ((_-2-+3i2+1)+(—‘3é—f§_3+6—;323;9+1)):3,133,
(1)

h
A =to+5 @ 0o, Yoo p)+0 (i, 24”, p17)) =

=yo+% (9o +P®) =6-0,1 (3+3,133) =6,613.

TMoayuaem snavenust p;=3,133 u y;=6,613.
Tlpu x, =23,4 nmeem:
- 3,133 ; 6,613
PO = pukhef s, g i) =3133+02( R SO0 1) — 266,
y(20)=!/1+h’(l7(x1, Y1, p1)=y1+h”pl=65613+0)2'3)]33=71240)

0) 0)

pé"=‘p1+%(f 1, vi, pO)+F e, 487, p))=

: 3,133 6,613 3,266 | 7,240
=3,133+o,1( (_—37+-3’—22—+ I )+(_'W+T42'+ 1 )=3,266,

h
!/(21)=y1+—2' (@ (xi, 9i, P)+@ (xa, v, PP))=

=y,+_’2'- (p1—+p®) =6,613+0,1 (3,133 3,266) = 7,253.

Orciopa nonyyaeM 3HauenHs p,=3,266 n y,=7,253.
~ TlpoBeast PRaJOTHYHLIE BLIYMCJHEHHA NPH x3=3,6, x,=3,8 . u x;=4,
HAXOAHM o C
p3=3,399 y3=7,920,
pa=3,532, Ys=28,613,.
Ps = 3,665, Y =9,333.
Oxpyrass A0 COTHIX, NOAYuaeM OTBeT: y,=6,00, y;=6,61, y,=7,25,
Y3=7,92, ys=28,61, y;=9,33. pr

B sapasax 9.506—9.511 TpeGyercs HaliTH pélenne
CHCTEMBI ABYX AM(depeHIHaNbHEIX ypaBHeHH# 1-ro nopsigka
WIH pelleHHe AH(pepeHUHaJbHOTO YPaBHEHHA 2-TO MOPsjKa
¢ TOuHOCTbIO 0 1073 npy yKasaHHBIX HayaJibHbIX YCJOBHSX
Ha JaHHOM OTpes3Ke: .

2 ’ 222 .

9.506. y’=—x—, Z =x—(y—-—l)+27’ y(1)=0, 2(1)=%-,

[1, 2].
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19507, y'=(z—y)x, Z’=(@+ypx, yO=1, z(0)=1,
[0, 1].

9.508. y' =cos(y+22)+ 2, z’=x—+£2?+x+l, y(0) =
=1, z(0)=0,05, [0, 0,3].

9.509. y =e-V'+H 2y, =242, y(0)=0,5,
z(0)=1, [0, 0,3].

9.510. y"—y=e*, y(0)=0, y' (0)=0,5, [0, 1].

9511 ' —2y = —1, y ()= — 5. y' () =—4. [1,2].

9.512. CoctaBuTh Ha ¢opTpaHe MOANPOrPaMMY pelleHHs
metonoM Pynre —Kyrtra cucrembl AByx auddepeHiuasbHBIX
ypaBHeHHi#l l-ro nopsaka

Yy =f(x y 2),
ZI=(P(xi Y. 2)

C HaYaJbHBIMH YCJOBHAMH Y (X,) = Y,, 2 (X,) =2, Ha OTpe3ke
[%s» X]. MNapamerper F, FI, X0, Y0, Z0, H, N, Y, Z, EPS,
rie F u Fl—umena noanporpaMM-¢QyHKIUH#A AJsI BBIYUCTIEHUA
sHayeHuit .pynkuuit f(x, y, 2) u @ (x, y, 2), XO—HauanpHoe
3HaYeHHe apryMeHTa x=x,, YO0 u Z0—Hava/bHble 3HAYEeHUS
¢yuknui, H-—HavanbHell war Beiuucaenuit, N—uucno
3HAUEHUH HCKOMBIX GYHKIHH y=y(x) u z=2(), Y
U Z—MmaccuBel pa3Mepa N 3HauyeHu# QyHKuuit y=y(x)
u 2=2(x), EPS—sanaunas npenenbuasi abcomoTHas mno-
IPeLIHOCTbD.

9.513. Hcnonwayst noamporpamMmy, MOJyYeHHYIO npu pe-
wenun 3agaun 9.512 coctaBHTh Ha ¢opTpaHe nporpammy
pemenust oxHo# u3 3ajau 9.506—9.511.

2. Kpaesas 3ajnaya RJist JHHEHHOTO YypaBHEHUS. Kpaeaan 3afada AAf
auHeliHoro AudpdepeHIHaNBHOIO YpaBHEHHSA

y+p(x)y +q(x)y=f(x).

rie p(x), g(x) u f(x)—HeKkoTopble HenpepoiBHbie Ha ‘orpe3ke [a, 0]
(GyHKOHH, COCTOHT B HaXOMIEHHH €ro peuleHHs §= y(x). YAOB/IETBOPAT:
Lere IpaHUYHBIM YCJIOBHSM .

ey (a)+-a1y’ (a) =A.
Boy (0)+B1y’ (B) =

rae oy o, Po, Bi, A, B—nocrosmusie u oy ||| #0, [BoH—
+ | Bi] # 0. Ita 3anaua MoxerT ObiTb pELIEHA YHCICHHO METOAOM KOHEY-
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HRIX padHocTell, npuMenas KOTOpHIH 3HaueHMd QYHKUUH y =y (X) Haxo-
AT H3 CHCTEMH JMHeHHHX ypaBHeHuil (n-|1)-ro nopsaxka Bujaa:

—9 _
U= Vet Ve p ey Bl 4 gy =f o), @
k=0,1, ..., n—2,

QYo +a1‘y1;y0=z4, ( b—a
-
n
Boyn +ﬁly" y,, 1_B

€ n-}1 HEHSBECTHHIMH Yo, ¥i, +-+» Yn-
MNpumep 5. Pewnts xpaeByw 3ajauy ansa auddepeHnnanbHOr®

Y PpaBHEeHNA
Y +xly+2=0

€ TpanuubnimMu ycaosuamn y(—1)=0, y(1)=0 na orpeske [—I, 1]
METOJIOM KOHEUHEIX Pa3HOCTeH, pa3GHB STOT OTPE30K Ha YE€ThipE DAEHLI®
4acTH.

 Nmveem: n=4, h=0,5, y,=0, y,=0. CnenopatejnHo, TpeGyercs
BLIHCAHTL TP SHavenus y; =y (—0,5), yo =y (0) ys=y (0, 5) CocraBnsen
encremy (8), nomaras noouepepso k=0, 1,

k=0:
”L%ﬂ+x§y1+2=0, uan 4(ya—2yi+yo)+%yx=—2;
k=1: )
By iy, 190, wan 4 — 20t y) =—2;
k=2:
Y4—2ys+Ya

1
h +x3ys+2=0, mm 4 (!/4—2ya+!/2)+'4— yg=—2.

JoGaBnsis TpaHHUHBIE YCJAOBHS, TNOJydYaeM CJEAYIOILYI0 CHCTEMY NSTH
YPaBHEHMH OTHOCHTEJbHO NATH HEH3BECTHBIX Yo, Yi, Y2, Y3, Ya:

16y, — 31y, -+ 16y, =-—38,
2y;—4y,+ 2y, =—I1,
16y, —31ys 4 16y, =—8,
Yo =0,
y4=0.

Pemasa sty cucremy, Haxomum y,=0, y;=08, y,=1,05, y3=0,8,
Yy=0. p»

B sapauyax 9.514—9.519 Tpebyercs HaiiT pelueHue aud-
(dbepeHnnaNbHOTO ypPaBHEHHA 2-TO HOPSKAa C YKa3aHHBLIMH
rPaHHYHBIMH  YCJOBHSIMH METOJOM KOHEWHBbIX pa3HOCTEH,
pasOuB 3ajaHHBI OTPE30K Ha 1 paBHLIX YacTei.

9.514. xJ” xy—-3:c' J(I)—Q y(2)=9, |1, 2] n=4

9.515. Jc2 +xy —y=x% y(1)= 1,333, (3)_-
[1, 3], n=
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91.816. y'+xy'+y=2x;, yO)=1, y(1)=0, [0, 1],
n=10. :
9“517 Yy +ychx=0; y©0)=0, y2,2=1, [0, 2,2],
n=

9.518. y”—|—(x——1)y +3,125y=4x, y(0)=1, y(l)=
= 1,368, [0, 1], n

9.519. x”y"——2y O y(H—24"(H)=0, y(2)=4,5,
1, 2], n=5.

9.520. Hcnosb3ys no;mporpammy pelleHHst JIHHeHHOMH
CHCTEMBI ajire6pauyecKMX YpaBHEHHH, MOJYUYEHHYIO B 3a7au@

8.265, cocraBuTh Ha (OpTpaHe MpPOrpaMMmy peIUeHHs ORHOH
us 3anauy 9.514—9.519.
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Fnasa 10 .
BEKTOPHbIH AHAJIU3

‘§ 1. CxangpHbie U BekTOpHbiEe moast. I'papuent

1. TeomeTpHyecKne XapaKTePUCTHKH CKANAPHEIX M BEKTOPHBLIX NoJefi.
[Tycts D —o6aacTb B NPOCTPaHCTBE ABYX, TpexX MM n u3mepeHuit. Io-
BopsAT, uto B obnacth D 3anano ckaasproe nose, ecau B D 3apana
ckanaptias GyHKUHS TOUKH u (P)=u (xq, X, ..., X,) =u (), HasmBaemas
¢byuxunelt nons (r —pajnyc-BeKTop TOukH P (xy, xp, ..., x,)). Ecan
Kaxpoit Touke PED nocTapieH B COOTBETCTBHe BeKTop @ (P)=a (r), To
roBOpAT, uTO B OGaacTH D 3alaHO 6exmopHoe noie, onpelessieMoe BeK-
TopHo# dynkuuell a (P)=a (x1, x3, ..., x;)=a(r).

IlpocTefiluMMH  TeOMETPHYECKHMH  XapaKTEeDPHCTHKaMH  CKalsPHBIX
nosieil ABASOTCS AUHUL YPosHA U (x, Y)=C B NPOCTPaHCTBe ABYX H3Me-
PeHHH, nosepxHOCMU YPOBHA, WIH 3IKBUNOHMEHYUANbHbIE N0BEPXHOCMU,
u(x, Yy, 2)=C B NpPOCTPaHCTBe TPeX H3MepeHHH M aunepnosepxHocmu
yposHa u (x4, ..., x,)=C B mpocrpancree n > 3 usmepennii. Ilpocrei-
IUIMMH T€OMETPHYECKHMHM XAPaKTePHCTHKaMH BEKTOPHBIX TOJeil SBJARKIOTCH
BEKTOPHBIE JIMHHH M BEKTODHble TPYOKH. Bexmopuoi aunueid HashiBaercs
JMHMS, KacaTeJbHash K KOTOPOH B KaMJoN TouKke HMeET HanmpaBjieHHe €o-
OTBETCTBYIOMIETO €# BeKTOpa nosisA. BekTopnile JMHHH JUIs BeKTOp-
HOrO NoJist @=ayi-t+ayj-a,k onpenensiorcs cuctemol AndpdepennnanbHeIX
ypaBHeHuii '

dx _ dy _ dz
ax (x, 9, 2) ay (x, 4,2) a, (x, ¥, 2)

(aHaJornuHo AJS NMJIOCKHX M MHOTOMEpHHIX noaed). Bexmoproid: mpybrod
Ha3biBaeTCs TIOBEPXHOCTb, OCPa30BaHHAA BEKTOPHLIMH JIMHHAMH, NPOXO-
AANLUMH yepes TOYKM HEKOTOPOH JieXameld B noje 3aMKHYTOH Kpusoii,
He cOBrajaloulell (faXe YacTHYHO) C KaKoMH-Ju60 BEKTOPHOMH JHHMeEH.

OnpenennTh BuA JMHHA MM TOBEPXHOCTEH (rumepmo-
BEPXHOCTEH) YPOBHSl CJEAYIOUMUX CKaJAPHBIX NoOJel:

10.1. u=y>+x. 10.2. u=xy.

103. u=y/x. 104 u=x+y+ez.

10.5. u=x*+4y*—=2% 10.6. u=x>+4y*—2.

10.7. u=x,+x,+x;+x, 10.8. u=x3I+ xi4 x2 4 3.

Hai#iTH BeKTOpHBIE JIMHHH CJERYIOWHX TONEN:

10.9. a=yi—xj. 10.10. a=xi—yj. .

10.11. a=yi+J. 10.12. a=r=xi-} yj-+ zk.

10.13. a=[r, c¢| (¢—NOCTOAHHBIA BeKTOP).
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o ycrs ¢ =ai+4bjf+{ck. Torxa
ijk

a=[r, cl=|xyz
abc

= (cy—b2) I+ (az—cx) J+ (bx—ay) k.

Hubdeperuuanpible ypaBHeHHs BEKTOPHBIX JIMHHUH MOJA G HMEOT cnuty-
ol BUA:

dx.  dy  dz
cy—bz az—cx bx—ay’

YMHOXKAS UMCTHTEN b M 3HAMEHaTeqb MepBo APOGH Ha X, BTOPOH — Ha
y W TpeTbeil Ha 2z, HAXOXUM

xde  ydy  zdz
cxy—bxz  ayz—cxy bxz —ayz’

CkaaApBaf MOUYJEHHO U "UCNONb3YA CBOHCTBO nponopunu, OKOHYATENALHO
BHIBOAHM:

dx dy dz xdx+4ydy+-zdz
cy—bz az—cx bx—ay 0 ¢
CinegoBateibHO,
xdx+4ydy-t+2zdz=0,

d(x*+y%+2%)=0.

HIH

Orcioza moayuaem, 4To
x4yt 2=Cl
AHaAOTHYHO, YMHOXAas YHCJAHTEIb H 3HAMeHaTe/lb MepBOX APOGH Ha
@, BTOpoit Ha b, TpeTbedl Ha ¢ W CKJAJALIBAA NOYIEHHO, HAXOLUM

dx __ dy dz adx+bdy+cdz
cy—bz'—az—cx Tbx—ay_ 0

CnegoBarebio,
adx+4bdy+4cdz=0,
HJIH
4 ax--by+cz=C,.
TakuM 06pa3oM, ypaBHeHHS BEKTOPHBIX JIHHUK HMEIOT BUA:
ByfL22=C1 (C;=0),
ax—+by—+cz=C,.
BexTopHble JUHUA MOJAA @ MPEICTABJASIOT COGOH OKPYIKHOCTH, ABASIO-

wueca ceuennsamu chep x24-yd-22=C} nnockocramu ax - by +-cz=Cs,
nepueRAuKyAAPHLIME BEKTOPY C.

i ,7] ,k
10.14. a=7+; +? .
10.15. a=(y—2)i+ (z—x)J+ (x—y) k.
10.16. a=x,e;+ xe,+ x,e,.

10.17. Haiitu BekTOpHYIO MuHUIO Mo = — yi-+ xf+ bk,
npoxoisuLyio yepes touky P (1, 0, 0).
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10.18. HajiTi BEKTOPHYIO JIMHHIO NOJIA @ —xzi——ysj—i— 2k,
npoxoxsimyio yepes touxky P (1/2,"—1/2, 1).

10.19. OnpenenuTb BHA BEKTOPHBIX TPYOOK!

a) B sagaue 10.12; 6) B 3anaue 10.15.

“* 2, Mpon3soaHas NO HanpaBJeHHI0 H TPAAHEHT CKAIAPHOTO monf.
Ilyete §=cos a-{-}cos B-j -+ cos y-R—eIHHHYHEIA BEKTOp AaBHOTO Ha-
fipaBnenns s, ro==xol-y,J -+ 2R —pannyc-sekrop ToukH Py (%9, yo, 2g).

poussodnas cxansipHoro nosis u(P) B Touke Py no nanpasienur s,

u
o6o3navyaeMan yepes =, Oonpenessercss COOTHOLIEHHEM

0s
W a et ) —u
0s T->0 T

H xapamepnsye'r CKOpOCTh H3meHeHHs ¢yskuun u (P) B Hanpapaemny s.

Ilponssopnan —a—BbNHC.HHeTCH no ¢opmyJe T
ou ou Ou ou
B lrmre = 3% lrrs T3y | op, OB+ |, 087 O

T'paduenmom cxansproro noas u(P), o6o3HauaeMHIM CHMBOMOM
grad u, Ha3nLBaeTCs BEKTOP, NPOEKIHAMH KOTOPOro Ha KOODAHHATHHE OCH
ABJIAIOTCH COOTBETCTBYIOLIHE YacTHHIE nponanonﬂue ¢yukuun u (P), 1. e.

gradu——i-}- j—l— Q)

Ananobmﬂo onpe}xenﬂe'rcsr NPOH3BOJHaA 10 HanpaBJIEeHHIO K TpajnenT
Ana n- MethIX CKaJIﬂprJX noJef.

Hcxonst M3 BeIpakeHHsi TPOU3BOAHOM N0 HanpasJeHuio (1)
U onpele/eHus rpajveHta (2), A0Ka3aTb CJELYIOUHE CBOJ-
CTBa rpajMeHTa.

10.20. [Ilpowssosnas moJsA NO HaNpaBJEHHIO S paBHa
CKaJIiPHOMY TPOH3BeNEHHIO rpajHeHTa NOJA Ha eNHHHYHBIH
BEKTOP J4HHOrO HanpaB/ieHHs, T. €. PaBHAa NPOEKLHH Fpa-
IMeHTa Ha AdHHOe HanpaBJieHHe

a“ = (grad u, s)=|gradu|cos o,

TA€ ¢—YyroJ MexJay rpPajHeHTOM H BEKTOPOM §.

10.21. HanpasneHue rpajHeHTa €CTb HanpasJ/ieHHe Hau-
6biCTpeiIero BO3paCTaHHA (YHKLHH noJas.

10.22. B kaxaoii ToykKe MOJA TPAJAHEHT HaNpaBJeH no
HOPMaJH K COOTBETCTBYIOIEH MOBEPXHOCTH YPOBHSA B CTO-
POHY BO3pACTaHNA NOTeHLHaJa nojd, T. €. ‘

a
lgradu|=o—::,
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Tlle n-—HanpaBJieHHe HOpPMaJH K IIOBEPXHOCTH YPOBHSA
B CTOPOHY BO3DACTAHHA (QYHKLHH TONSA.

10.23. Ilyetb u=u(x, y, 2) u v=v(x, y, z)—nudde-
peHiupyemble QyHKUHH, ¢—nocrosiHas. JlokasaTe caenyio-
LHe COOTHOLICHUS:

a) grad (u+v) =grad u + graduv;

6) grad (¢c+u)=gradu;

B) grad (cu)=cgradu;

r) grad(uv)=vgradu+{-ugradv (cm. npumep 4 § 3);

n) grad (u") =nu""'grad u;

¢) grad(l) =vgraduv:ugradu’ U#O;

HaiiTu rpajneHTsl C/eyIUX CKAJAPHBIX MOJef!

10.24. u=|r|. 10.25. u=In|r|.

10.26. u=(@, r); @—TOCTOSIHHBIA BEKTOP.

10.27. u=(a, r)(b, r); a, b—nocTosHHBIE BEKTOPHI.

10.28. u=|{a, 'r] |*; @—mnocTosiHHBI! BeKTOP.

[ycte r=|r|=V x*+ y*+ 2. [lokasats, yTO:
10.29. (gradu(r), r)y=u’ (r)r.
10.30. [gradu (r), r]=0.

Haiitn npoussoaHble OT C/eAYIOUHK . MOJeH B 3agaHHBIX
TOYKaxX [0 3anaHHomy HalpaBJ/IeHHUIO:

"10.31. u=x=+—y B Touke P, (2, —1) no HanpaBaeHuio
BeKTOpa PP, rie P, (6, 2).
10.32. u= %xz——y +2 B Ttouke P,(2, 1, 1) no ua-

- x—2 y—1 z—
OpPaBJIEHHUIO [P AMOH =5 =3
TaHHS [OJIA.

10.33. u=x24-x2—xi+x3 B Touke P, (1, 3 2, —1) no Ha-
NpaBJeHHIO BeKTopa a=2e, - e,—2e,.

B CTOPOHY Bospac-

10.34. HaiiTh NpOH3BOAHYIO CKANAPHOrO nons u—l/|r|
M0 HaUPAaBJIEHHIO €r0 IPAJHEHTA.

10.35. Haittu npoussouuyio CKaNAPHOro noJst u=7‘—, +

2 ] )
+%;+z—, B Touke P(a, b, ¢) mo HanpasJeHUIO pajguyc-

BEKTOpPA 3TOM TOYKH. -

10.36. Haittu yron mexpy rpaaueHTamu noss o= x*--
+2y*—2® B Toukax P, (2, 3, —1) u P,(1, —1, 2).

10.37. Haittu ckopocTb u HampaBieHne HauGbiCTPeiiuero
BO3PacTaHuA noaa u=xyz B Touke P, (1, 2, 2).
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10.38. Ha#Tn enunuuHbifi BEKTOP HOPMAJH K NOBEPXHOCTH
ypoBHsa mnoma u=x*-2xy—4yz B Touke P,(1, 1, —1),
HAnpaBJeHHBIt B CTOPOHY BO3pacTaHHA MOJA.

10.39. HaiitTi cranuoHapHble TOYKH MO U = 2x® —4dxy+
+ y?—2yz 4 6z.

¥Y6enutbcsi B OPTOTOHANBHOCTH JIMHHUA YPOBHS MOJiei;

10.40. y = x*—y?, v=xy.

1041, u= 2x2+y v=y?/x.

Y6enuTbcsi B OPTOrOHAJBHOCTH TOBEPXHOCTEH yPOBHS
CJIEAYIONIUX MOJIeH:

1042, u=x*+4y*—2% v=xz-} yaz.

10.43. u=x*+ y*—22%, v=uxyz.

10.44. u== 23 4 xi—x5—X], V=2X,X; -+ XX, W= X X,—X,Xs-

Hafitn cemelicTBO JiMHMA HauGHICTpeHIEro Bo3pacTaHusl
LIS CJIefyIoUuX mnoJied:

10.45. Tlnockoro noas u=x*— y?,

10.46. TpexmepHoro monsi u = xyz.

10.47. TpexmepHoro nonsi u==x?-- y*—z*,

§ 2, Kpusoauneilinbie H NOBEPXHOCTHbIE HHTErpajbi

1. KpuBosuuellHuii unTterpan 1-ro pona. ITycts ﬂi‘—nyra KYCOYHO
raaggoit Kpuso#t, u(P)—3anaHHoe Ha AB CKansipHoe TOJe,. A=A,,
Aq Ay, ovv, A,_g, ‘A= B—npou3BosibHoe pasbueHHe Ayru AB u Py

N
(v=1, 2, ..., n)—nNpOH3BONLHBIE TOYKH HAa YACTHUHBIX Ayrax Av-q4y,
AJMHb KOTOPBIX 0603HaYUM yepe3 Asy. Ecnu cylecTByer mpefesa [ocJe-

JOBAT@JIbHOCTH HHTErpajbHbIX CyMM 2“ (Py) Asy mpu max Asy — 0

v=1
(1 # — ), KOTOPHI He 33aBUCHT HH OT CIOCOGa pa3GHeHHs AyrH AB Tou-

N’
KaMf Ay, Hu ot BeiGopa Touek Py B 4aCTHUHHX Jyrax Ay_jAy, TO 3TOT
npéjiesl HasbiBaeTcs 1_KPUBOAUHEHLHbLM UHIME2DAI0N l-e0 poda or ¢yHKuMHK

u (P) no xpusoit AB u o6osnauaercs yepes

S u (P) ds = g u(x, g, 2)ds

AB AB
(ds— nu¢pepenunan ayru), T. e.
n
u(P)ds= lim u (Py) Asy. 1
i (Prds=_ tim 3 u(Py) hsy (M
AB v Vv

Ecnn ¢ynkuus u (P) HenpepniBHa Ha AB, To uHTerpaJa (1) cymect-
BYeT.

CDnauqecxu uHterpan (1) moxkuo paccMaTpuBaTh KaK MacCy XpH-
Boit AB. BuiuucieHue unrerpana (1) ceomutcs K Bbl'-IP[CJleHH}O onpe/ie-

JIEHHOro uHTerpana. Hampumep, eciu ypasHenue AyTrH AB 3anano B Buje

$ Tox pen. A. B. Edumosa, B. I1. Iemunosnua 129



x=x(l), y=y(1), z=2(1), ly <t ty, TO
5]
[ upas=(ucn s, 200 V POFFOF0 ar.

~—

AB t

Kpuponuneiinpit uuTerpan 1-ro pofia He 3aBMCHT OT TOTO, B KaKOM Ha-
NpapjieHRH NPOXOfUTCA Ayra AB, WHEIMH cJOBamH,

S u(P)ds=S u (P) ds.
B BA
ITpumep 1. Crnpepenute Maccy M mepBoro BUTKa BHHTOBOH JN-

HHM x=acos !, y=asint, z=~ht, ecau njotHoctb p(P) B Kaxzoil ee
TOYKE NPONOPHHOHANbHA JJIMHE DajiiyC-BEKTOPa 3TOH TOYKH.

o Taxk kak p=kr=k Y x* 14>+ 2%, TO B TOUKAaX BHHTORON JHHMH
p=4k V a®F-h%2. TlepBoMy BHTKY OTBeuaeT H3MeHeHHe NapameTpa { of
0 1o 2n n

ds=VY x2Fy*+tz?2 di=V a*Fhidt.
Orcrona

2n
M =S LY EFRY B R d =
p .

2 2
=tV AFH (% Ve -;-%,-1 In (ht - Va=+hm)) lo"—_-
_ a®  2nh 4V a¥Fdnih?

p _kVa2+h2(n Va2+4n2h2+2—h In ; )

‘B sanavax 10.48—10.54 BEMHCIHTB CJenyiomue KpHBO-
JuHelHble WHTerpasel 1-ro popa:

10.48. S(x—{-y) ds, rie C— KOHTYp TpeyrosibHuKa ABO
c BepmHHaMH A, 0), B, 1) u 0(, 0).
10.49, ym, rae C—oTpe3ok npsMoii, coenu-

HAIOW A Tquu 0(0, 0) u A (1, 2).
10.50. Sxyds, rae C—KOHTYp KBajpaTa |x|+|y|

=q (a>0)
10.51, S y*ds, rpe C—neppas apka NHKJIOHAR X =
e
=a(t—sint), y=a(l—cos?).
10.52, ;Vx’-}-y’ds,‘ rie C—pyra pasBepTKH OKpPY:-
Hoctn x=a (cos 11 sint), y=a(sini—fcost) (0<t<<2n).
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10.53. SxdesBz’ rie C—nyra nunun x=¢, y=1)2,
p .

z=1%3 or 0 (0, 0, 0) 1o B(V'2, V2, 2V 2/3).
10.54. S (x*+y?) ds, rae C—pnyra jorapudMuYecKol criu-

C
pamu r =ae®® or Touku A (a, 0) mo Touku O (0, 0).

10.55. Haiitu maccy Bceit actpouimsl x=acos’f, y=
=asin®f, ecanm miaotHocth M (P) B Kaxioi ee Touke P
Bpipaxaercst gopmynoi w(P)==k|xy|, rze &> 0-—xo3du-
[[HEHT MNPONOPLHOHANBHOCTH. '
..10.66. Ha#itn maccy Bceit kapauouast r=a (1 -+ cos @),
ecan MIOTHOCTB W (P) B Kaxnoil ee Touke P Bripaxkaetcs
dopmyoit pn(P)==Fk V'r, rae k> 0—kosppuuneHt mnpornop-
IHOHA/MBbHOCTH.

10.57. Haiitu maccy Bce#t JeMHHCKaThl r2=qa®coS 29,
ecaM MIOTHOCTH W (P) B Kaxpaoi ee Toyke P Bblpaxaercs
dopmynoit u (P)=Fkr, rae k > 0—Ko3pduiHeHT Nponopuxo-
HAJIbHOCTH.

10.58. Haiitu Maccy Ayru KOHHYECKOH BHHTOBOH JIHHHHU
x=aelcost, y=aetsint, z=aqe!, ecaM IMJIOTHOCTb -
B KaxJo#i ee TOuKe Bbipaxkaercs QopmyJsioll pu=ke' (rme k& >
>0 —xko3dpdunyeHT nponopuHoHaapHocTH), oT Touku O (0, 0, 0)
no touku A (a, 0, a).

10.59. Haiitu, ¢ kKako#t cusoii macca M, paBHOMEpPHO
pacripeseneHHasl BIOJb OKPYXHOCTH x®+4y®=a?, z2=¢, MHpH-
TACMBAET TOYEUHYIO Maccy m, HOMEILIeHHYI0 B Haya/le KOoOop-
JIMHAT.

10.60. Haiitu Maccy- 4eTBepTH OKDYIKHOCTH X2+ y®=r?,
pacro/ioXeHHOH B MEpBOM KBaJpaHTe, eCHH IJIOTHOCTD -ee
B KaXJIOA TOYKe MNPOMOPUHOHA/bHA abCUHCCe 3TOH TOYKH
(k03bdpuLHEeHT MPONOPLHOHAJBHOCTH Q).

10.61. Haiitu maccy nosyokpyxHocTH x®- y*=r?, pac-
TNOJIOXKEHHOH B BepXHe# MOJYNJIOCKOCTH, €CIH MJOTHOCTD e
B KaXJIOH TOuKe MNpOINOpUHOHAJbHA KYyOy OpAHHATHI :3TOH
TOYKH (Koaqxpnuneﬂr MPONOPLHOHANLHOCTH B).

2. Nosepxnoctuplif uuterpan 1-ro pona. Ilycrts G-—kycouHo ruag-

Kast NoBepPXHOCTh, it (P)—3ajaHHoe Ha G cKalspHOe noJe, GI, Gy, ov., Gp—
npoOu3BOJILIIOE pa3GueHHe mnoBepxHoctH G Ha YacTHYHbIE MOBEPXHOCTH,
NJIOWAAM KOTOPBIX paBHel Aoy, Acy, ..., Ac,, H myctb Py (v=1;2;-.".

++ 5 1) —TNPOUIBOJILHLIE TOUKH HA YaCTHUHBIX noaepxuocmx Gy. Ecan
CYUIECTBYET NIPEJiest M0C/Ie/0BATe/bHOCTH HHTErPANbHBIX CyMM " 2 u (Py) on

=1
npu max Aoy — 0 (4 n— o), KOTOphIfi He 3aBUCHT HH OT cnocoﬁa pas-
v hd
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€uennsi noBepxHoctH G Ha yacTHyHble TOBEPXHOCTM, HH oT BHGopa TO-
yeKk Py Ha 3TMX 4aCTHYHBIX TIOBEPXHOCTSAX, TO STOT Npeje] HasbiBaeTcs
nosepxHOcmrbiM urimezpasom 1-20 poda or ¢ynkuun u (P) no nopepx-
HoctH G M o6o3Hauaercs yepe3

SS u(P)do=SS u(x, y, 2)do
G G
(do — nadxpe perninan ToWa/H NOBEPXHOCTH), T. €.

SS u(P)do= lim 2 4 (Py) Aoys @
G max Ao, -~ =1
v

Ecan u (P) nenpepwisHa Ha G, To mHrerpan (2) cyumecTsyer. Bumuucae-
Hie uHTerpajia (2) CBOAMTCH K BHIYHC/IEHHIO OGBIYHOTO ABOMHOTO MHHTEr-
pana. JlonyctuM, uTo npsMas, napauieiabHas ocn Oz, nepecekaer no-
BepXBoCTb G JIMMIb B OZHON TOuUKe, T. €. ypaBHeHHe NOBEPXHOCTH HMeeT
Buf z2=f (x, y), u nyctb G npoekTHpyeTcs Ha miaockocTb Oxy B c6macts D,
Dnement do; naomann D Buipaxaercs B Buie dogj=docosy, Tae y—
OCprlH yroJ, KOTOpPHH HOPMaJib K NOBEPXHOCTH G CoCTaBJasieT € ocbio 0z:

1
VG
Takum o6pasoM,
SS u (x, y, 2) do—Sas u(x, y, z)-——-:-

o0/ T T

Eecan npsmas, napanneibhass ocu 02, nepeceKaer nopepXxHocts G B ABYX
uny Gosnee Toukax, To G pa3GuBaeTC Ha YacTH, KaXJAasg M3 KOTOPHX
nepeceKkaercsi ¢ npsMoli, napasienvHofi ocn Oz, AL B OJHOH TOuKe.
VinTerpupoBaHHe Clle/lyeT BHINONHATH MO KaXAo# M3 NOJNYYeHHBIX yacTeil.

Bmecto miockocti Oxy mnoBepxHocTh G MOXHO NpPOEKTHpOBaTh Ha
nneckocty Oxz wimn Oyz.

Jlasi ABYCTOPOHHHX HOBepXHOCTell NOBepXHOCTHHIA HHTerpan 1-ro pona
He 3aBUCHT OT TOTO, NI0'KaKOH CTOPOHe NOBePXHOCTH OH Geperca. Pusnuec-
Knii CMBICJI IOBEpXHOCTHOrO HHTeTpana 1-ro polia 3aBHCHT OT (PH3HUECKOTO
XapakTepa AaHHOTO CKAISPHOTO IOJs: OH MOXKET ONpEJeNsTh Maccy,
pacnpejieleHHyIo N0 JaHHOH NMOBEPXHOCTH, 3JEKTPUUECKHH 3apsif H T. J.

TIpumep 2. Onpelenutb CTaTHYECKHH MOMEHT OTHOCHTEJbHO MJIO-
ckocth Oxy M TOJIOXEHHe I1leHTpa Macc OJiHOpofiHOi moaychepu G
(nmotHocth 1): %2442 +22=R? (2=0).
« HMmeem

Mgy =5§z do=ﬁ VR—a—g ]/ 1+<%>2+<%)2dxdy,

rie D—xpyr xz—[—y2 R?, 2=0. Tak kax na monycpepe x dx-}-y dy--
~+2dz=0, T0 3
2

—_ X z__ ¥
o z'oy 2

Sy =

132



OTKy A2
VT

My, = SGS z2do= SDS Rdxdy=R SDS dx dy=R -nR?*=nR?3,

Onmpeieny Temeph KOOPAHHATH! HeHTpa Macc moaycepsr. B cuay cnw-
MeTpHu ’

Xo = o-—o
Manee, Tak Kak mrowans Q nosepxuoctH moaychepst G ecth 2nR2, T
. My, R
Zg=—r = .
9 Q 2

“TMpumep 3. Ha Bceit noBepxHOCTH KOHYCa G BHICOTOM A . paguy-
COM OCHOBaHHS @ pacnpefieieHsl SIeKTpHueCKHe 3apsiibl. B KaxA0#
TOUKE MOBEPXHOCTH MJOTHOCTb 3apPsifa NPONOPUHMOHAJbHA ANMIHKATE 3TOH
TOUKH (e =k2). BepunHa koHyca—B Hayane KOODJHHAT, ero oCb Hampas-
Jgexa mo ocu Oz. OnpenenuTb CyMMapHblit 3apsij Beeil MOBEPXHOCTH KOHyea.:
« C)'MMaprIH 3apsd OCHOBAHHSI KOHYCa PaBeH NPOHM3BEJEHHIO ero IJo-
WanH 7a? Ha MJOTHOCTb TOYEUHOro 3apsia, T. e. kh. Takum o6pasom,
E oy =kna®h. 3apan Goxkoso# nosepxHoctw G onpefe/sieIcs HHTErpaioM

"Egok. nop = S S kz do.
‘G

2 . N . -
Vpanr}erlne MOBEPXHOCTH KOHYca 22=Z_2 (x24-99), 0< 2 << h. Quddepen-,
h? - 0z_h*x 0z h*y
nupys, Ha‘xou,uM z.dz=ai (x dx+y dy), orkyna woaE T 5!; =ay
H, CJIeJOBaTeNbHO,

.V/l+(g—;) ( ) 1/+4 x’-l—y? Va‘aa_}_h'a.

ITostomMy

E601c.non;k5S2d0 _5‘5“/ x4y d x dy,
¢}

rie D—xpyr x?+4y?<<a? z=0. Ilepexons K MONADHLIM KOOPJMHATAM,
nosiyuaem:

a
kh 2| 2 kh a"' h?
Egox. non——Va_-t—‘Svj ridrdp= V + 5 j’
O

0

':.-3— knah Va2+ h2,
Haxonum Bech 3apsn:
E =Eocu+ Egox, nos = kmna®h + krnah Va2+ h?=

=5 (sap2 VETR). B
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BpluHcanTh crepylonlie NOBEPXHOCTHLIE MHTerpajwm f-ro
pona: )
10.62. S S x*yz do, rpe G—vuacTh NAOCKOCTH X+ y -+ 2=1,
¥ :

Jiealasi B NepBOM OKTaHTe.
10.63. SSVx’+y“do, rae G—vuacTb NOBEPXHOCTH KO-

Hyca x’+y 2, 0z .
10.64. SS (¥*+ y*+ 2*) do, rne G—cdepa x>+ y?-+ 22=1.
G

10.65. SS (x+y-+2)do, rae G—yacTtb chepbl X2+ 2+ 22 =
G

==q?, JleXxamasi B NepBOM OKTaHTe.

10.66. Onpepesntbh Maccy, pacnpeje/eHHYIO Ha YacTH no-
BEPXHOCTH rumnepbonuyeckoro napaGononja 2az=x*—y?,
BbIPE33aeMOH UHJIHHAPOM Xx*+ y* = a?, ecnu IVIOTHOCTb B KaX-
JIOA TOYKe II0OBEPXHOCTH paBHa klzl rae k> 0—xKxosgpdu-
LHEHT TpPONOPIHOHAIBHOCTH.

10.67. OnpeenuTh MOMEHT HHEPIHH OXHOPOAHOM (MJ10THOC-
TH 1) 60KOBOII MOBepXHOCTH KOHyca 2=V ¥+ y* (0<< 2 << a)
oTHocuTesNbHO ocH Oz.

10.68. Onpepeautb CyMMapHBIH 3J€KTPUUECKHH 3apsA,
pacnpejiefieHHbII Ha 4YacTH TOBEPXHOCTH JBYNOJOCTHOTO
runep6oJionza z’-x*-]—y +a @<z<a l/2) ec/d MJIOT-
HOCTb 3apAla B KaxJOH TOUKEe NPOTOPIHOHAJIbHA aNNJ/iuKaTe
sTOl ToukH (e= k2).

10.69. Onpeaeanth Maccy, pacnpejeleHHYIO NO TNOBepX-
HocTH Ky6a |x|<a,|y|<a, |2|<<a, ecan mnoBepXHOCTHas

. 3 /71
nJoTHOCTH B Touke P (x, y, z) pasna ky/[xyz][, rne k> 0—
KO3((pHLHEHT NPONOPLHOHATLHOCTH.

10.70. Onpenenutb CyMMapHBIH 3JIEKTPHYECKHH 3apsn,
pacnpejieleHHBIH Ha 4acTH  TOBEPXHOCTH napa60nom1a
2az=x’+y , BbIpE3aeMOH M3 Hero UMJIMHApPOM X%+ y?=a?,
eCAH TJIOTHOCTL 3apsfia B Kaxjoil Touke pasHa k) z, rae
k> 0—K03(PHUIHEHT NPONOPLHOHAILHOCTH.

3. Kpusoaunednmit nurerpan 2-ro popa. Ilycrs Ha nyre AB KycoyHo
rAajkoll KPHBOJ 33JlaHO BeKTOpHOe noJe aza(r)—ax (x, ¥ )i+
da,(x, 9, 2)j+a;(x, y, )k, u nycte A=A, Aj, As ..., Ay
A,, = B-—npou3poibHoe pa3buenne LyTrH AB Ha wacthumnble RYFH,

N—
Py (v=1,2, ..., n)—npon3pojibhble TOYKH Ha Ayrax Av_1Ay, a Ary—

N—
npHpallenHe paanyc-Bektopa r (P) Ha Konnax ayrn Ay—iAy. Toraa,
€C/M  CYWECTBYeT Npejea INOC/HEJOBATEJAbHOCTH HMHTEIPAJbHHIX CYMM
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il

D (@(Pv), Ary) npu max|Arv| —0 (1 n— o), Kompmﬁ He 3aBH--
v=1

CHT HH OT croco6a pa36ueHuﬂ nym AB Ha vacTuuHbie Lyr'", HH OT
BuGopa TOYeK Py B STHX UacTHYHBIX Jyrax, TO 5TOT Mpefesl Ha3bIBAeTCs

KpUBOAUHEUHOIM LUHmMe2palom 2-20 poda Mo nyre ABu o6o3havaerca uépes’

S (@ dr)={ adrta,dy+a,dz,

AB AB
T. €.
(@dn= 1m 3 (@Py), Ary). 6)
;’E : max|Ary >0 y=; !
v

3rece (a, dr) n (a(Pv), Ary)—ckansipsle TpOH3BeJCHHA BEKTOPOB.
Ecnu Bektop-pyHkuns a (P) HenpepniBHa Ha AB, o uurerpan (3) cy-
U(eCTBYET.

Hnrerpan (3) HasblBAIOT TAKIKE AUHEL HOIM LLHME2PAIOM BEKTOPA @ (F).
AHaNOruyHO OnpenessIOTCA JIHHeHHble HHTErpaJbl B IIOCKHX H MHOrOMep-
HOIX BeKTOPHBIX MosisiX. Ecim Jlaubl mapameTpHueckHe ypaBHeHUs AyTH
AB: x=x(t), y=y @), 2=2(), Lr<<t<t;, 10

ty

{@an={ @0 y0, 20) ¢ O+a, 0. yO. 20V O+

to

3

Faz (e (1), y (O, 2(0) 2 (B)dt. (@)

3nece fy M {;—3HaueHHs mnapamerpa f, oTBeyaioulHe Toukam A u B.
B oTtinuMe OT KpUBOJHMHEHHBLIX HHTerpatioB l-ro popa, JiMHeHHble HHTEr-
panst (3) 3aBHCAT OT HanpaBjeHHS, MO KOTOPOMY COBepLIAeTCs HHTerpu-

posatie BAoab Ayru AB:

S (a, dr)y=— S (a, dr).

BA AB .
Tpocrefiumit ¢pu3nyeckuil CMBICJ JHHEHHOTO HHTEr paja— pa6oTa CHJIOBOTO
nofs @ =a (r) Npu NepeMelleHHd B HeM MaTepHalbHOH TOUKH MO Kpu-
poit AB u3 Toukn A B Touky B.

Mpumep 4. Haiitu padoTy CHJIOBOrO MOJS F=xi+{yj-zk npn
nepememelmu MarepHajlbHON TOYKH B).'LOJIb NEPBOr0 BHTKAa KOHHYECKOH
BUHTOBOW JHHHH x=ae! cos?, y=aelsin{, z=ae! u3 Touku A (0, 0, 0)
B Touky B (a, 0, a).

4 Tak Kak dx=ae! (cos t—sin t) dt, dy=aet! (sin t-}-cos ) dt, dz—
= aetdt u

(F dry=xdx4-ydy+zdz=
=qa?%?! ((cos t —sin ¢) cos {4~ (sin £ - cos ¢) sin {4 1) df ~2a2e“ dt

TO, yuMTbiBasi, YTO {=— o0 B Touke A n {=0 B Touke B, mweeM

0
g(r dr) =2a* S et dt—a?, P )
& A 3
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Bameuanue. DTOT DPUMEP MOXKHO PEIUNTh TIpOILe, €CAH YUECTh;
4yTO B JlaHHOM caysae (F, dr)=(r, dr)=?d(r2), nprueM r=|r.|=0

BToute A u r=a ) 2 B Touxe B. Hmeem:
aV2 aV3

S(F dr)—-— S d(r? =a2

J]uueﬁﬂbm HHTErpal BeKTOpa @, B3ATHIH N0 3aMKHYTOMY KOHTYpPY Cj;
Ha3bIBaeTCH -YUPKYAAyuel BEKTOpa NOJSI TO JaHHOMY KOHTYPY M 0603Ha-
4aeTcsl CHMBOJIOM ‘¢‘ a.dr. Hanpaeienne o6xona KOHTYpa YKasbiBaeTcH

Z .
3apanee, NpHYeM MNOJOXHTEJbHBIM CYHTaeTcss O6GXOI NPOTHB YacoBOM
CTpesXH, a OTPHIaTeJbHHIM— IO YacoBOH CTpeJIKe.

Hast nnockux BekTopHbIX noaeid @ =ay (x, y) i-+ay (¥, y)j HMeer
MECTO cJaelyloillee yTBepMKAEHHE:

Ecan- BekTopHasn ¢ynkuus @=a, (x, y)i--a, (x, y) j nenpepinna

. a —
BMECTe C NTPOM3BOAHLEIMU T??x u a—;’ B 3amkHyTOl 061actu G=G |y C, 10
SS (%_%)dxdy:f,a,‘dx—}-aydy .
K ox Oy b

(popmymra I'puna)
NMpumep 5. BuuncanTs KpHBONMHEHHL] HHTERpai coe

99 (x+9) dx—(x—y) dy,

rhe C—oxpyxuoeTs x2--y2=r2.
«f Tlpumeiian dopmyny I'pina, MOXKEM 3anHCaTh:

$ et ax—a—pay={{ (=1-1dxay=—2mr, -
c K¢ :
TaK Kak .Sde dy ectv naowaip kpyra Ke: x®y2<<r% P
K¢
10.71, Buiuycauts paboTy cuJ0BOro nNons F—'yi-—xj
npu - nepememeﬂun MaTepuaanon TOYKM BJOJbL BEPXHEH TMO-
JIOBVIHBI 3JIJIMINCA 02 +4 b2 =1 u3s Toukn Afa, 0) B TOUKY
B(—a, 0).
10.72. BuuMCAKTb JMHEHHBIH HWHTErpaJ Y (a, dr), ecnu
OB
a=yi+x%, 0(0, 0), B (1, 1), no caenywoum nyTsm:
a) OTpecox npamoit OB; 6) nyra napaGoasl x2= y; B) Ayra

napabonbl y*=x; t) aomanas OAB, rze A (1, 0); n) noma-
naa OCB, rue C(O, 1).
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10.73. Bouncantbh nupxyasuuio Bektopa @ = yi—xj
BIOJIb OKPYMKHOCTH (X— Xxo)*-H(y— ¥yo)* = R* B oTpuuaten-
HOM HanpaBJIeHHHU.

10.74, BoiuHC/HTD JUHEHHBIH HHTErpast g (@, dr), ecom
04
a=2zi-}+ xj-+yk, ypaBHeHne Ayru 0A: r =11} 1K,
0t 1.
10.75. BoluMCaMTbL JMHEABBIA MHTErpas S (@, dr), ecim
0A
a = — y2i -+ xz2f + xyk, O A—nepBuiit BUTOK BHHTOBOH JINHUU
x=acost, y=asint, z=~ht (0<<t<2m).
10.76%*, Bblqncmrrb LUPKYJSALHIO BeKTOpa @ = zi -+ xj-}
+ yk DO OKPYXKHOCTH x>+ y*+2*=R? x-+y-t+2=R B n0O-
JIOXXHTENbHOM HanpaBJeHHH OTHOCHTENLHO opTa K.
10.77. BeruucaiTh WHPKYJSALHUIO BEKTOPa @ = yi— zj - xR

X2 g2 '
BA®AbL 9JJIMIICA -——_2ti—|—22=a2, Y=x B TOJOXUTEJLHOM
HanpaBJieHN i1 OTHOCHTENbHO opTa i.

10.78. Buiuucantb padoty cusoBoro noas F=2xyi -+
+ y*j—x*k npM nepeMelleHVH MaTepHaJbHOH TOUYKM BADIb
ceueHH s runepbononna x*- y*—22z%=2a* nJoCKoCTHIO Yy =X
of Toukn (a, a, 0) no Touku (a) 2,4V 2, a).

Henonbaysn dopmyany I'puna, BHIUHCIMTD WHTETPabi:

10.79. f(x‘-——y"‘) dx+ (x*+ y?) dy, rne C—xontyp, 006-

¢ ,
Pa3oBaHHBI NONYOKPYKHOETHIO y=l/r2——x2 n oceio Oux.

10.80. f (x4 y)*dx— (x—y)* dy; rae C—xouryp, obpa-
¢

30BaHHBI CHHYCOMAOH y=sinx u OTPE3KOM ocH Ox 1pu
0<<x<<m.

10.81, ‘99 Xy dx—xy* dy.

Ktyi=r?

10.82. ¢ (x+ y)?dx—(x*+ y? dy, rne C—TpeyrosbHuK
¢
¢ sepwunamu 0 (0, 0), A(1, 0) u B(O, I).

4. NopepxHocTHwit uuTerpan 2-ro popa. I'maaxas noecpxnocts G
B TPCXMEPHOM TNPOCTPaHCTBe Ha3bIBaeTcs O8YcmoOpOHHel, eCM HOPMasb
K TOBEPXHOCTH NPH 06X0jle MO JI060My 3aMKHYTOMY KOHTYDY, Jexallemy
Ha nesepxnoctd G M He uMmelolleMy oOIMX TOYEK ¢ ee rpaHuuei, Bo3-
BpAAECTCs B NepBOHayanblioe nosoxenue. Bribop onpesesnennoli cTopoHn!
NOBEPX1OCTH, T. €. BHIGOp HanpaB/ieHHS HOPMAaJH K NOBEPXHOCTH, Ha3bl-
BaeTCH OpueHmMayues NOEEPXHOCTH.
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IMycte G—KycouHO TJafiKasi OpHEHTHPOBAHHAs - MOBEPXHOCTH M
a=ay(x, y, 2)idtay(x, y, 2)j-+a;(x, y, 2)R—BekropHoe moOJe.
Paso6bem nosepxHocTh G Ha uactdunble nosepxHoctH Gy, Gg, ..., G,
MJIOW A KOTOpuIX 0603Hauum uyepe3d Aoy (v=1, 2, ..., n), a mowanu
YaCTHYHbLIX mnoBepxHoctel Gy, CHaGXKeHHbIX eAHHHYHBIMH HOPMAJISAIMH
7y(Py) B Toukax Py €Gy,— depe3 Aoy (T. e. cuuTaeM KaxIyld Takyio
Touiajib BEKTOPOM JJMHBL AGy M Hanpasaeuus ny (P,)). Toraa, eciu
CYWeCcTByeT  MNpejed  MOC/]eJOBAaTeJbHOCTH  HHTErPajbHLIX  CyMM

n
2 (2 (Pv), Ae,) npu max Aoy —> 0 (1 n —> o), KOTOPLI HE 38BUCHT
v=l v

fi oT cnocoba pasbuenuss noBepxHocTH G Ha yacTHYHbIE NOBEPXHOCTH,
HH OT BblGOpa Touek Py Ha 3THX YaCTHYHBIX MNOBEPXHOCTAX, TO 3TOT
(ipejiesT HA3LIBAETCS NOBEPXHOCMHbIM LRI palom 2-20 poda MO TOBEPX-
noctt G H o6o3Hayaercst uepes

S S (a, do)= SS a, dy dz+-a, dx dz+a, dx dy, (5
G G
T. e

SS (a, do)=  lim i (a(P,). Ao,
G mvax Aoy 0 T

Ecnu nose a (P) HempepwiBHO Ha G, To HHTerpan (5) cyuiecrByer.

TMoBepxHOCTHBIA MHTerpan 2-ro poja Ha3BIBAIOT TaKXKe MOMOKOM
seKTopHoro mosisi @ (P) uepe3 nosepxHocTs G. Ero MOKHO uHTeprpeT-
pPOBATh KaK KOJHYECTBO XXHJAKOCTH HJIH Ta3a, NPOTeKaIollero 3a efHHHILY
upeMeHH B 3aJaHHOM HanpaB/leHHH uepe3 mnoBepxHocTb G. Ilepexon K
NpYroif CTOpOHe NOBEPXHOCTH MeHsieT HampasJ/eiine HOpDMaau K MOBepX-
HOCTH, & IOTOMY M 3HaK IIOBEDXHOCTHOrO HHTerpaja 2-ro poja.

BuluucseHHe MOBepPXHOCTHOrO HHTerpana 2-ro poia CBOJUTCH K Bbi-
'(MCJIEHHIO NOBEPXHOCTHOro HHTerpasna l-ro posxa

:\‘S(a,‘ do)=gg (a, n) do:SS (ay cos a+-a, cos B-+-a, cos y) do,  (6)
G G G

rhe n==(cos ¢, cosf, cosy)—eauHHUHAsx HOPMaab K IOBEPXHOCTH, MM
K_BbIYHCIEHHIO CYMMBI TPeX ABOMHBIX HITErpaJoB

SS (@ "*’>=SS a;(x(y, 2), y, 2)dydz+
G

1

-} S g a, (x. 4 (x, 2), 2)dxdz+- g S a;(x, y, 2(x, y)) dx dy.,

2z Ya

rre Dy, Dy u Dg—npoexkunu G cooTerctsento Ha naockoctu Oyz, Oxz

w Oxy, a x(y, 2), y(x, 2) M 2z(x, y)—BblpaxeHHs, NOJYYEHHbIE M3

ypaBHenusa nosepXHoctH G pazpeiieHHeM OTHOCHTEJIbHO COOTBETCTBYIOLLMX

KOODJIHHAT.

[MMpumep 6. Halitn notoxk Bektopa r =xi-|-yj-l-2k uepes yacTb

-2 2 2

; x2 oy z

HOBEPXHOCTH 3/JIHICOH/A F+F+7{=!’ JleXxKaulyi B MepBOM OK-
TaKHTe, B HANpPaBNCHHU BHCWHEH MOPMAH.
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@ Vmeem B cuny (6)
§§ ¢ mdo=§ rcos aty cos Btz cosy) o
G G

Tak Kak B NnepBOM OKTaHTe BHEWHSS HOPMaJb JJIMICOHAA CO BCEMH
OCAAIMM KOOPAMHAT O00pa3yeT .OCTphle YIJIbI, TO BCe TPH HanpaB/isiOMMUX
Hocylyca HeoTpHuateabhbl. [Tostomy

0§, mao=(§ vayaz+ ((yaraet (§zaray=
G D, 2 D,
nabe

=3v=3 -l-—nabc =—F—

(kaxzawit n3 unrerpanoB no Dy, D, u Dg onpenensier o6beM onHoH
BOCBMOMN 4acTH SJUIMNCONJA). P>

Mpumep 7. Haiitu notok Bektopa a = x2l—y%f |22k uepes Bcio
noBepxHOCTh Tena x2-+y?422<<3R? O0<z<V x2F 4y *—R? B Ha-
NPaBJEHUH BHeIIHEH HOPManH.
« Hwmeem:

SS (a, n) do= SS (x2 cos a—y? cos f-}- 22 cos y) do =
’ ’ =ngzcosado—ggyzcosﬂdo—}—ggz’cosydo.
G G

3ananHasi NOBEPXHOCTh OTpaHHyYeHa cBepXy cermeAToM céepm x2-~
+ y2-+22=3R?, ¢ 6oKoB—uacThio noaepxﬂocm runepGosona x4 yi—
— 22 =R?2, cHu3y kpyrom x?-+y?<C z
<R? z=0 (puc. 94). Ha naocko-
ctn Oyz n Oxz noBepxHocts G npo-
CKTHpYyeTCs JIBaXAbl C pPasHBIX CTO-
pOH, TNO3TOMY, B CHJY CHMMETPHH
NOBEPXHOCTH  OTHOCHTEJBHO  3THX
nJIOCKOCTel, NepBule JBa MHTerpania
B 3anMCH NOTOKA PaBHHl HYJIO:

SGS x?cosado= SGS y?cos Bdo=0.

Ha naockoctb Oxy chepuuecknii cer-
MEHT TPOEKTHPYeTCs B Kpyr (06-

nactb Dg) x4 y2 << 2R?, uwacTh mo- "
BEPXHOCTH runep6oJoHia—B KOJbLO Puc. 9

(o6nacte D) R2P<<x24-y2<<2R?, a
NHKHHM OCHOBaHHEM CJAYXHT Jexaumui B o710l naockoctd Kpyr (o6nacts

Dy’) x24+y2<<R% Ho nns cermenta cdepm cosy > 0, aas runepCo-
sonpa cosy < 0, a na HuxHeM ocHoBanuu z=0. IToatomy

SGS (a, n) do= Sgg 22 cos ydo—=

S

D

(3R?— x3— y?) dx dy — S S (x4 y2—R?) dx dy.
D}

@ sy
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Jns BblUMCAEHUSA HHTErPANOB HepefifieM K MOMAPHBIM KOOPAHHATAM:

2n  RVY
SS(?»R’-——xZ—y’)dxdy:S dep S (BR?—r?) r dr —4nRY,
D:»: 0 0

25 RVY
Sg(xz-;-y% R?) dxdy — qu} S (— R2)rdr_ﬁ

Dy

Takum 06pa3oM, OKOHUATeNbHO HAXOLUM: SS (a, n) dc=%nR4. | 2

B sapauax 10.83—10.86 BbIUHCANTL MOBEPXHOCTHBIE HH-
Terpajsl 2-ro poja:

10.83. SS ydxdz, tne G--—BepXHssi CTOPOHA YACTH IJIOC-
é

KOCTH X+ -2 =a, JMexaleil B NepBOM OKTaHTe.
10.84. SS d.—’;d—y , rie G — BHeIuH s CTOPOHa ceprl 2 + 42 4
& O

+2*=a’ ‘ N
10.85.. 558.x2 dy dz, rie G —BHeIHssA CTOPOHA WYACTH - HO-
0 LT

BEPXUOCTH napadosonsia z.—R2 *4+y%, x>0, y>=0, 2<<H.
10.86. KS 22dx dy, rae G-—BHelHsIs CTOPOHA Moavedepnt
G

x4 y*4-22=R? 2>0.
10.87. Haiitu notok Bektopa &= x4 y:j+zk qepes
BCIO TIOBEPXHOCTb TeJa —l/x2+y < z<{H B nanpaBneHUH

BHEILHeH HOpMaJIH.
~ 10.88. Hafitu nmotox BekTopa a@=2xi—yj uepe3 uyacTb
HOBEPXHOCTH uuauHapa x*4-y2=R?, x>0, y=0, 0<<2 <
< H, B HanpasseluM BHeLIHeH HOpMaJH.

10.89. Haiitu notoxk Bextopa @ = x% -+ y*j--z®k uepes

H
YacTb MOBEPXHOCTH napagononia gz (¥ ¥°) =2, z<{H, B

HanpaBJeHHl BHYTpPeHHeH HOpMaJII/I
10.90. Haiitn norox BekTopa @ =x%—y% 4 2k uepes
yacth chepnl x? + =R x>0, y=0, z2>0, B Ha-
NpaBJeHHH BHelIHeH HOpPMAJH.
. 10.91.. Haiitu notox BekTopa a=xi- yj—2zk uepes
BCIO -MOBePXHOCTh KyOa |x|<Ca, |y|<<a, |z|<<a B Ha-
npap/eHuy BHELIHCH HOpMaJH.
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10.92. Haiitn notok BekTopa @ = 2x% - 3y*j+ 2*k uepes

BCIO NMOBEPXHOCThL TeJa l/x2—l—_/ V2R2——x2——y B Ha-
NpaBJeHHH BHeIlHeH HopMaJiH.
10.93. Haiitu notok BekTopa @ = xi + yj -+ zk yepes uactb

H
NIOBEPXHOCTH NapaboJion/a Z=13 (x*—y?), BHIpE3AEMYIO N1JI0C-

KocTsiMi x=R, z=0, x=0, OpHeHTHPOBaHHOH B COOTBET-
CTBUH C HanpasJieHHeM opTa k.
10.94. Haiitu notok BekTopa a@=x%-}y*/+ zk gyepes

yacTb NOBEPXHOCTH NapaboJionaa z=k¢2(x2—y”), BhIp€3ae-

MYI0 LHJHHAPOM x%+ y?= R?, OpPMEHTHPOBaHHOH B COOTBET-
CTBHH C HanpabJeHHeM opTa k.

§ 3. CooTHolweHHs MEXAY Pa3jiHYHBIMH
XapaKTEPHCTHKAMH CKAJSIPHbIX M BEKTOPHLIX moJei

1. Jiumeprenuus BeKTOpHoro no.:s u teopema Faycca — Qctporpan-
cnoFo. Jlusepeenyued (WA, PaCXOXJeHHEM) . BEKTOPHOTO TNoJs @ =a (),
ofo3nauaemoil uepes diva, HasbiBaeTcs cKaJasipHas BeJHYHHa, paBHad
npejiey OTHOLIEHHS TIOTOKa BEKTODHOTO MOJS @ uYepe3 3aMKHYTYKO no-
BEPXHOCTb Zp K BeJHUHHe Up oObeMa Tesa, OrpaHHuYeHHOro 3Tolf neo-
PEPXHOCTBIO, HPH vp ——> 0, T. €. -NpH YCJIOBUM, YTO NOBEPXHOCTb CTHIH-

Baercs B Touky P:
(ﬁ) (a, do)

) S
. : (1)

(div a)p=1lim Ur

UP-—>
IluBeprenilnsl XJpaKTepH3yeT OTHECEHHYIO K €JIHHHIlEe 06beMa MOIHOCTh
NOTOKa BEKTOPHOTO 1i0JsA, «HUCXOASAIIEro» H3 TOuKH P, T. €. MOIHOCTH
nerounnka (npu (diva)p > 0) nam croka (npu (diva)p < 0), naxops-
werocst B Touke P.
B TpexMepHOM €BKJMJIOBOM IPOCTPAHCTEEe AMBEpPreHUMsI TO0Js BbIpa-
JKaETCA CJe/yIomnM o6pa3om:

day aaz

0_/+

Teopema aycca—Ocrtporpanckoro. lTomox eexmoprozo
noan @ (r) 4epes 3aMKHYMYIO NOSEPXHOCML I, J€HAWYIO 6 INOM nose,
6 HanpasaeHuu ee 8HeuiHeld HOPMAAl, paBeH MPOLUHOMY UKMez2Ppary no
obaacmu 'V, oepanuuenHod smod nosepxHocmoro, om OueepeeHyui Imoz0
66KMOPHOCO noast, T. €. ’

@(a n)dG—SS div a dv.

ITpumep 1. Hcnoabsys teopemy I'aycca— Octporpanckoro, naifml
noToK BekTopa @ =x%i-+y%f -+ R%zk uepe3s mBcio noBepxnocts G Tena

o Oay
div a——o—x—+

H
-z (¥--y?) <z<< H B HanpaB/leHNH BHeWHei HOPMalH.

R
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« Uwmeem diva=3 (x2+{ y?)| R2. Tlostomy
@ (@, mydo={{§ 3 02+ym)+RY de.
v .

Jan BolMC/IEHHS TPORHOrO HHTerpana nepeiieM K LHJHHAPHYECKHMM ' KO-
opiuHaraM. Y paBHeHHe MOBepxHocTd npumer BUA z= Hr?/R?,

SSS (3 (452-11/2)—[- Rz) dl’:fgnd(p I§ (3,2_1_ RZ) rdr ’S:l dz=—
-2 0 0 E
R?
R

=2z +-2R%%—3r%) rdr=

ot/dnu

(3r24- R2)< fgz )rdr—

N 0 r_:f[liR'l. ’

10.95. Haittu div (xyi 4 yzj + xzk).

10.96. Haiitu dl\’.——l——"—j__z-.

V (x-4-y+4-2)*

-10.97. Haiitn nuBepreHuHI0 BEKTOPHOTO HOMS @ = X2yi
+4- xy*f + 2%k B TOUke P (1,2, —1).

10.98. Hafitn nuBepreHuuio rpajgHeHTa CKaJsipHOTO [0JIs
u=xy*2 B touke P (1, —1, 1).

10.99. MarnutHoe rmoJie, CO3JaBaeMO€ 3JIEKTPUYECKUM
TOKOM CHJIbL [, TeKyuHM N0 OecKOHeYHOMY MpPOBOLY, oOfpe-

Jensiercs dopmynoit H(P)=H (x, y) =2I :xf—i_l_i_yzﬂ
qautb div H (P).
10.100. Haiitu JIMBEPTEHIIHIO BEKTOPHOrO ToNs @ = ¢, rl,

rie: ¢ — MOCTOSIHHBIH BEKTOP.
10.101. Ha#ru div (r [¢, r]), rae ¢ —nocTOAHHBIA BEKTOP.

Boiu uc-

Hcnonbays Teopemy Taycca— Octporpaackoro, pewnts
cJIeflyloliHe 3afayH:

10.102. oka3aTb, YTO MOTOK paluyc-BeKTOpa F uepes
JiOOYI0 KYCOUHO IJIaJKYI0 3aMKHYTYIO MOBEPXHOCTH B Ha-
TpABJICHHH BHEIIHEH HOPMa/l! pPaBeH YTPORHHOMY OGbeMy
Tesa, OrPaHHYEHHOTO 3TOH noaepxaocnﬂo

10.103. Haiitu noTok BekTopa @ = x% --y°j—2"k uepes
BCIO MMOBEPXHOCTh Kyﬁa 0<<x<aq, 0<y<a 0<{2<a BHa-
NpaBJieHHH BHEINNHEH HOPMAJH.

10.104. Haiitn motok BekTOpa @ = r/r 4epe3 BCio noBepx-
HOCTb cdepsl X%+ y?+ 22=R? B HanpaBJieHHH BHeIUHEH Hop
MaJiu.

10.105%. Haiitu mnorok BekTtopa a=2xi- yj—zk, Ha—
NpaBJIEHHBbI!I B OTPHIATENbHYIO CTOPOHY ocu Ox, uepe3 .mo-
BEPXHOCTh 4YacTH mnapabonoupa y*-+22=Rx, orcekaeMoil
MJI0CKOCTBIO X = R. ' .
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10.106. PacnpocTpaHuTb NOHATHE NOTOKAa M JUBEPTeHIMH
Ha cayuall NJockoro (AByMEPHOro) NoJisi H cGopMyJHPOBATH
Teopemy I'aycca—Octporpazckoro aast 3Toro chayuasi.

10.107*. Mcnoab3ys peuienHe npeibiayuled 3afaud, npe-
06pa30BaTh LMPKYJSAUMIO BEKTOPA MO 3aMKHYTOMY KOHTYpY
L B nnockoM nose B ABOHHOH HHTErpaJs no IJOWaaH, orpa-
HUYEHHOH 3THM KOHTYpPOM.

10.108. Haiitu ¢ nomouisio Teopemsl I'aycca —OcTporpan-
CKOro TNOTOK BeKTOpa @ = x*yi+ xy*j-+ xyzk uepe3 Bclo mo-
BepXHocTb Tema x2+4 y*+42*<<R% x>0, y=0, 2>=0 B
HanpaBJieHHH BHELIHeH HopMaJiu.

10.109. Haiitn notok BekTopa @ = x*yi — xy*f -+ (x* + y?) 2k
yepe3 Bcio mnoBepxHocTE Tesma x*+ y*<CR: O0<<z<CH B
HanpaBJ/IeHHH BHeLUHeil HOpMaJiH.

2. Buxpnb BektopHoro nosisi. Teopema CTokca. Buxpes BEKTOPHOrO nojis
a=a (r), o6o3nauaeMbiM rot @, Ha3biBaeTCsi BEKTODP, KOTOPHIA B KamJ0H
Touke P puddepennHpYeMOCTH NOJsA OnpefensieTcsl CJelylolnM o6pasom:

j;' (@, dr)

. )
(np_rot a)p=1im i/ S——
s O'P-)O Op

3jech §— eMHNYHEI BEKTOP NPOH3BOJBLHOrO HanpapJjieHus:, [p— Manbii
3aMKHYTHIH KOHTYP, OKpYXAalOWHH TOouky P, Jexawmu#i B NJIOCKOCTH,
NepreHAUKYNSPHON K BEKTOPY § H OOXOIMMBIH B NOJOXHTENBHOM IO
OTHOLIEHHIO K BEKTOPY § HanpaBlieHHH, Op—IJIomafs 06JacTH, orpanu-
u€HHOH KOHTYpPOM [p; npejes HLIeTCS NPH YCJOBHH, YTO KOHTYp [p cTs-
ruBaercs B Touky P. B TpexmepHOM mpocTpaHcTBe rot @ uepes ieKapToBbi
NpPAMOYFO/ibHEIE KOOPAHHATHl BEKTOpa @ =ayi-}-a,j--a,R Brpaxaerca
caepyomuM 06pasom:

da, Oa da, da ay  da

rota=(%z_ "V P Tz y_%x

*<0y az>'+<az )j+<6x ay)”'
Teopema Crokca. Hupkyrayus Ouggeperyupyenozo eeKxmopho-

20 NOAS @ NO NPOUBOALHOMY KYCOMHO 2AQOKOMY BAMKHYmoOmYy xonmypy L

‘pasua nomoxy eéexmopa 1ot @ wepe3 nosepxnocmo G, 02paHUMEHHYIO SMUM
Konmypom L:

95‘(«1, dr) = SS (rot @, do), g @
L G

WA B KOODAMHATHOH (opme

f(a,‘ dx+-ay, dy-+ta; dz)=

(=t () s (-
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ITpu sTOM eAMHHYHEIL BEKTOD 7 HOpMaJH K moBepxHocTH G Hampasiied
B TAaKYyI0 CTOPOHY, 4ToObl 06X0OX KOHTYpa L HPOMCXOAM/I B mosoxutesdn-
HOM [0 OTHOLIEHWIO K I HallpaBJIeHHH.

Mpumep 2. INposepurs orBer 3agaun 10.76 npu nomowu TeopeMsl
Crokca. ) :
o Tak xak a=el+4-x]+yk, 10 rota=i-j-{-k. 3a nosepxsocts G,
OrpaHHYeHHYIO KOHTYpoM L, mpuMeM cam Kpyr, o6pa3oBaHHBIA CeueHHeM
mapa x24-y24-22<C R nnockoctbio x+4y-2z=R. llentp kKpyra

o' (—Ig—, -§-, -gi) i ero paauyc Ri=R I/% . EnununuHblil BeKTOp HOp-

il
Many n—v.—=3(i+j+k).
3 -
Tak kak (rota, n)—ﬁ_VB, TO HAXOAUM
(@, dry =\ \ (rota, n)do=V"3 do:V'S_nR2=?n—§2. >
o[ty -y 25

MMpuwmep 3. Haitti uupkynauuio Bekropa a = yi—2zj-} xk BLonb
sJsiunca, o6pa3oBaHHOro ceueHueM runepbosonsa 2x2—y?-- 22 = R2 mioc-
KOCTbI0O Y=2x, B TOJIOXHTEJIbHOM HaNpaBJeHHH OTHOCHTeNBHO opTa I.
Otser npoBepuTh NpU momouu Teopemsi Crokca.

«f TlapamerpHueckHe ypaBHeHHs 3aJaHHOro saiHnca x=Rcost, y=Rcost,
2=Rsint. [Ins o6x0fa B 3aJaHHOM HaNpaBJeHHH Tapamerp [ Haj0 H3-
MmeisTh, o1 ‘0 1o 2m: CaeloBarenbHo,

f(a, dr) u‘9§yd§;2z dy+x dz=
L L

25
= R? S (— sin f cos £+ 2 sin? £ J- cos? t) df = 3nR?.
0

‘TMlpumenum teopemy Crokca. HMmeem rot @ =2{—j—k. 3a nosepx-
HocTe G, OrpaHHYeHHYIO KOHTYpPOM L, NmpHMeM yacTe CeKyuieil MJIOCKOCTH,
nexauiel BHYTPH oyuiMnca. EJHHHYHBIA BeKTOD HOPMaJIH, HarlpaBJeHHBIX

B HYXHYIO CTOPOHY, UMeeT BUA N =Vl=2(i—j). Tostomy (rot a, n)=Vi2_u

SS‘ (rot a, n) do=% SGS dc=% nab.

G
Ho Tak kak sanunc umeer moayock a=R VY 2 u =R, 1o

(§ (ota, mdo=snre. pr
aQ

10.110. Ha#itu rot xyz (xi + yj + zk).

10.111. Ha#tru rot (P (x, y)i + Q (x, y) J)-

10.112. Tlokasate, uyto MarHuTHOoe moJse H (P) (cM. 3a-
nauy 10.99) B o6sacTH CBOEro ONpefe/eHHs SBJISAETCA 6e3-
BHXDEBLIM.
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10.113. Hatéitu porop noas [a, ¢, ecnu @ = x% + y2f—x*k
nc=i—j-2k. ' : : - -

10.114. Haitrn rot 2 £ _ o r

V etz d!

10.115%. )Kuakas cpena Bpaliaercsi ¢ yrjioBoil CKOPOCThIO
0=,+ 0,j+ 0,k BOKPyr ocu, NPOXoAdlle# yepes Hayajo
KoopauraT. HaliTh BUXpb mosist ckopoctedl 3TOH cpefpl.

10.116. BoiBecTu ¢opmyny I'puna (cM: orBer K 3ajgaue
10.107), npumensis Teopemy CTOKca K JIBYMEPHOMY BeKTOp-
HOMY moM0 @ =a,i+qa,j.

10.117. Tlonp3ysice dopmynoit I'puna, y6GeauThcss B TOM,
4TO MJIomanap Q miockoii obaactu D, orpaHHYeHHOH KYCOYHO
IiaJKUM KOHTypoM L, MOXKHO HaATH NpPH NMOMOUIH J0G0ro
U3 Tpex CJeAYIOUX HHTErpaJos:

1
Q= &)xdy, Q=—<§ydx, Q=7®xdy——ydx.
L L L .

10.118. Hcrnone3ys nocaensioro dopMyay mnpeapiaymed
3ajlayd, HAUTH MJIOWANAH (UIrYp, OrPAHMYEHHBIX CJIEAYIOLIMMHU
KPHUBBIMH:

a)y* nerqeit JdexkaptoBa sucra x*+ y*—3axy=0;

« a? b . .
6) 3BOJIOTOM /IHNICA X = ——COS® £, y=—sin’ ¢ (@aub—

nosnyocu sanunca, ¢=) a*—b?).

10.119. Tlpu novowu reopembl CTOKCa HANTH WUPKYJISAUUIO
BekTOpa @= 2% + x%j + y*k no ceuenuio chepnl x%+ y*+ 22=R?
IVIGCKOCTBIO X+ y+ 2= R B MNOJOXHTEJIbHOM HaNpaBJIeHHH
OTHOCHTEJbHO OopTa k.

10.120. Haiiti uupkynsuuio Bektopa @ = 2% +x*+ y°k
110 ceyeHHIO THmepGononaa 2x2—y*+22=R? NJIOCKOCTBIO
x¥+y=0 B MNOJOXUTENIBHOM HaNpaBJEHHHU OTHOCHTEJBHO
opta I. IlpoBeputp mpu nomouu Teopembl CTOKca. .

10.121. Haiitu uupkyssiuuio Bektopa @ =y - xyj+
+ (**+y?) kB mo KOHTYpPYy, BbIpE3aeMOMy B NEPBOM OKTaHTE
u3 napabosonga x% + y? = Rz nyockoctamu x =0, y=0, z=R
B TOJIOXKHTEJbHOM HANpAaBJeHUH OTHOCHTEJbHO BHeIIHeH Hop-
MaJqu napa6osionna. [1poseputb npu nomouiu Teopemsl CTOKCA.

3. Oneparop FamuibToHa M ero mpumeHeHue. Bce omepanuu BeKTOp-
HOTO aHa/M3a MOXKHO BBIPA3NTb NPH MoMoILM oneparopa ['amunbtoHa —
CHMBOJIMUECKOTO BeKTOpa V (uuTaercs — 1a6.1a), onpe/ie/ieMOro paBescTBOM

a0 2
V=15;+fa—y'+ka—z'

—
£
o



anMe;iﬂﬂ H3BE€CTHHIE OIl€palMH YMBOXXEHHA BEKTOpa& Ha CKaasap, CKa-
JASPHOTO 'MW BEKTOPHOrO NpPOH3BeJieHHs ABYX BEKTOPOB, HAaxOAUM:

ou ou du .
gradu:ia—f-ja;—i—ka— vu;

—g—'i=(s, grad u)=(s, vu)=(s, V) u;

div a="“x+ +0"’—(v, a);

_ (0a, day\ | Oax__aaz\ <‘h] Oa_x> _
l'Ota—-(??—E>l—|—<w 'a—x/j+ % -—-ay k_

Ilo ananzormy ¢ NpOH3BOAHON N0 HaNpaBJeHHIO OT CKaasipHOH (ynknuu
u .

5 BBOAMTCA NOHATHE NPOHSBOAHOM MO HANPaBIEHHIO €HNHUHOTO BeK-
TOpa@ S OT BEKTOPHOH @YHKUMH @ (r). Hwenno,

98 —(s, V) a=(s, grada,) i-+(s, grada,) j+(s, grada,) k=)

0""i+gs—j+a“’k

IMponssoaHbe NO HaNpaBieHHIO NPOH3BOJILHOIO (He eAHHHYHOTO) BeK-
TOpa € OTMYAIOTCA OT NPOM3BOJAHLIX NO HaNpPaBJIEHHIO eIMHUYHOTO BEK-
TOpa@ TOJBKO TEM, YTO B HHX BXOAMT JONOJHHTENbHBIH CKajasfpHbIA MHO-
XuTeas | ¢ |:
(¢, V) u=(c, gradu),
(¢, v)a=/(c, grada,) i+(c, graday)j--(c, grada,) k.

C nomowsio oneparopa I'amu/ibToHa YyA06HO BHLINONHATH AH(GepenIH anb-
Hble ONepPalUUH BEeKTOPHOTO aHa/H3a Hajl CJOXHBLIMH BbipaXXeHHsIMH (po-
H3BeJieHHe JBYX WJH Gosiee CKaasipHbiX (GYHKUHH, NpoH3BeleHHe CKajap-
BOM (YHKUHH Ha BEKTOP, CKaJsipHOE H BEKTOPHOE NPOH3BEJEHHS BEKTO-
poB H T.n.). Ciefyer JMIIb NOMHHTB, YTO 3TO oneparop AnddepeHIHpo-
BamMisi NPOH3BeJeHHA.

I1puMep 4. HaiiTn rpajuesT npon3BeieHHst ABYX CKaNsPHbIX QYHK-
IHHH 4 K v.
« Viveem

% 4
grad (uv) =y (w) =y (ut)-+ v (uv)
(cTpesKa yKasniBaeT QyHKuMIO, Ha KoTopylo «aefictByer» oneparop). Ho
¥
V () =vvu=vgradu,

4
Vv (wv)=uvyv=ugrado,
Taxum o6pasom,
graduv=vgradu-tugradv. p
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Mpumep 5 Haitth rot[a, ¢]. rie ¢—nocrosHuwl BeRPOp. .- -
< Tak kxak mno H3BecTHOI dopmyse BeKTOpHOR anrebpul [a, [b, c]} =

= (a, cyb—(a, b) ¢, 10, yuuThiBasn cootHowenune [y, [d, ¢]]=0, umeem:

'
rot[a, c]l=[v, [a, C]]L=[V, [a, c]l4-[v. [a, cll=(v, ¢)a—(v, a)c.

to (v, ¢)a=(c, v)a, a 510 ecTb NPOH3BOAHAS BEKTOpPa @ O Hanpas-
Jictinio Bektopa c. [lazee,

(v, a)c=c (v, a)y=cdiva.
Takim obpasom, rot[a, ¢]l=(c, v)a—e diva. pr

BeinonnnTte  caenytomue auddepeHnHasbHbe  Onepanui
(¢ —noCcTOAHHBIH, @ U b—nepevMeHHble BEKTOPHI):

10.122. Haiitu div (cu) u div (auw).

10.123%*, Haifitu grad(a, ¢) u grad (a, b).

10.124. Haitru div[a, ¢] u dlv[a b}.

10.125*. Haiitn rot (cu), rot (au) u rot[a, b].

4. JuddepeHunanibhbie onepaunu 2-ro nopsgka. MoxHo 06pa3oBarb
nars JikgdapernaabibX onepannit 2-ro nopsjika:

1) divgrad u=(v, V)u=v2u=Au (1annacnan ¢yHKUHH);

2) rotgradu=|[vy, viu;

3) graddiva=v (v, a);

4) divrota=(v, [V, al);

5) rotrota=}y, [v, all.
Kpome Toro, onepaiuio y? MOXKHO NDHUMEHSITb H K BEKTOPHBIM nosM,
T. €. pacCMATPHBaTh OMepauyio yia.

Btopast ¥ ueTBepTas onmepauMH NPHBOAAT K HYJIO:

rot grad u=[v, v]u=0, divrota=(v, [v, a])=0.

370 cleflyeT M3 BEKTOPHOrO CMBICJ@ OMepatopa y: B MepEOM ciydae ¢op-
MAJIbHO MBI HMeeM BEKTOPHOe NPOoH3BejieHHe ABYX KOJNHHEapHHIX BEKTOPOB,
a BO BTOPOM — CMelllaHHOe NPOH3BeJeHHe KOMIJIaHAPHBIX BEKTOPOB.

10.126. [TonyuuTb BBIpaXKeHHA AJA
div grad u = Vu,
graddiva =V (v, a),
rotrota=[v[v, a}],
Via=Va,i+Va,j+ vVak
yepe3 MPOU3BOIHBIE CKAaJsIPHOTO MJH BEKTOPHOrO MOJIEH.
10.127. Haiitu grad diva, ecnu a =x% 4 y*f + 2°k.
10.128. Hafitu rotrota, ecnn a'=xy? 4 y22f + 2x2k."
10.129. Haiith V2a, ecniu @ =(y>+ 22y xi + (x2 +22) yj +-
+ (2 i) 2k.
10.130. Ha#tu div grad (uv).
10.131. Haiitu grad div (uc) u grad div (ua) (¢ —mnocrosiy-

Ibill, @— fepeMeHHbI BeKTOp).
10.132. Haiitu rotrot (uc).
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§ 4. CneumaliibHble BHALI BEKTOPHBIX NOJEW

1. MoTenunansHoe BekTOpHOe noNe. BexTopHoe moje a=a (r) na-
SLIBACTCH NOMENYUAALHBIM, €CAH BEKTOP NOJs @ ABJIAETCH TIpaiHenToM
HeKoTopoil cKanapnoil ¢yAknun u=u (P):

a (r)=grad u (P). 1)

®ywxkumo u (P) B 5TOM Cayyae HasbiBAIOT NOMEHYUAAOM BEKTOPHOTO
nosst.. Heo6XxonuMbiM 1 llOCTaTOqu]M yCJIOBHEM TNOTEHIHANBbHOCTH JBAM (bl
aideepeHnnpyemMoro B ONHOCBA3HOH 06/1aCTH noJsA @ (r) aBJARETCA pa-
BEHCTBO HYJI0 BHXPA 3TOro NOJA:

rota=20. 2

Mpumep 1. IlpoBepnTh, YTO BUXPb TPEXMEPHOTO BEKTOPHOIO NOJS
a=grad u TOXNeCTBeHHO paBeH HyMo (dynkumo u (P) npeanonaraem
ABax bl AuddepeHunpyemoit).

ou

u ., u
« Tak xark a=grad U= l+—5!7j+'a—z- R, TO, yuuThIBasi PaBElCTBO
CMEeLIaHHLIX TIPOM3BOAHBIX 2-TO NOPHAJLKA, NOJYy4aeM

- (0 [ 0u 0 (du .
rot@=rotgrad u= (a_y <W>_E (_)) it

(3 ()2 ()R ()5 ) »

B n. 4 npeamayulero naparpaga STo paBeHCTBO ObiJio nony-leuo ¢ ne-
NONb3OBAHHEM CBOJICTB CHMBOJIMYECKOFO BeKTopa Habna.

Iorennnanbroe nose 06JajfaeT - CNeLYIONNMH CBOMCTBAMH.

1. B 061acTH HenpepHBHOCTH NOTEHIHANa NOAS JWHEMHbLH HHTErpan
OT BEKTOpa NOJfA, B3ATEI MEKAY ABYMS TOUKAMH 1OJIs, He 3aBHCHT OT
NYTH MHTETPHPOBABHS M PaBeH DPa3HOCTH 3HAYEHHH TNOTEHUHAJAa noAA
B KOHIE M Havaje NYTH HHUTETPHpPOBanus

B B B

{ @ an={ (grad u, dr)= { du=u@)—ua) @)
A A A

(vcrionb3oBana Jerko nposepsiemas Qopmyaa (grad u, dr)=du).
2. llnpxysasunus BeKTOpa noJjs no Jio6oMy 3aMKHYTOMY KOHTYpY,
HEJHKOM JIeHalUleMy B o6G/NacTH HenpephiBHOCTH NOJS, PaBHA HYJIO.
3.-Ecay nose @ moTeHunanbHo, To notesuuan noas u (P) B npons-
BOMLION TouKe P MOXeT GhiTh BhiuMCIEH No dopmyne (3):

P
u(P)={ (@, dr)-+c, )
A

npuwaecm C=u (A), uTo J€rKO0 noayuaercss TOJCTaHOBKOM B (4) BmecTO
nepemennodl Toukn P ¢ukcupoBannolt Toukn A.

Jais BLimucaenna unterpana (4) MoxXHo BhiGpath 10603 MyTb— Mpoue
BCEro B KayccTBe TaKoro IyTH BbIOPaTb JIOMaHYIO CO 3BeNbSAMH, Napai-
JIeJLHEIMH  OCM KOODAMHAT, coefuHsouylo Toukn A n P, 3a Touky A
YAOGHO TNPUHAMATL HayalO KOOPAWHAT (eCIM OO JIEXHT B 06aacTH He-
NpepLIBHOCTH NOJA).

Mpumep 2. Halitn norenunan nonst a=~2xyi-}- (x*—2yz) j—yk.
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< Y6epumcs, 4TO moJie MOTEHUH ANLHO:

da, 9y da, da, - aay .Oax
0__1/—0_2__2-!/' T2 ag W=W=2x'
C.neAOBaTenbrio.
rota=0.

3a nyTo wuuTerpuponanus mpumem Jjomauyio OABP, rze O (0, 0, 0),
A(X,0,0), B(X,Y,0), P(X,Y, Z). Haxonum:

A 1B P
uX, ¥, 9= { @an+c={@ a0+ @, in+ (@ an+c,
OABP 0 A B

(@, dry=2xy dx+ (x*—2y2) dy—y? dz.
Tak kak Ha [OA] umeeM y=2=0, dy=dz=0, 0<<x<< X, TO

A
g (@, dr)=0,
0

Ananoruuno Ha [AB] umeem x=X, dx=0, 2=0, d2=0, 0<<y<Y,
nosToMYy B )

B Y
g (@ dr)= S Xtdy—Xy,
Ha [BP] umeem x=X, y=Y, dx=dy=0, 0 <2< Z, 3uaunw,

p Z
S (@, dr)=— S V2dz=—Y?Z,
B 0 .

Takum o6pasoM, u (X, ¥, Z)=X2Y —Y2Z--C. Bosspamasch K nepeMe-
HBIM X, Y, 2, TIOJydaem _ :
u (Py=x*y—y2zC. p»

SaMeuanue. H3nomeHHBI MeTOJ OTHICKAHUS NOTEHIHaAa TNOJS
NpUMeHsieTcs NPU PeHmleHHH TaKHX 3KBHBA/JEHTHBIX PacCMOTpeHHOH 3agay
MaTeMaTHIeCKOr0 aHa/ju3a, KaK BOCCTaHOB/jelHe (YyHKUUH IBYX, TPeX U n
MepeMeHHEIX MO MX MOMHBIM AuddepeHuHnataM, -a Takxe NPH HHTELPHpPO-
BaHuu JudpdepesuualbHLIX ypaBHeHHd B MOJHBIX JuddepeHnnasax.

Haiitu NOTEeHU HAJIbI CJAELAYIOMHUX IIJIOCKHX H TPEXMEPHBIX
noJies: _
10.133. a = (3x%y—y®) i + (x*—3xy?)J.
. . in 90
10.134. a— sin 2x cos 2%/ i} cos 2x sin 2y j'
V cos® xsin? y + sin x cos? y

10.135. a=(yz—xy) i + (xz—3;+yz2) J+ (xy+y22) k.
10.136%, g = (i——y—) i+ (i—i)j+ (7—%)*

2z x? x Yy
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10.137%. a = (i—i—g"—’) 1+ (H—5-2) 7+
+(L&+ 5+ %)

23 .
10.138**, Jloka3aTb, 4TO BO BCIOAY HeNpepLIBHOM MOTeIll-
N¥aNbHOM BEKTOPHOM M0JI€ BEKTOPHLIE JIAHUH HE MOTYT ObiTh
3aMKHYThIMH.

Ecau B NJOCKOM NOTEHIMaJbHOM IOJI€ €CTh TOYKH, B KOTOPHIX NoJe
‘repsieT CBOMCTBO HeNpePbLIBHOCTH (TaK HasblBaeMble 0c00bie TOYKH), TO
LHPKYJSAUHSA MO 3aMKHYTOMY KOHTYpPY, OKpYXalolleMy TaKylo TOuKY, MO-
JKeT GbiTh OTJIMYHA OT HyJs. B 3ToM ciyyae wMpKyJsuHs 1O KOMTYpY,
o6xoAsieMy JlaHHYl0 0co6yl0 TOYKY OJHMH DPa3 B NOJOXKHTAJNbHOM Hanpap-
JIeHHH, He 3aBHCHT OT (OPMBI KOHTYPa H Ha3biBaeTCH YUKAUYECKOLU no-
CMOAHHOU OTHOCHTEJBHO RaHHOH 0coGoi TOYKM.

AHaJOTHYHBIMM CBOHCTBaMH 06/1aJlal0T TPeXMepHLIE NoJs C 0COOHIMI
JMHHSMH, BIOJb KOTOPHIX NOJIe TepsieT CBOHCTBO HenpepbiBHOCTH.

10.139. Y6enutbcs B NOTEHIMANBHOCTH NOJS @ = %—_I—i’—:- .
OnpeneanTh €ro 0co6yi0 TOYKY M €€ UMKJMYECKYI NOCTO-
AHHYIO. . '

10.140%, Jloxa3atp cQOpMYJHPOBAHHOE Bhillle CBOACTBO
0 TOM, YTO LMPKYJISALKSA NO 3aMKHYTOMY KOHTYpPY, OKpyaio-
1meMy ocoOylo TOYKY, HE 3aBHCHT OT (OPMBI KOHTYpa.
" 10.141*, Bocnosib3oBaBiuuce dopmysioit (4) nasi onpege-
JIeHHs NOTeHUHaja TNoJst, y6eluThcsi B TOM, UTO NOTEHUMa
NJIOCKOTO TOJIsl, HMEIoIero ocobbie TOYKH, OYAET MHOro3Hau-
HOH (yHKIMeH.

2. ConenonpanbHoe noae, BexTopuoe nose a=a(r) nasupaercs
coseHoudasbHbIM, €CAN JHBEPreHIUs 3TOT0 Nnoas pasna HyJo: diva=0.
JAfA TPeXMEepHOro IOJIA STO YCJOBHE MOXHO NepenucaTh B BHAE

da,

day 0
7;+6_y+33—5 . )

B Takom nose B cuay Teopembl I'aycca— OcTporpaackoro paeen nyJio
NIOTOX BEKTOpa TOJS yepes3 Jio6yi0 3aMKHYTYIO NOBEpXHOCTb. Hckaiovenne
MOXMET OHLITb TOJBKO B Cjlyuae HaJHYHSl B TaKOM I0Je OCOGbIX TOYEK
(B KOTOPHIX BEKTOp TNOJIA He ONpejeleH M AHBEPreHUMs TOJs, €CAH ee
onpefiesnTh B TaKo# Touke npu nomouw dopmyan (1) § 3, oranuna or
Hyas). B aToM cayuae noTOK yepes 3aMKHYTYIO NOBEPXHOCTb MOXeT OHITH
OT/IMYEH OT HyJsf, HO OyleT HMeTb OJHO M TO XK€ SHayeHHe NLJIA BCeX
8aMKHYTBHIX TOBePXHOCTeH, OKDPYXXAIOWHX JAaHHYI0O TPynny ocoGbIX TOuYEK.
Mpumep 3. Hokasars, uto Aas J060ro ABaxXAH AuddepeHunpye-
2)1'0 TPeXMePHOro BeKTOPHOTO NoJisl @ = @ () NoJjie BUXpel CONEHONAANLHO.
Hmeem

_(9az 98y da; _da, (aay _aax)
‘°‘“—(.-Ty—az ’+<$ ‘a;)f+ oy )*
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YuursiBas PaBEHCTBO CMELIAHHBIX MPOH3BOAHBIX 2-ro NOopAAKA, MoAydacs.

. 9 (da, .aay> da, aa,) a<6ay day\_
dwmta—a<6y 0z +6y( o )T\ o oy =0. &

B n. 4 mpeaviiyuiero naparpacba 3TO COOTHOLUECHHE J0Ka3aHO- ¢ NO-
Mombro oneparopa Hab6Ja.

10.142. Joka3aTb, YTO B COJICHOUJAJILHOM I10JIe TOTOK BeK-
TOpa Yepe3 3aMKHYTYIO MOBEPXHOCThb, HE COJEPIKAUIYIO BHYTPH
0CoOBbIX TOYEK, paBeH HYJIO.

ITpoBepuTh COJIeHOH}laJIbHOCTb C/IeAYIOUHX MOJIel;

10:143. a= (x*y+ y*)i + (¥* —xy? )J

10.144. a—kyt—{—x‘yj (x*+y?) 2k

10.145. a= 21+ Lj— ﬂiiﬁgﬂfk

— —1?) 2k

lomsa__“ W e

Vet (24y?)??

10.147*. JlokasaTh, 4TO B COJIEHOMZAJbHOM TIOJieé MOTOK
BeKTOpa MoJis yepe3 nonepeyHoe ceueHue Jo6Gofi BeKTOPHOH
TpyOGKH (OmpelesieHHbII B ONHOM H TOM XK€ HalpaBJIEHUHU)
COXpaHseT NMOCTOSHHOE 3Ha4YeHHe.

3. JlannacoBo (MaHM rapmonuyecKoe) mone. BekTopHoe noJie Hasbi-
BACTCA AaNAQCO86lM (UIH 2apPMOHU4ECKUM), €CJH OHO OJAHOBPEMEHHO H IO-
TeHUHaAbHOE H CONEHOM/ANBHOE, T. €. CCJH

rota=0 u diva=0. 6)

[Tpumep 4. okasarb, uTO NOTEHLHAN & ABYMEPHOTO HJIH TpeXMep-
1Or0 JIanj1acoBa NOJS SIBJIAETCHA 2apMOHUYECKOl (yrKyued IBYX HIH TPeX
0%y | 0%

T =0 Sataatam=0).
0x% Vo2 ox oy 02
< efictButensto, Hmeem

[epeMeHHBIX (T. €.

0%u

diva=divgradu=— I +0/

JUg ABY X NepemMerninix,

. 0%u
diva=divgrad u=—— 4 .0
g ox? +% ay2 o 022
JUTIs TPEX NepemMeHHbIX. P
MMpumep 5. Ilokasarsb, uTO MOTEHLHAT MOAST CHJ TArOTelHs, BO3-

ItHKAIOUIer0 B NPOCTPAHCTBE, OKPYXKaloleM HeKOTOPYI0 TOYeuHylo Maccy,
paséu kir (k > 0—Kko3(hdHIIHEHT NPONOPUHOHAABHOCTH) U 4TO IOJE CHJI
TSATOTENHAS JIaIacoBo.
<g Tomectum navaso KOOPAMHAT B LeHTpe mpuTsukeHus. Torga

k 1 xi j -2k kr.
a=grad —=kgrad ————"r-=—=F o+ =——.

r V ety A o M
Ho 3to—BekTop cuAbl npuTsukeHus. [leficTBUTe/bHO, OH. -HarnpasjieH
K UCHTPY T[PHUTAXKCHHA, MOCKOABKY — F/r —eAUHHYHbIA BEKTOpP papuyc-
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BeKTOpa Touku P (r), HanpaBnennui K Havany KOOpJAMHaT, d €70 ‘MOAYJb
paBed k/r%, T. e. ofpaTHO NPONOPLHOHANEH KBalpaTy paccTOSHAA OT

nenrpa npursoxkenns. Iokaxkem, uto diva=— kdiv —%:0. Hmeem:
ay=—— —L— 5
B o e i

da, M43 A2

N O i S r
Ananoruuno
‘ ?_“_y__ kx‘“’»}—zz—Qy2 %__k,xz—}—y?—.‘?z?

oy e ooz T re 2
H TIoTOMY

P 4 ‘Z’,j’ $ 0 2 (-2 (2 +

P —220) = 0.

Hitak; none cua TATOTEHHA JanJacoBo. P

'10.148. lokasaTp, 4TO IJIOCKOE BEKTOPHOE TNoOJjie, NOTEH-
——.L.

UNaJiOM KOTOPOrO CAYKHT QynKkuua u=Inr (r= sz k y’)
JIaNJIaCOoBO.

10.149*, Ilns rapMoHHYeCKMX B oﬁ.nacm G cpymmun Unw
AOKasaTh cienyiomye popmyas I'puna:

a) @u%dﬁ# SSS (gradu, gradw) dv
7]

(neppas dopmysa I'puna),

6) @ (u W )do 0
(sTopasi pepmyna I'puna),

0
B) (@ —g‘nﬂ) do=2 SSS (grad u, grad w)dv
G

(Tpetsst dopmyna I'puna).

SIBAAIOTC JIM TapMOHMYECKMMHM cJeaylomne (QyRKuvu:

1 1

10.150. u = 7= 7;_——5_1_—? .
10151, u=r—x=V X+ f—x.
10.152. u=Ax- By+C.

10.153. u = Ax*-+ 2Bxy+ Cy*.
10.154, u= Ax*+3Bxy + 3Cxy® -+ Dy,
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10.155. u= Ax+ By-+Cz-+4D. .

10.156. u=a,,x*+ a5, Y* 4+ 3522+ 2a,xy+2a 562+ 2a5,y2.

10.157. 6= a,1,X° + Q00 ° + A3332° + 3044532y + 3a,,5%%2 +-
+ 3a5.x Y%+ 304,122 + 3a195X2% + 30,554 2% + 6a,55xY2.

§ 5. Mpumenenne KPHBONMHEHHBIX KCOPAHHAT
B BEKTOPHOM aHazimse

- 1. Kpusoanneiinbie koopauHathl. OcHoBHbIe cooTHowenusi. B npoct-
paNcTBe 3aJlaHa CHCTeMa KOODJMHAT, €CJIM KamJoil Touke P mocrasnena
B COOTBETCTBHE TpOHKa umcen 'Gji, gz, Gs, NPHYEM Ppa3IHUHEIM TpoOiKaM
yuceJ OTBEUalOT pas/inubble TOUKH NpOCTpaHcTBa. Uncaa gy, gq, gs Ha-
3LIBAIOTCA Koopounamami (WIH KPUBOAUHEUHBIMI KOOPOUHAMAMY) TOUYKH
P=P (g1, 92, g3). Hanbosee ynoTpeGuTeNbHEIMH SBIAIOTCH CJEAYyloLLHE
CHCTEMbl KOOPIMHAT: . e

1) JlekapToBa NpPSMOYTrOJbHast CHCTeMa KOOPAMHAT. 3Jech gy =X —
abcnycca ToukH P, gy =y—OpAHHATA H (g=Z— annJnKarTa.

2) llunuHApHuecKas CHCTeMa KOODAMHAT. 3jiech 3a ¢j NPHHHMAaeTCH
paceTosiuue r OoT ToukH P poocu z,qi=r (0<r < -4 ), go=@-—yroum;
€OCTaBJ€HHLI TIpoeKuuell paauyc-Bektopa OP na naockocts Oxy ¢ mo-
JIOKNTeNRHbIM HampasaenneM. ocH Ox (0<< ¢ < 2n), a g3 =2z — annuuKaTa
Toukn P. '

TTpy 3TOM IWINHAPHYECKHE KOOPAMHATH CBA3aHH C  JAEKaPTOBHIMH
NPAMOYTOJbHEIME KOOPAHHATaMH NPH noMolny ¢GopmyJ

R x=reos¢, y=rsing, z2=2"
n, oOpatho, - i s
Y=Vx2+y2, tg (p:—.—i—,

3) Coepnuecras cHCcTeMa KOOPAHHAT. 3jech gj=r— AJNHA PpajHyc-
BenTopa ToukM P (07 < -+ ), go=0—yron MeXxny noJoXHTeNbLHLIM
nanpasjedneM ocu 0z u panmyc-Bektopom OP Touku P (0<<O<< m) 1),
g3 = — YToJ MEXZAY NONOKHTeJbHbLIM HampasJenneM och Ox ¥ npoexnued
paanyc-ektopa OP na naockocts Oxy (0<<@ < 2m). HmewoT , MecTo
dopmyan:: ‘ oo . : .
x=rsin0cosq, y=rsin@sing, z=rcosO

u, obpatno,
T3 2 y =
r= x2-}y2- 2‘2, (L) e e — N tg ==,
V2t . VeaTi e =7

JlnHug, BJOJb KOTOPOHl M3MeHSeTCH TONBKO OJHA KOOPAMHATA ¢y,
11a3K1BAETCA KOOPOUHAMHOL §i-AUHUed, 8 eAMHNUHBI KacaTeabHHIH BEKTOP
K 9TOH JIMHWH, HanpaBjieHHLIH B cropoux BO3PACTaHHA Gy, — eOUHULHOIM

)

o ’
KOOPOUHAMHbIM 0pMOM e, B TOUKe P (ql, g3, g3). Auanornuuo onpeje-

AROTCA Jg- M G3-NTHHUH H €LHHHYHBIE OPTH €g,, €q,-

Ecau Bextoph e, €, €, NONapHo OPTOrOHalbHbI B OGO/ TOuKe

pOCTPAHCTBA, TO COGTBETCTBYIOWAs CHCTEMA KPHBONMHEHHHIX KOODHHAT
g1, G2, g3 HA3LIBAETCS OPMOCOHAALHOU.

‘1) Msoria 3a KOOPHMHATY ¢ cepHueCcKOH CHCTEMBI IPUHHMAIOT Yo
Mexjy pajnyc-Bektopom OP u mnockoctbio Oxy (cM. § 2 ra. 8).
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Mycrs | P(ql. ga, gs)— NPOM3BOJBHAS TOUKA npOCTpchma Pl (91 +
:,+ Aqy, 92, g3) —TOuKa, JieKawas Ha §(-JHHUH TOUKH P, u |PP1|—;um-,
Ha AYTH PP,. Toraa uuc/io

L= lim APl
Ag, -0 Afh

naspiBaetcst Kodppuyuenmom Jlame KoopauHatsl gy B Touke P. Auano-
I'uyHo onpezensioresi Koadduunentsl Jlame L, u L3 KOOpPAMHAT ¢y M- Gs.
Ecan Touka P (x, y, 2) uMeeT KPHUBOJHMHEHHBIE KOODAMHATBI (i =
=q1(%, ¥, 2), 2=z (%, Y, 2), §3=q3 (X, y, 2), TO AH(epeHIUabl paruyc;
BEKTOPOB dF 4, KOOPAHHATHBIX JIHHHA H zmdxpepeﬂuuanbr HX AyT dsg, on
PeACJIAIOTCSL C LIOMOIIBIO PABEICTB

ox dy 0z
drg,=i— 3, dg.. - j dqV +-k E dg, =L eq, dq,,

]
o ox dy \? 0z \? _
o=V () +(a‘q:>:+(sa;> iy =Ly,

(v=1, 2, 3), rae L, —kospouuuents Jlame.

MuoxectBo Touek P (qy, G2, 3), AJNS KOTOPLIX OAHA M3 KOOPJHMHAT
MOCTOSIHHA, HA3BIBAETCS KOOPOUHAMHOL NO8ePXHOCbIO.

Huddepenunanst mnuouanei KOOPAHHATHBIX TNOBEpXHOCTEH onpegc-
JIOTCA N0 GopmyJiaM

dcg, =LjyL3dqy dqs, dog,=Liladgidqs, dog,=LiL,ydq,dq,,
a nugpoe peHLHan o6beMa

dv=LiL,L3dqy dq, dqs.

Haiitu BUAZ KOOPAMHATHBIX JIHHHA H KOOPIHHATHBIX IO-
BEPXHOCTEH M MNOCTPOHTb HX B TNPOU3BOJNLHOH TOYKe A
C/IeAYIOULUX CJy4aeB:

10.158. [ns nexkapToBOH NpPSMOYTOJBHOH CHCTEMBI Koop
JIMHAT.

10.159. [ns UHIHHAPHYECKOH CHCTeMbl KOOpDJMHAT.

10.160. [ns cdepuueckoit cucTeMbl KOOpAMHAT.

Bouiupiciuts KodpduunerTs Jlame:

10.161. B nexapToBoii NP AMOYroO/IbHOM CHCTEME KOOPAHHAT.
10.162. B nuanHApHYeCKoOH cHCTeMe KOOpIHHAT.

10.163. B cdepuyeckoil cucremMe KOOpUHHAT.

Hafitu nuddepeHnnansl Jyr KOOPAHHATHBIX JIHHHHA, Rud-
depeHyMaabl NJOMAJeH KOOPAHHATHBIX MOBepXHOCTeH u Aud-
¢depenunan obbema: :

10.164. B rexaproBoii npﬂmoyronbﬂon cHcTeMe Koopﬂ,m(aT.

10.165. B uuinHApHYECKOH CHCTEME KOOPAMHAT.

10.166. B cgepuueckofi cucteme KOOpAHHAT.
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2. Ruddepennnanbnbie  ONEPauun BEKTOPHOrO aHAJIH3A B KPHROIR~

HEAHLX KOOPAWHATaX. YKasaHHble ONEPallH ONpeAe/sIOTCS CJIEAYIOLIHMU
Popmynamu:

1 0Ou 1 ou 1 ou

gradu="1" 50 €0 L, wz%+sts

. 1
diva= LLL (()—ql- (Lngaq])—l—E (LlLaaq,)-l-aq—a (Lleaqs)) '

(anecy @a=ag.eq +ag.6, -+ aqueqs),
1 J 1 0
rot a=j-— ( 7 (Lsag,)— 50 (Lﬂaqa)) e +T.0; (% (Liag) —

—ﬁal. (Lsag,) )%"" LL, <(m (Lﬁaqa)—a% (Llaq)) eqs
Au=viu=
_ L_Ci(hﬁfi)ki(ﬂﬁfi)+ﬁ_Lﬂzm)
T LLL3\0q; \ Li 091 ) T 0g;s \ Ly Oq3 ) " Oqs (L_sf"_%- )
JIns uMAMBAPHYECKHMX KOOPAMHAT 7, @ M 2 HAHTH BHpa-
KEHU:
10.167. gradu. 10.168. Au. 10.169. div a. 10.170. rot a.

Hnsa cheprueckux KoopiauHat r, O, @ HalTH BeIpaXKeHHA!
10.171. gradu. 10.172. Au. 10.173. diva. 10.174. rot a.

IMpumep 1. TlepeliTH K UMAHHADHUECKHM KOODAHHATaM B BhIpas

xi j —2k . .
JKEHHN BEKTOPHOTO N0Js a=—-_l-y"= ¥ Halith diva u rot a.
Vet
« Tax xak B pannoMm cayuae xi-+yj=r, 10
__re,—ze;
“Vria

Io ¢opmynam, noayueHHbM npu peweHnd sanad 10.169 u 10.170, nas
XORUM:

div a_T(a(ra,)+ o, 0a,>
2I(r2—|—zz)_r8 (f’+22)-—2“ _ 422;
ZT( (r2422)*? EETOTE ) st
oa
TS i
1 (9(r8g) 30) _ 2rz
+T< %7 D ==y i e P

10.175. BniBecTH (opmy.Jibil

d(L;L
1oL, 6) rote,=

a) divey=1rr —5—

Ve
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10.176. Mcuomb3ysa dopmyJsl, BblBeJEeHHBIE MPH PELICHUH
sajaun 10.175, naiitu diva u rota nas efuHUYHBIX KOOpaH-
HaTHBIX BEKTOPOB LIMJIMHJDHYECKOH CHCTEMbI KOOPAHHAT:

a) a=e,; 0) a=e,, B) a=e,.

10.177. Pewntp 3amauy, adasnoruysyio 10.176, ana cge-
PpHUECKOH CHCTEMBl KOODJAHHAT:

a) a=e,; 06) a=ey; B) a=e,.

10.178. Hafitu Bce rapmoHnuyeckue (yHKIHUU BHIA!

a) u=f(r); 6) u=f(@); B) u=Ff(2)

(r, ¢, z—IOUIHHAPHYECKHE KOODIWHATEHI).
10.179. Hafitu Bce rapmoHuyeckie (bynxmm BH A}
a) u=f(r); 6) u=f®); B) u=f(9)
(r, 0, p—cdepuyeckre KOOPAHHATHI).
10. 180. l'Iepemu K cepHUeCKHM KOOPAHHATAM B Bbipame-.

2 2 5

HUHM CKAJAPHOTO MO u_—ﬂ—(%z——_w—)
H V4. L _ :
10.181. IlepefiTH K HUIMHIPUYECKHM KOODIHHATAM B Bbl-
2xyz+ (X2 —y) -

Veis
gradu n Viu.
10.182. Ilepeittn k cepuueCKHM KOOPAHHAT3M B Bblpa)Ke-

mm BeKTopHoro ﬂOJIﬂ a—% U Ha#iTu a,. diva
VPt '

u Hadtu u, gradu

paXkeHUM CKaJMsPHOrO MOMAA U = M HaifTH U,

u rota.
10.183. IlepefiTh K HUIHHAPUUECKHM KOOPJHHATaM B Bbl-

PaXeHHH BeKTOpHOrO nons @=xzi+yzj—zV gk u
HatiTn a, diva u rota.

3. LenTpajbnbie, OCeBbie M OCECHMMETPHYECKHE CKAJAIpHbIE MNOJSA.
CkansipHoe noJic Ha3bIBACTCH (eHmpaabrom, ecan dynkuus noas u=u (P)
3aBUCHT TOJbHKO OT PacCTOSIHHA TOYKH P 1mo/s OT HeKOTOPOH MOCTOSIHIOM
TOUKM —ero leHTpa. Eciu Haualno KOOpAHHAT NMOMECTHTL B LEHTP MNoaf,
T0 QyHKUUS & MPHMET BHJI

u=u()=u(V @ +¢*429).

Ilpu ncesrenoBauuk TakHX moJefl egecooGpasHo HOML3oBaTLCST cdepn-
YyeCKUMHM Koopiunatamu. [loBepxHocTaMH ypoBHSI Takoro noas OyayT
cdiepul C IEHTPOM B LCHTPE 1NOJIA, H NOTOMY 3TH MOJST UaCTO HAa3bIBAIOT
cdepuueckumu.

Crasisipioe 1osie 11a3blBAIOT oceauist, ecin dynkuua noada u (P) 3sa-
BUCHT TOJNBLKO OT PACCTOSIHHSI TOYKH MoJas P oT nekotopoét ocH. Ecan
NPUHATL 3Ty 0Cb 3a ocb 0z M 0603HAYHTb paccTosiine OT ToukH P Ao
Hee uepe3 7, To DyUKUHSA 4 NMPHMET BHA

u=u(=u (V" 2449

[Npu wuccienoBanny Takux IOJeH LenecooGpasHO MOMb30OBATLCA IHIHHI-
PHYECKUMH KOOpAuHaTaMH. I[IOBEDPXHOCTAMH YPOBHS TaKMX IONeH sBJIsA-
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WTCA KPYroBbN LHJIMHAPH, OCH KOTOPHIX COBNALAlOT € OCLIO Noas. STH
N0JIs1 Ha3BIBAalOT TaKXKe YUAUHOPUHECKUMU. -

Ecan ¢ynkums u (P) ckanspHOro nojs NPHHUMaeT OJHH M Te XKe
8HAYEHHS B COOTBETCTBYIOWIHX TOUKAX BCEX NOJYMJIOCKOCTeHN, MPOXOAAMH K
yepe3 OJHY M Ty Xe NpsaMYylo (ochb Toaf), TO Takoe NOJe Ha3bLIBAOT Cce-
cummempuveckum. TIOBEPXHOCTH YPOBHS TaKOro nojs— IHOBEPXHOCTH Bpa-
LieHHs, OCH KOTOPHIX COBMAJaloT € ocblo noas. Ecan ecb nois npuHsTs
3a och Oz, TO NpH MCCNE/IOBAHHH TaKUX ToJeil 1enecoo6passo moab3o-
BaTbCsl JMGO chepuueckuMH, Jn60 NHIAMBIPHIECKHMH KOODAHHATaMH.
dynkunio u=u (P) MoxHO B 3TOM cayuae npejCcTaBuTh JHGO B BiHjie

u=u(r, 0)
(B cpeprueckHx KoopAHHATax), JH6O B BULE
u=u(r, z)

(B LAJNMHAPHYECKHX KOOPJHHATAX).

3amevanne. Fpannen'rbl BEeRTPANIbHLIX, OCCBLIX H OCQCHMMCTPH-
HeCKHX noJeii 06pa3y10‘r BEXKTOpHbIE AOJIA TOrO JK€ XapakKTepa —LenTpasnb-
HbiC, OCEBLIE M OCEeCHMMETpHYECKHe,

Ha#itu rpaaventsl ¥ JanjacuaHel CleAylomMX noJei:
10.184. u=f(r), r=V2Ety+2.

10.185. u=f(r), r=Vr+y.

10.186. u=F (r, 6) (r, O—cheprueckue KOOpAMHATHI).
10.187. u=F (r, 2) (r, z—nUANBAPHRYECKNE KOOPANHATHI).



I'masa 11

. OCHOBHBIE MOHATHS TEOPHUH ®YHKLUA
KOMNJIEKCHOW NMEPEMEHHOH

§ 1. dnemenrapusle GYHKUUK

1. MounaTHe GDYHKUMU KOMIVIEKCHOH mepeMeHHOi. MHOXeECTBO Touek
E pacwmmpenHol XoMmyekcHO# miockocTd (2)=C J {0} Ha3bBaercs
C8A3HLIM, ecJH JIIoOble JBe €ro TOYKH MOXKHO COeJUHHTb HelpepblBHOMH
KPHBOH, BCe TOYKH KOTOPOH NpHHaAJeKaT JAaHHOMY MHOxecTBy. CBsi3Hoe
OTKpBITOE MHOXECTBO TOYEK KOMILJIEKCHOI NJIOCKOCTH Ha3hIBAeTCA 06.2acCHi6f0
u o6osnavaercsi yepes D, G u T. n. O6Gaacte D HaspiBaeTcsi 00HOC8AI-
HOU, €Cc/H ee TpaHHUA SBJSETCH CBA3HBIM MHOXECTBOM: B IPOTHBHOM
caydae obsacte D Ha3blBaeTCst MHO020C883HOU.

EcaH KaXI0My KOMIVIEKCHOMY YHCJAY 2, NpHHaJJexaweMy o0JacTu
D, nocraBjeHO B COOTBETCTBHe HEKOTOPOE KOMIIJIEKCHOE YHMCJIO w, 10
roBopAT, 4TOo B objacTH D omnpejesieHa KOMILUIEKCHass (yHKuus w=f(2).

IMycts z=x-}iy w w=u-}iv. Toraa dynkuns w=1{ (z) Moxer GbiTL
npeiCTaB/jeHa c IIOMOULbI0O ABYX JeHCTBHTeJbHBIX QYHKUMH u=u (X, Y)
K U=0 (X, y) AeHCTBHTE/NbHBLIX IIEPEMEHHBIX X H Y.

w=[@=utiv=u(x, y)+iv(x, y),
rae
u(x, yy=Ref(2), v(x, y)=Imf(2).

Mpumep 1. ¥Ykasars obaactb, onpefensieMyio ycnoBueMm |2z|—
—Imz< 1. :

o Tax kak |2|=V x24-y% n Imz==y, T0 nONy4aeM HepaBeuCTBO
Vetyi—y<l1
M
V242 < 14y
M3 nocnefnero HepaBeHCTBa chelyeT, uTo y > —I. Bossoas ofe uwactn
HEePABEHCTBA B KBapaT, HaxoiuM x%-|-y% < 14-2y-y%. Cneposarenslio,

HCKOMAs 00J1acTb ONnpejiesseTcss HCPABEHCTBOM Y > —2-(x2—1), T. e

NpeJCTaBIIsCT - cO00H OTKPLITOE MHOMECTBO TOUEK, OrpallHueHHOe Lpadm-
1

KOM MapaGoJbl y=3 (x2—1) u conepxamee touky O (0, 0). p

[Tpumep 2. Hafitn nefcTBHTENBHYIO H MHHMYIO HacTH QyHKUHMU
f(2) =iz?—2.
 Tlonarasg z=x--{y, Haxonum

f@=ux y)+ivkx, y)=iKx+iy*—(x—1ly) =
=1 =yt 2ixy) — (v —iy) = — x (14-29) +{ ($*—y*+ ).



Taxnm obpasom
Rejf(@)=u(x, y) =— x(1+2y),
Imj@)=v(x, Y)=22—y’+y. p

Onnucatb cbnacTty, 3anaHHbe CaeAymuMH  COOTHOLLE-
HUSMH, M YCTAHOBHTDL, SABJAAIOTCA JH OHH OJHOCBS3HBIMH:

;oL Jz—2z)| <R, 112, 1< z—i|< 2.
18, 2<|z—i| <+ oo. 11.4, 0 < Re(2i2) < 1.
L 15, Jz2—z| >R 116, 0<|z+i| < 2.

1.7, Im(i2) < 1. 11.8. Re4 > 1.

\\j
YKas3aThb Ha KOMILJIEKCHOH IIJIOCKOCTH MHOMECTBa TOYEK,
YAOBJIETBOP AIONHX YKA3aHHBIM COOTHOLUCHHUAM:

1.9%, Im 2 =0, 1110, |2—i| 4]z 4i]< 4

11.11. Re 2—25=0. 11.12. |z—5|—|z+5|<6.

1.13, argZ=2 z‘zl +L

~ 3anucatb ¢ HO‘VIOI.IlblO HEPaBEHCTB CJIE/ylollHe OTKPHITHI®
MHOX€CTBa TOYEK KOMIIJIEKCHOH IJIOCKOCTH:
¥ 11.15. TlepBbiit KBajpaHT.

11.16. JleBas nosymaoCcKOCTb.
. 11,17, Tlonoca, cocrofilasg M3 TOYEK, OTCTOSIMHUX OT MHH-
MO/l OcH Ha paccTOsiHHe, MEHbllee TpeX.

11.18. BuyTpeHHocTh 3auunca ¢ ¢GoOKycaMH B TOYKaX
14-i, 34 i u GosbLiOH MOJYOCHIO, PaBHOH 3.

11.19, BHyTpeHHOCTb yIya ¢ BepIUHHOH B TOYKe 2z, pact-
Bopa /4, CHMMETPHYHOTO OTHOCHTEJILHO Jyua, napaJJeb-
HOT'O MOJIOKHTEJIbHOH MHHUMOH HOJYOCH.

Hna cnenyromnx QyHKOHA HalTH JefCTBUTENbHYID H
MHHMYIO 4acTH:

11.20. f(z)=1iz+22% 11.21, f(2)=2i—z+i2,
11.22. f(z).‘—_:j;. 11.23. f(2) =2 +-.£_-.
11.24, f(2)=Re(z’+i)+ 11.25, f(Z)'—-'- 22+z:l—']

+ iIm (22—i). 2tz °

‘Onpenennts ¢QyHKUHIO @w= f(2) NO M3BECTHHIM JeHCTBH-
TeNbHOM M MHHUMOH YacTAM:

11.26. u(x, y)=x+y, v(x, y)=x—y.

o Ecmz=x+iynz=x—iy, 1o x=—;-(z+?) H y=——2‘- (2—="T).
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Toraa.

4 D =rty=g (4D g (=T = T T
'Ev(x. y)=x—-y=-2—(z+z)-|—7(z_z)—_—+‘.z+1;‘;
Cneuc',BaTeano,
Fo=um o+ n—5top I T I It g

:(i.;. 1+’ ) (1+‘+1—_—‘i)?=(1+i)2

Tagum obpasoM, f(2)=(1+41)z.

PaccmoTpenHblli B 3aJaue METOA MO3BOJISET B O6uUieM cayuae Noay-
SHTb S QYHKUMH KOMIIEKCHOH MepemeHHOH BbipaenHe, sapicauiee
oTz M z. P

11.27. u(x, y)=x*—y*—2y—1, v(x, y)=2xy-+ 2x.

2 2 4 { 2 2 __1
11.28. u(x.y)xx%?,_v(x, Y= yx—:%yr

11.29. u(x, y) =~ , v(x, 9) a%.

Oynxuua w=f(2) HasmBaercia odnoaucmuod B o6nactu D, ecau
MOGHIM PasiMUHBLIM 3HAYEHUAM 2y % 2y, B3ATHIM M3 obnactd D, cootser-
CTBYIOT PaS/HMuHble 3HAYEHHS BYHKUHH f(z1) # [ (22).

Hafité 06.1aCTH OJHOJUCTHOCTH CTeRYIOmuX Yy HKUHil:
11.30. f(2)=2%

< l'chrb 2 =pye o zg—pze s, Hafinem ycnoBue, npu KOTOpoM
Zl=Zg, XOTH 2i # 23, Mmeem pie/®®=—=p22®s  Orciona 3aksiouaem, uto
P =P, 2 203=2@;+2kn (k=0, 1). Tak KaK zj # 23, TO Q=@+ 7.
Takum 06pa3oM, 061acTb OIHOJHCTHOCTH OYHKUHH w=2% He jo/xXua
GollepKaTh BHYTPH ceGsfi TOYEK, MOAY/IH KOTOPHIX COBMAjaiOT, a apry-
MEHTbl OTJIMYAIOTCA Ha &, T. €. 006/]acThi0 OJHOJHCTHOCTH SBJiSIETCS
Ao6as MoJaymIocKoCcTb, Hampumep Rez > 0 uau Imz > 0. p

11.31. f(2)=2", neN. 11,32, f(z)=¢*
11.33. f(2)=e2. 134, f() =2+

TeomeTpuueckn 3anaHuyi Ha D ¢yHkuuio f (2) MOXKHO paccMaTpuBaTh
KxaKk otobpaxenue obnacté D miockocTH (2) Ha HeKoTopoe MHOXKecTBO G
IJIOCKOCTH (W), SIBJSIOIeeCsT COBOKYNMHOCTbIO 3HaueHHH f(2), cooTBercT-
Byloux BceM 2 € D.

IMTpumep 3. HccnenosaTe oToGpaXkeHHe, OCYLIECTBJISIEMOe JIHHef-
Holt pyHKumelt w=az- b.
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«f 310 oro6paxeHHe MONKHO pacCMaTPUBATh KaK KOMIOJUIHIO Tpex
npocreHiiux orobpaxkeHH#. JleHCTBHTENBHO, NMOJNOXKHM

wi=|alz, .
w, = ef A€ Iy,
=w2+b.

Torna HeTPYZHO BUAETH, UTO W=1w3 o Wy o Wi. M3 reomeTpuueckoro cMuicia
NpPOH3BeJIeHUST U CYMMbl KOMIIJIEKCHBIX UHCeJ SICHO, YTO OToGpakeHue w;
ectb orofpaxkeHne pacTskeHus (cxatus npu 0 < |a| < 1), oroGpaxe-
HHE W, NpPeACTaBJIfieT co6oi NMOBOPOT BCell MJIOCKOCTH (W) OTHOCHTEILHO
Hayaja Ha Yrol (=arga H, HaKoHel, OToGpaxeHWE w; €CTb MapaJ-
NeJIBHBIH TTepPeHOC MJIOCKOCTH Wy Ha BeKTOp, H3006pa)Kaloui KOMIJIEKC-
Hoe yucso b. P

Halitn o6pasel yKasaHHBIX TOYEK INPU 3aJaHHLIX OTOGpa-
KEHUAX:
11.35. z,=1+41i, w=2*41.

. 11.36. z.,'_‘—ﬂ, W= (z—0)".

< 11.37.‘20-.:1___2"_, wzln;z.
11.38. z,=3—2i, =2
z

11.39. Haiftn o6pa3er koopauHaTHeiX oceli Ox u Oy
Z+L

NpH OTOOPaMeHHH W=_——r

Jns orobpaeHHuil, 3aJaBaeMbIX YKa3aHHBIMH (DYHKUHIMHU,
Haiith obpaspl smnuit x=C, |z|=R, argz=oa u obpas
obmactu |z|<r, Imz>0: -

11.40, w=22 11.41%% =1L,

N —

Oxun w3 naubosee ynorpebisiemMpix crnocoGoB 3alaHusi GyHKUME —
3ajlaHue C nmoMmoulbio GOpMYJl—B caydae (YHKUHHA KOMIJIEKCHOH nepe-
MEHHOM 4acTo. NPUBOAUT K MHOTO3HAYHBIM (YHKUHAM.

Cosopat, uto B o6nactu D onpeaenena MHorosuaunas @yHuKUHS
w=/F(2), ecan Kaxnoi Touke z € D 1nocTaB/ieHO B COOTEETCTBHE HECKOMbKO
KOMIIJIEKCHLIX YHCeJl W.

" o . -2 —
[Mpumep 4. Hafith Bce 3naueHus QyHKOHH w=—V—;—-—— zZ R

TOuKe 2y=1i.
« Tak xax |l|—1 H argz— 2 , TO B COOTBETCTBHH C -ONpeile/eHHenm

KOPHA n-it CTCNEHH 3 KOMIUIEKCHOTO 4HMCaa (oM. § 5 ra. 1) Haxonum

Ve eT<2£+2kn), k=0, I,

Y=g =

6 TIlox pen. A. B. Edbumosa. B. . Hemunosnsa 161



Tarum obpasom,

- i - —_
w0=K2—2-—e4 =-V2—2—cos %—tslp%:—i}%g.

— b - -
w1‘=—V2—2—e 4 =l/§—2—cos—54i‘-—'isin57n=}f_2+i T2 »

Haiitn Bce SHaueHHs cJeRylolMX PYHKUUH B YKa3aHHLIX
TOYKAX]

1142, w=z+z, z,=—1.
1143, w=Y 2t

11.44, w=]/l—l/7, 2,=—1.

1145, w=V i+V 7, z,=—1.

Haiitn Argf(2), ecan z=re'%:
1146, f(2)=2% 1147, [(z)=2°
1148. f(z2)=yz+1. 1149, f(2)=V2—8.

11.50. f(z)=VZ—4. 11.51. f(z)=]/§—1?l-.

2. OcHoBHBIE 8eMeHTapHbE (GYHKUHH KOMNJIEKCHO nepemMenHoil.
Crenytomue GyHKUHM (KaK OJHO3HAYHLHIE, TaK H MHOIO3HaYHble) Hagkl-
BalOTC OCHOBHBLIMH 3/IEMEHTapHBIMH:

1. Jpo6Ho-painnoHanbHasg (QyHKIHS
a2 a2 =1 ... +a,
b2® b2z =1 ... by’

YacTHHIMH CJIy4YasiMi 3TOH GYHKIHH SBAAIOTCA:

a) AHHelHas QYHKUHSA

az+b, a, bEC, a#0;

6) cteneHHas ¢yHKUMA

n, mEN.

2", nEN;

B) APOOHO-NHHEHHAs (pyHKIHA

fj“:f; v a4, b,c, d€O, c#0, ad—bc #0;

r) ¢ynrunsa )Kykosckoro
1 1
-§- (Z—I—;) .
2. Tlokasarenbhass QyHKUHSA
e3 =¢¥ (cos y-}-isin y}.
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3. Tpuronomerpuyeckie QyHKUUH
. | . | S .
smz=§7(e1=—e—'=), cos z=§—(elz—|—e‘11), .
sin z cos 2
g2= , tgz=——.
€os 2z sinz
4. TunepGonuueckue QyHKUHH

shzm (eF—e=2), cho=—t (e 4e=?),

shz chz

‘ thz_chz ’ “Shz -

5. Jlorapupmuueckas GyHKUHUSA
Lnz=In|z |-+ i(arg 2} 2kmn).

Pyukuus Ln 2z gsasercs MHOroswauHoit. B Kaxaoll Touke 2, OT/IHYHOM
OT HYAf M 00, OHA MPHHHMAET OeCKOHEeYHO MHOro 3Hauenui. Bupaenue
ln|2z|+-{arg z nasbiBaeTCHA T/1aBHLIM 3HauUeHHEM norapucpmmecxou PyHK-
uuu u oGosuavaerca yepe3d In'z. Takum obpa3om,

Lnz=Inz - 2kni.
6. OGutast cremeHHas HyHKUHA
za:eaan' aeo.

alnz

’)ra Q)yummﬂ MHOro3HauHasi, ee TIJiaBHOe 3HaueHHe paBHO ¢ Ecan

a :7, n€N, To noiyvaeM MHOrO3HAa4yHYIO ¢>yHKuum—Kopeub n-h cTe-

neHd U3 KOMMJIEKCHOro uucnaa: ,
1 . I . . arg z+2km
— n/— T(ln|z|+t(argz+2kn)) n _LrgT

2" = z2=e = /lzle .

7. O6wan nokasarenbHan GyHKUUSA

az=e*lna, 4€C.

nasroe siiavenue 5Toft miloroaiaunoil dynkuuu -pasio e "%, B gain-

ncimem npu a > 0 nonaraem af =¢? 118,

8. O6parubie Tpuronomerpuyeckde ¢yHkuun Arcsin z, Arccos z,
Arctg z n obpatible runepGoanyeckue pynkuuu Arshz, Arche, Arthz.
OurpenesieHHs 3THX MHOTO3HaYHBIX (QYHKUHA paccmoTpeHsl B mpumepe 7
u sapauax 11.70—11.74.

Oro6paxeHHsl, OCYUIeCTB/ASieMble HEKOTOPBIMH 3JEMEHTAapPHBIMU (YHK-
ILMAMH, W NOpOCTeHiIHe CBOHCTBA 3THX GYHKUMA OyLyT paccMOTpeHst
no3jiHee (B § 3); 31echb OrpaHUYUMCH TOJNBKO BBIYHCTEHHEM KOHKPETHHI%
311a4eHU I 3TUX GYHKILHH.

[Tpumep 5. Beuucaure sinl,

o Mmeenm: .
eli _e=ll  p=1__p1 el -

1
sin{= S =37 =1 ) =ishl. P

MMpumep 6. Buuucaure ch(2—39).
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o Vmeem:
ch (2—3i)=
ziM'“Z__L”ff.—_-;- (€2 (cos 3— i sin 3)-}-e~2 (cos 3+ sin 3)) =
=c083ch2—isin3shl. p

Tipumep 7. Halith abannTnueckoe Bmpamenne Aas GynKuum
Afecos 2 Dpu JI060M KOMNJeKcHoM z. Bhiumeants Arccos 2.
« Tox XaKk paBencTBO w=Arccos 2 PaBHOCHJIbLHO PaBEHCTBY COSW =23,

W} o=iw
TO MOXEM Sanucalh 2=———p—. Otcloia HaxopuM

W __2zeiw_) 1 =0,
Peiuast 9T0 KBajipaTHOE OTHOCHTENLHO €™ ypaBHenye, NONYYacM
W=z 1Y 21

(3Reeb paccMatpuBalorcda o0a anaueHns Kopus). M3 sroro pasencrsa
HaXOUUM

w=Ln(z4+V 2—1),
T. e
w=Arccosz=—iLn(z4 VY 22=1).
Orciopa nonyaem

Arccos 2= —iLn (2 + V 8)=—iln (2 + ¥V 3)-}2kn. P

11.62. Mcnonb3ys naHHOe Bhllle onpejesieHne GyHKunM €2,
AOKa3aTb, YTO €° NUMeeT 4YHCTO MHHMbI nepwoa 2mi, T. e.
ez+2m' =2,

BoipennTh AeiCTBUTENLHYIO U MHUMYIO YacTH CE/LYIOIBX
“hyBx N

11.53. w=¢"2. 11.54. w=¢z+i),

11.55. w=sin(z—i). 11.56. w=sh(z4-2i).

11.57. w=1tg (z+1). 11.58. w= 31,

JlokasaTb TOXIECTBa:

11.59. siniz=ishz. 11.60. cosiz=chz

11.61. igiz=ithz.

BuiyucanuTh 3HaueHHs GyHKHMHA B yKa3aHHBIX TOYKaX!

11.62, cos(1-1i). 11.63. chi. 11.64. sh(—24i).

11.65. Ln(—1). 11.66. Ini. 11.67. Ln L%,

V2

11.68. ctg ni. 11.69. thni.

IloayunTh aHaJMTHYECKHE BLIPAXKEHMS JJi YKa3aHHLIX
AYKe @YHKIWI M AAA KaXAOH M3 HUX HaliTH 3Hauclue
B COOTBETCTBYIOWleH Touke 2, (CM. npumep 7):

11.70. w=Arcsinz, z,=1.

1171, w=Arclgz, z,=i/3.
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11.72. w=Arshz, 2z,=I.
11.73. w=Archz, z,=—1.
11.74. w=Arthz, z,=1—I. s
Haiitu 3Hauenue MOAyJsl W IVIaBHOE 3HAUEHHE aprymema
8aJaHHBIX (QYHKUHHA B yKa3aHHBIX TOYKaX:
11.75. w—sinz,.zo_‘n—{—iln&
11.76. w=2z%", 2,=—mi. .
11.17. w_-l—l-ch 2, zo=1iIn2.. P
11.78. . w==thz, z=1-|in.
Haiitu Bce 3nayeHug cremeneis = o
11.79. 2¢. 11.80. (———1)1 11.81. (1 40).

11.82. (— 1)V'2, 11.83. (3—4i)t+i, 11.84. (—3-1—41)““‘

144 V3 o
11.85. <V2> Cnse (24 2) :
‘Peluuth ypaBHEHHS: e et e
11.87. e?—i=0. 11.88..¢f*=cos nx (xER).

11.89. In(z2—i)=0. 11.90. shiz=—1.

3. ﬂpenen M _HenpephiBHOCTD . HYHKUUH , KOMILIEKCHO nepemenﬂou.
Yucao A # oo HasbiBaeTcs npedesom cbyHKum f(2) nps 2 — 2, H 0503Ha-
yaerca A= lim [ (2), ecau ans mmoboro & > 0 wHaitaercs 6=x8(@) > 0

2>z,
TaKoe, 9T0 JUIfl BCeX Z 7 Zy; YEOBJETBOPSIOUINX Hepaaeﬂcmy |z—z,, 1< 8,
BLIONHACTCS HepaBeHCTBO

b |fz)—A|<e o
ToBopum, uTo’ lim f(z ecau A moboro R > 0, Haitgetcs
’ 22, '
8.=06(R)> 0 Takoe, aTO Mfif BCEX Z#'Z, TaKHX; 410 |z ['< 6,
BbINQJIHAETCS HEPaBEHCTBO o

li@]>R. .
CaenyerT umers B BHAY; YTO AN HNaHHOH ¢ynkuuu f(2) cymecmoaanne
npenena mno JjaGoMy (buxbuposaﬂﬂomy OyTH (2 — 2,) eme He rapauTd-
pyer cyuwecTBOBaHHMe npefiena f(2) npu z2— z,.
2

Mpumep 8. Hycrb f(z)__<__._.z_) Mokasats, 4o lxm f(z)
He CYIIeCTBYeT. .

« dns npe.&ena npu -7 — 0.na moGOMy ayuy re % pveem -
T re" “"
lim 1 — =sin 2¢;

r—> 020\ 5
T. €. 3TH Npeleftl Pa3H4HBl JUI Pa3TUYHLIX. HAMPABJEHH —OHY 3anon-
HAWOT cajous orpeaox [——l l], u, C/Ie/(0BATE/IbHO,

llm__ i-_Z -
N AR ATEREIE
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Gysxkunusa f(2) HasbiBaeTcs HenpeptiéHod 6 mouxe 2y; €CAM OHA

_onpefieena B sToi Touke M lim [ (2) = (2,).
: 252,

®ynskuus f(2), HenpephiBHas B Kaxjoll Touke obaacty D; nasp-
Baetcs nenpepbisrod B 3TOH 06.aacTh. )
' @dynxuus [ (2) HasLBaeTCa paAsHOMEPHO HenpepwiéHoh B obnacth D,
ecan aas Jwoboro € > 0 naiigercs §=0(¢) > 0 Takoe, yTo AMa MOGLIX
TOueK 2 M 23 M3 ebaactu D Takux, uTo |2{—2| < 6, BHnoaHsercs
HepaBeHCTBO | f (21)—f (22) | < e.

~ 11.91. Mcnonb3ys JOrMyecKkylo CHMBOJIHKY, 3anucaTh AaH-
HOe BRIl OnpejleleHle HenpepuiBHOCTH (PYHKUHH B 0O6JACTH.

BLIUHCIHTB caenyrouiue npenedbi:

4 . 22—4i2—3 . C0sz
11.92. 211-1;11‘ —— 11.93. 121—1310 chiz °
. sin iz . ezl ]
1 I-94.‘ ll—l;ﬂﬂ.m . 11.95. zl:fﬂﬂ W o
4 2

Hoka3aTp HenpepHBHOCTb Ha BCEHl KOMIJIEKCHOH MO
CKOCTH CJeaylomux (yHKUMii: '

Y 11.96. w=2. 11.97. w=|z|Rez.

11.98. w=e?. 11.99. w=cos|z|.

Kak noonpesenuTh faHHble GyHKIMH B Touke 2 =0, uTo6HI
OHM CTaJi HENpepLIBHEIMH B 3TOH TOYKe:

11.100. f(z):z-‘lijl—’. 11.101. f(z)_—_”lmT‘(j’)

11.102. f(z)=e-1121. 11.103. f(2)=2/|z|.

11.104. Joxasatb, uto pyHKuHSA f(2) =e~1/? HenmpepbiBHA
B noaykpyre 0<|z|<1, |argz|<<m/2, HO He sBJAsieTCH
pPaBHOMEDHO HENpepLIBHOH B 3TOM MOJYKpyre, a B JioGOM
cekrope 0 <|z|<<1, |argz|<<a < m/2 oHa paBHOMEPHO
HenpephiBHA. '

§ 2. AnanuTHueckue GyHKUHMH. YcJaoBHS Koy — Pumana

1. Mpoussonnas. AnaautnuHocTb ¢yHKkuuu. Ecaum B Touke z€D
CYLLECTBYET npejes
‘lirn [(4+A2)—] (2)
Az—> 0 Az ’

2+Az€D,

TO O HasbiBaeTcsl npoussodnod QyHKUHKM f(2) B Touke z W o6oanavaercs

yepe3 .]’ (2) nan dfd_z(z) .

roBOpuM, uto (Qynxkuus f[(z) dugdeperyupyema B TOUKE 2.
®ynkuna f(z), anddepennupyemas B KaxJod Touke obracth D
W nmelowlas B STOH 06JacTH HenmpepuLiBHYIO NPOMSBOAHYW [’ (2), nash-
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BacTCA anarumuseckod 6 obaaému D, ByjieM TaKxe TOBOPHTB, YTO f(2)
anaaumuieckan 8 mouke 2y, € D, ecnu f(2) sABAsieTcss aHAJAUTHYECKOR
B HEKOTOPOH OKPeCTHOCTH TOUKH 2.

Hast Toro uToGbl (YHKIHSA f(z)—u(x Y)+iv(x, y) 6bi1a aHAMUTH-
4eckod B obsactH D, HeoGXOZHMO H JOCTATOUHO CyIIeCTBOBaHHE B £
.06IaCTH HelpEepPLIBHEIX YACTHBIX NMPOU3BOAHBIX GYHKUMA u (X, y) HU (X, y),
yaoBjerBopsilomux ycsaosusam Koun —Pumana

Ou(x, y) __0v(x, )

dx oy
du (xv .’/) _ dv (x! y) (l)
ay  ox ! '
HJH, B MOJSIPHBIX KOOPJHHATaX,
Ou (rcos @, rsing) 1 do(rcos @, rsin q;)
or Tr op
Ou(rcos@, rsing) 1 0u (r cos @, rsin q)) @
or T 09

TMpu BumonHenun ycnoBuid (1) uanm (2) npousBomnas f.(z) Momer
OuITh 3anUCaHa COOTBETCTBEHHO: .

Ou, .0v Ov .,0u OQu .Ou

r (’)=&'+‘Ec“@— dgax '3y 6y+ ax ®)
n
, ou .00\ 1| [de 0u
f (z)——<—+ ar)_-".—(% Otp) L@

DGopmynst AuddepeHunpoBaHua (QYHKUHIT KOMIIEKCHOH NepeMeHHOM
aHANOrU4Hbl COOTBRTCTBY IOULUM (opmynam nuddepeHunpoBanusn GyHKUU
NedCTBUTE/NLHON MepeMeHHON.

[Mpuwmep 1. Mokasars, uto ¢yHkuus f(2)=e€%# anaiuTuuxa u
Haittu [ (2).

 Nwmeem
- €%2=¢%% (cos 2y i sin 2y),
T. € )
u(x, yy=e**cos2y, u(x, y)=e?*sin2y.

{Toatomy
9u = 2¢2% cos 2y u = —2¢2% sin 2y,
0. "oy !
0 ey W o ooy
F P 2e%% sin 2y, = 2% cos 2y.

Crenoarenbho, ycaosusi (1) BHIOMHAOTCA BO BCell MJIOCKOCTH, H N[O
_Tepsoil U3 dopmya (3)

(e22)" =2¢%% cos 2y - i2¢%% sin 2y = 2¢2* (cos 2y - ( sin 2y) =2¢2%. P

. Mpuwmep 2. [Mokasartb, 4To QyHKUMA W =2 aHAJIMUTH4HA BO BCeil
KOMIIJTEKCHO# I1JIOCKOCTH (Kpome z2=00).

:4 ,ﬂeﬁcramenhﬂo, umeem z=re'? u
; w=23=r3%"3? =13 cos 3p{-ir? sin 3@,
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nphueM 5 -
L o = 2
o 3r2 cos 3¢, P =3r? sin 3¢,
- Ou s P s ‘
a—(p-——Br sin 3¢, -W-—-Sr cos 3¢; )

St

T. €. TPH Jnoﬁom KOHEUHOM z—re“’ ‘BHIIOJNHENbE YC/IOBHA (2) Ipumenss
nepeylo n3 q>opuy.v1 (4), nmeem .

P @=(>) =.? (3r2 cos 39 - i32 sin 3¢) = 323. P

Mpumep 3. MNokasate, uto Jorapudpmnyeckas ¢yuruus w=>Lnz
aHanNTAYHA BO BCEX KOHEUBLIX TOUKaX, KpoMe z=0, npniem'

(Ln2)’ =%

 Tox xar .
Lnz=Inr-+}i (9t 2kn);
T0 HMeem:

' ou 1 ov i ou _ov

= —_

&1 o9 ' Og or
T, € 'BLIDOANENb yenorua (2), no yiepBoil ¥3 dopmya (4) HaXOMUM

FR TP

=0,

Anann’mqecxne GYIKUMN HAXOAST NpHMeHenne DPH OMHCanuM pas-
JHMUBBIX npoueccoa.

Flpumep 4. PaccmMoTpuM mnyiocKoe Ge3BHXpEBOe TeueH:e HAeanb-
wofi . HecxkuMaeMol kuakoctu. Ilyets v, (x Y) 1 Uy (%, Y)—KOMAOHENTH
BEXTOPa CKOPOCTH ¥ Teuenus BAOAb OCell X W y, w nycTh

VE@=uvy(x, ¥ )_wy x, v) ®)
~- HOMMJIeKcHas cKopocThb. Tenenns. [lokasats, ute V (z)— anammthve-
cKasg pynxnng.

‘ H3 necumaeMocTH: XHNAKOCTH c.nenyeT YTO JIWBEpPreHllHa BEKTOpaA
CKOPOECTH TOXACCTBEHNO paBHa Hy/MO, T. €.

=t W Q. (6)

Danee, Teuenne nBiseTc Ge3BHXPEBHIM: TOTAA. M TOAbKO TOFAd, HOIJa
POTOP €ro BEXTOPa CKOPOCTH PabeH HyJo, T. €. .

vy  Ouy .

Ho paeenersa (6) n (7) aBARIOTCA YCJIOBHAMH Koum—PnuaHa Aas
o.pymmym (5), T. e. KOMNJeKCRas CKOPOCTb V(z) ABNACTCA aHaNNTRUE-
cHoll pynknned KOMNIEKCHOI nepeMenHON 2 = x-}-iy.

BhischnuTe, B Kakux Toukax anddepenimupyeme GyHKwmN;
11.106*. w=12z. 11.106*. w=Rez. 11.107, w=2zImz.
11.108. w=2zRez. 11.109%* w=|z2|. 11.110. w=|z— 1]
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11.111%. Ilpeanenaran poinesmenHpiMd ycaoBus Komm —
Pumana (1) B “lexapToBbLIX NpsSMOYroJbEBIX KOOPLHHATaX,
JAOKa3aTb CHpaBeinHBocTb ycaoBuii Komm—Pumana (2)
B TNOJSPHBIX KOOGPAMHATaX M COpPaBelJHBOCTb (opmya (4)
BRIYHCJEHMS TNPOM3BOJAHON B NOJNAPHBIX KOOPAMHATAX.

ITpoBepuTh Buinosnenne ycaopuit Komm —Pumana (1)
win (2) v B cayyae uX BHIIOJHeHMd HalTH [’ (2):
11.112. f(2)=¢%. 11.113. f(2)=shz.
1L114. f(z)=2", n€Z. 11.115. f(z)=cosz.
11.116. [(z)=In(z%). 11.117. f(z)=sin+ .
11.118%, IlycTb [ (2) —ananuTnueckas gpynknnsa B o6aacta
b. Hoxaszath, uto ecay ofHa M3 QyHKUMH
u(x, yy=Rej(2), v(x, y)=1m](2),
rix, =17}, 0, y)=argf(2)
coxpanser B o6.acTH NOCTOAHHOE 3Hauenue, 10 W f(2)=
=const B D.
2. CpoilcTRa ananuTuyecknx ¢ynkunf. Paja cBOACTB;, XapaKTepHbix.

A anddepeRnypyeMuix (YHKUNH JeHcTBUTeNbHON NepeMeHHoOMH, coXpa-
HACTCS W I3 anaauTHuecKnx Qynkuni,

11.119, Hokasatb, uTo e€cam f(2) n g (2)—anannTnueckne
B obnactn D ¢ynkuun, 1o dynkum f(2) = g(2), f(2)- £42)
Taxxe aHaauTuuubl B ofnacth D, a wuacrtHoe f(z)/g(z)—
anaanTHyeckasi GyHKLHsSi BO BCeX TOYKax o6sactu D, B Ko:
Topuix g(2)5£0. Ilpn atom nmMeioT mecto popmyan =

@) xg@) =) xg ),
1@ g@@)=F(2)g@+](2) g (2),
<f(z)) '@ g@@—i@e (z)
£(2) &2 (2

11.120. Tlycrs f(z)——aua.nmuqecxaﬂ B obnactyn D dynk-
nHA ¢ obnacToio 3navenui G={f (z)lzeD} U nycTb QYyHK-
uns ¢ (w) anaantudna B obnactu *G." lokasate, 4To F(2) =
= @ (f (2)) —ananntnueckas B obaacty D pyukuus.

HUenonnsys yreepxpenne samaun 11.119, naditn obaacti
aHAaNMTUYHOCTH (YHKHMI M MX NPOU3BOJHHIE:

11121, f(2)=1igz. 11.122. f(2)=2z- e"’

0 - l

1123, [(2) =557 11124, [ y=5E1 .

|
ifgzfctgz®
11,127, f(2)=cthz. 11,128, f(2) =——0n 2 _,

cos 2—sin 2

11.125. f(2)= 11.126, f(z)‘=—
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11.129. HoxasaTb, 4TO HeACTBHTE/NbHAS. H MHHUMAsi 4acTH
aHanuTudeckol B obnacth D dyuxkuuu f(2)=u(x, y)+
-+ {v(x, y) ABNAIOTCA rapMOHHYECKHMHU B 3TOH 06/acTH (PyHK-
ILMAAME, T. €. UX JanJacHaHbl PaBHbl HYJIO:

0%u | 0%u 0%
All=a§+a—yz‘=0, Av—a 2+ay~

11.130. IlonyunTh BbipaxkeHue JangaacuanHa Au B mossp-
HBIX KoopjauHaTax (u=u(r, ¢)).

3amerum, UYTO 3ajaHHeM JeHCTBHTE/NLHOH HJH MHHUMOM uacTH aHa-
Jutuveckass B obaactu D dyHKuHA onpejessieTcsi ¢ TOYHOCTHIO A0 MPOH3-
BOJBHOW (KOMONeKCHO#) moctosnHoil. Hanpumep, ecau u (x, y)—Aehct-
BHTe/IbHA Y4CTb aHanHTHYecKoit B obsactu D ¢yHkuuu f(2), 10
x, o
o, p=Imi@= { —ujdrturay,
(Xo» Yo)

rae (%o, Yo) —ukcupoBannan Touka B obnacTH D u myT WHTErpuUpOBA-
HUS TaKiKe JIeXHUT B o6aactu D.

Tlpumep 5. [lpoBeputs, 40 yHKUHS u=x*—y?—bx4{y-}2
ABNSIETCA NEACTBUTENLHOH 4ACTLIO HEKOTOPOH aHanuTHueckoh dynkunu
[(2) w wnaittu f(2).
 Tax kax

0% , %
ox? +6y2 —2=0

BO BCe#l MJOCKOCTH, TO u (X, y) —rapMoHudyecKas (GyHKUHS, a TOTAa
(x, x y
e = § (2y—l)dx+(2x—5)dy=§(2yo—l)dx+§(2x—5)dy=
(X0, Yo) Yo
=2y — 1) (x—x0) + (2x—5) (y— yo)—2xy X —5y +5¢o + X0 —2xyYo,
T e
v(x, y)=2xy—x—5y+C
H
f@)=x*—y*—5x+y+2+i(2xy—x—5y+C) =
= (¥ —2ixy —y?) —5 (x+iy) +(— xi+-4) +-2+-Ci =
=22—bz—iz{-2+4-CL. P
IMpumep 6. IokasaTe, uT0 QyHKUHSI BUIA
u(x, ) =a (2+4y)+bxtcoy+d, a#0,

He ABIACTCA ['€HCTBUTENILHOH (MM MHHUMOMH) 4aCTbi0 HHKAaKOH aHaAHTU-
4ecKON BYHKLUHH.
. [LeiCTBUTE/IBHO, 3TO C/EAyeT H3 COOTHOMIEHUS

0%u

xz+ay:_4 a#0.p -

179



[IpoBepuTb rapMOHMYHOCTL TNPHBEAEHHBIX HHXKE QyHKUMI
B YKa3aHHBIX 00JacTAX M HaHTH, KOIZa 35TO BO3MOXHO,
aHaNMMTHUECKYIO (YHKIIVIO MO NaHHOH ee AEHCTBHTENbHON WU
MHHMOH 4acTH:

11.131. u(x, y)=x>—3xy?, 0<|z| <+ oo.

11.132. v(x, y)=2¢*siny, 0| z| < 4 oo.

11.133. u(x, y)=2xy+3, 0<<|2z| <+ oo,

11,134, v(x, y)=arctg £, 0 < |z| <+ oo.

1L135. u (6, §)=mra—20, 0<|2]| <+eco.

11136, u(x, Y)=x"—y*+xy, 0<<| 2| <+ oo.
11,137. v(x, y)=xy, 0| 2| <+ oo.

§ 3. Koucbopmﬁme oToGpaxKeHus

1. TeoMeTpHYECKHA CMBIC] MOAYJR W aprymedTa mpon3sopHoil. [lycrb
w={(2)—anaiutHueckas B Touke 2, dynxuus u [’ (2)) # 0. Torga
k=|f (2,)| reomerpuueckn pascH KOSDOULIHEHTY PpacTSIKEHHS B TOUKe
.29 TpH oToGpaxkeHHH w=f(2) (Tounee, npu & > 1 uMeer Mecto pacrsa-
XeHue, a. npu, k < l—cxatne). ApPrymeHT npou3BOAHOM Q= arg [’ (2e)
reoMeTpHYECKH PaBeH YIJy, Ha KOTODBI HYXKHO MOBEPHYTb KacaTeabHyio
B TOYKE 2, K JoGOH riankoii Kpusoii L, npoxonsiuel yepes TOUKY 2,
4TOGH MOJYYUTh KacaTeJlbHYl0 B TOYKe wo=f(2,) K o6pasy L’ 3Toii
KpuBOi npu oTo6paxenud w={f(z). Ilpn stom, ecanm ¢ > 0, To noso-
POT TNPOMCXOAHT TNPOTHB YacoBOoH CTpeakd, a ecan ¢ <0, TO NO
4acoBoii.

TakuM 06pa3oM;: reoMeTpHYECKMil CMBIC MOAYJSl M apryMenTa
NPOM3BOAHON COCTOMT B TOM, UYTO INPH OTOGPaXKEHHU, OCYLIECTBISCMOM
aHaauMTHUecKOR  (YyHKUMel, YIOBJeTBOpAIOMmEH yciaoBHio [/ (25) # 0,
k=|f (2,)| onperenser ko3bpuuHeHT npeoGpa3oBaHus nono6ua Gecko-
HEYHO MaJIoro JIMHEHHOTrO 3jeMeHTa B TOYKe 2o, a @ =arg [’ (zg) —yroa
[IOBOPOTA. 3TOTO 3JIeMeHTa. . -

IMpumep 1. Haiitu kosbdpuunent pacrskenus ku yro noBopora ¢
B TOuKe 2,==1—i npH oToGpaxkeHnn w=2%2—z.

o Tax kak ' =2z2—1 n ' |;_1-;=1-2i, 10

k=|1—2i|=V 5 u q@=arg(l—2)=—arctg2. P

Ha;”ml Ko3(QdHIIIeNT pacTAXeHHst & W yroJ HOBOPOTa
A5 3aJaHHBIX OTOOpaMeHHH w= f(2) B yKa3aHHBIX TOYKaXx:
11.138. w=22, z,=V2(141i). 11.139. w=22, z,=i.

11.140. w=2° z,=1-}i. 11.141, w=2", z,=1.
11.142, w=sinz, z,=0. 11.143. w=ie*?, z,=2mi.

" BpifiCHHTb, KaKas YacTb KOMIJIEKCHOH MJIOCKOCTH pac-
TATUBAETCSH, a Kakas C:KHMaeTcsi MpH CJaeAylolHx oTo6paxe-
HHAX:

11.144, w=1/z. 11.145. w=¢*"%.

11.146, w=In(z-+1). 11.147, w=2%-} 22,
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Hafitu MHOMKEeCTBa BceX TeX TOYEK 2,, B KOTOPBIX MpH
CTENYIOUMX OTOOPAKEHUAX KOIDDULIHEHT pacTskeHus k= 1:
11.148. w=(z2—1)% 11.149. w=22—iz.

1.150. w="1E2 11151, w=—2°.

Haiitu MHOXKecTBa BCEX TeX TOUEK 2Z,; B KOTOPHIX ‘HPH
CTeAYIOWHX OTOGpaXkeHHsX yroJa noBopora ¢=0:

11.152. w-—-—-;—. 11.153%, @ = “F"‘.

—12

11.154. w=22-liz. 11.155. w=z2-2z.

2. Kongopmusie oto5paxenus. JluHeliHaa n npodHo-TuHelHas BYHK-
unu. B3aumio oanoshaunoe oToGpaxenue obnact D miockotTH (2) Ha
0671acTs G TUIOCKOCTH (W) HA3LIBAETCS KOM(POpMHoM, €CNH B KadKNoH
Touke o6sacth D oOHo 06.1a74€T CBOHCTBAMH COXPaHeHHs YIVIOB'H IOC-
TOAIHCTBA DACTAKEHHIT,

Kputepuii KoHpopMHOocTH oTobGpaxenus Jaa moeo
umobsr omobpaxcerue -oGracmu. D, 3adasaemoe ynryuei w=7F (2), 6ot10
KQHGOPpMHBIM, HEOOXO0UMO 1 Oocmamotmo 4mobet f (2) 6viaa 00HOAYCH-
HOG u aHarumudeckod & .06aacmu D d)yuxq.ued, npuyen [ (z)#0
acrody e D.

B nanbHeitimem o6pa3 obaacth D npu ortobpaxeHud ¢yHKuHel
w={ (2) o6o3nauaercs uepe3 E nun6o uepes f (D).

ITpumep 2. Ilokasats, 4TO OTOGpaXKeHHe, OCYLIeCTBSAEMOe DYHK-
nueil w==2z*; KoHpopmHo B 06sacTH

D={z|1<|z|]<2, 0< argz < 2m/3}.

4 Heo6xonmmo NPOBEPUTH, 4TO' 3afaHHAs QYHKUHA SIBJISETCS aHAa/MUTH-
4eCKOH, -ONHOJIMCTHOH B D. u uyto Bcioay B D f' (2) # 0. AHaIHTHYHOCTb
q)yﬂxuun w=2% noxasaHa Bbie (cM. nmpumep .2 § 2), .cOOTHoujEHHE
w' =322 # 0 nasa mo6oro 2z € D ouesHIHo. OIIHOJ'[HCTHOCTb caenyeT u3
TOro,. :uT0 o6sacts D cojiepaHuTCA B yIJjie .C BepLIMHOH B Hayaie Koop-
JUHAT. Y. BeauyuHoit 2m/3 (cM. sapasy 11.31). p»

BoisichuTh, Kakue U3 3ajaHHBIX QyHKHHA w=7f (2) onpe-

JENIIOT KOH(pOPMHBIE OTOGPAXKEHHS YKa3aHHBIX obmacteidt Dj
11.156..w=(2+i)% D={z|1 < |z+i| K 3,

0 < argz < 3n/2}.

11.157. w=|z]5, D={z||z]| < 1}.
11.158. w=¢*,"D={z{0 < Im z < 2n},

10159, w= 5 (24 ), D={z| <21 <1}
11.160. w=(2—1)3, D={z|]z—1|<1}.

OToGpaxenne, oOCyliecTBAsSeMOe JIMHEHHON GYHRKUHeH ©W=aZ+b,
paccMOTpeHo Bbiwe (cM. nipumep 3 § l) Ono npeacTasaser coéou KOM-
fosunHI0 pacTaxenus (wy=|a|z), noBopota (ws= ¢ °™8 4y;) 'n. napaa-
JIeJIbHOTO, NepeHoca (w3 =wy—-b). O6paTHasd: K -THHEHHOA PyHKIHH TaK¥Ke

b

ecTh JIMHeHHasa yHKUuA Z=—w——. Tak kak w'=a#0, TO
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oToOpamene w KoHGOPMHO BO BCeli PacLIMpPeHHONi -IVIOCKOCTH, NpHueM

HMEET ABe HeNOJBMIKHbiE TOUKH 2j = (np a# 1) 1 23=1c0.

l—a

INNpumep 3. BusceuTp, cymecTsyeT JH JHHeAHas QYHKUHS,
oro6paxalomas TpeyrofeHWK ¢ pepmnHamu 0, I, {1 B miockoctd (2) na
TpeyroabHuK ¢ BepmuHamu 0, 2, 1-4-i B naockoctH (w).
«@ 3avernm, uTo Tpeyrosbuuk ¢ BepmmHamu 0, 1, i nono6Gen Tpeyrosn-
uaky ¢ BepwrHamu O, 2, 1--i, npuuem BepwmHa B Touke 2;=0 coOT-
BETCTBYET BeplUHHe B TouKe wj=1--i, BepimHa B TouKe 2, =!—Bep-
wHHe B Touke w,=0 W BeplIMH2Z B TOYKe 2g3={—BEpPIUNHE B TOUKE
Wy =2. BunonHuM nocseioBaTesibHO Npeo6pa3oBanus:

PR

a) wj=e 4 2—1OBOPOT OKOJIO Hauyaja KoOpAMHAT Ha yroa o = 5m/4
APOTHMB YacOBOH CTPEJKH;

6) wp =Y 2wj—roMoTeTns ¢ KosppumHenTOM k= Ve

B) wg=w,-}(1-4i)—napansenbHnii nepeHoc Ha BeKTop, 1306paxaio-
muii KoMIJekcHoe yneio 1-4-i.

" B pesyJibTaTe TpeyroibHHK ¢ BepwnHamu 0, 1; i oTo6paxaercs Ha

TpeyroabHuk ¢ Bepwunamu 0, 2, 1--i, a ocymecrTpasionias sTo oTo6pa-
JeHne uenast JuBelHas QyHKUUSA HMeeT BHJA

_ iz
w=wgowpow; =V 2¢ *z24(14i)=

=V§(—-V—2-§—iVT_2)z+l+i=(]+l)(]—z). >

11.161. JlokasaTb, Y4TO OTOOpaXKe€HHe, OCYLlECTBJISEMOE
Hesoi JuHeHHOoM (yHKINeH, uMeeT JIBe HENOABHIKHLIE TOYKH
(coBnanaomue, ectu a=1).

Jaa ykasaHHBIX HHKe OTOOpaieHHH HaWTH KOHEUHYIO
HEMOABMKHYIO TOYKY 2, (€CM OHa CyIecTBYeT), yroJ HoBO-
pora @ H Ko3ppuuUKNEHT roMoTeTHH k:

11.162. w=2z+1. 11.163. w=iz-} 4.

kLl

n N
11.164. w=¢ Tz—e ' 4. 11.165, w=az+b.
Jpo6no-annéinas ¢ynruns

az+|b
w—Ez——}—_d’ ad—bc#£0, ¢#0,

ocymeeTBAReT KOHDOPMHOE OTOGpaXKenHe pacHiMpeHHOA TJIOCKOCTH (2) Ha
paculipeHHyl0 NJOCKOCTh (w). IIpy 3TOM NOA YrIOM MEXAY KDHBHIMH
B .. K€ 2= o0 BOHMMaeTcs Yyroa B Touke z*=0 Mexay o6pazamu stux

1 .
KPHBLIX, TNONYYERHEIX NyTeM OTOOpaKenns z‘=?. Fpocrefimeit apo6uo-
’Tniilu_ei‘moﬁ dyHxumelt (oTinuHoll OT JiHHeliHOM) fABAfeTcs  PyBRuUMA
W==—, KOTOpaA MOMer 6LITh TIpeJCTaBJeHa B BHAE KOMNO3HIMH HHBEp-
CHH OTHOCHTEJbHO €IANMHMYHOH OKPYKHOCTH Wj=—-— H KOMINVIEKCHOTO
: z
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CconpsKeHud w,=w;. [Ipoctefimas npo6HO-nuHeltnasi ¢yHKuus orobpa-
XKaer OKPYXKHOCTH IJIOCKOCTH (Z) B OKPYXHOCTH TIJIOCKOCTH (w) (mpsAMast .
JMHHUS CYHTACTCH OKPYXKHOCTBIO 6eCKOHeyHoro pajauyca). Tak Kak obuias
LKPOOHO-THHEHHAA GYHKIHA NPEACTaB/SNeTCS B BHJAE KOMMNO3ULHUN .JiH-

Heitdo#t GYHKUUH wy=cz-}d, npocteituiedl APOGHO-NHHEHHON W= e
it

bc—ad
wz—!——, TO OHAa TaKXKe OTOOpaNaer

W CHOBa JIMHEHHOH w3=

OKpPYXHOCTb B Opr)KHOCTb

Jpo6Ho-nuheltHas QyHKUHA w=w (2) BroAHe OMpeJeisercA 3aAa-
fikeMm 06pa30B Tpex Touek. VimeHHo, ec JH 2{ —> Wy, 23 —> Wy H 23 —> W3, TO
(M

W—Wj Wa—Wy 2—2 23— 2y
W—Wy Wy—Wy 2Z—2 23— 2;

3ameuanune. Eciau ogHa H3 ToueK 2y, 2 WM 23 JuG0 wy, W)
HIH W3 sIBJseTCA GeCKOHeuHo YyJanieHHoit, To B dopmyse (1) Bce pa3Ho-
CTH, ‘COAepIKalllye 3Ty TOUKY, C/ellyeT 3aMeHHTb elHHHHAMH.

IMpumep 4. Haittu 06pa3 oxpyxHoctH 1%+ y?=2x npu oroGpa-

1
WEeHud w==—.
- z

. 1 — 1 _
 lNonaras z=x-1-iy, umeem x= (z+2), y=2~[(z—z).' IToncrasus
STH 3HAYEHUA B yPaBHEHHE B OKPYIKHOCTH, HAXOZUM

a4yt —2x=2.2—(242)=0

- 1
¥ HOCTe SaMEHLl z=—_ HMeeM

T. e. wdw=1. Ecmu w=u-tiv, 70 wfw=2u. Takum oGpasom,
okpyxuocts x2J-y2—2x=0 npeoBpasyerca B npamyo u=1/2, napaa-
NeNBHYI0 MHHMOH OCH.

ITpumep 5. Haittu Apo6Ho-nnHediHOe OTOGpaetue, nepeBoAsilee
toukn —I, i, {41 B Touku 0, 2i, 1—i.
<4 Vlcnonbsyﬂ Gopmyny (1), HMeem

w—0 1—i—2i 241 41—t
w—2 1—i—0 z—1( i+1+41"

_oTKyAa
) w 1z
w—2" 5z—1i
a
_ 2[(z+l)
i P o | -

Hafith o0pasHl cAeiyOUMX AHHHH [PH OTOGpaKeHHUH
w=-_1;
. z .
11.166. Oxpymxuoctu x*-4 y*=y/3.
174



11.167. ITpamoit y=—x/2. 11.168. IIpamoi y=x—1.

11.169. Oxpyxuoctn x4 y*+2x—2y+ 1=0

11.170. doxasaTb, 4TO NPOXOAsfilasi Yepe3 Hayajo KOOp-
JIMHAT OKpyxHOCTb A (%2 + y?) + 2Bx-+2Cy=0 npeobpasyercs

dynxkuuen w=% B npsMylo, a Jmobas npsMas Bx+Cy-+

+ D=0—B OKPYXHOCTb, NPOXOAIALLYIO Yepe3 HaYaso Koop-
JVHaT.

Haiitn apoGHo-nuHeiiHoe npeo6pasoBaHHe 1O 3ajaHHLIM
YCJIOBHSAM:

11.171. Tourwu i, I—H nepexonst B Touku 0, oo, 1.

11.172. Toukn 1 n i HeNmOABMXHHI, a Touka 0 nepexo-
ANT B o©oO.

11.173. Touku % H 2 HeNnoJBMKHHI, a %—}-%i népexo—

JUT B 0o,

11.174. [HoxasaTb, 4TO APOOHO-JAHHEHHOE npeoﬁpaaona-

+b

HHe w— T

yc.nosnn 3TH TOuKHM coBnajaiot? Korza 6eckoneuno y,na.nen-
Has TOYKa fIBJIAETCS HEMOJBIIKHON?P

HMeET JAB€ HENOABUIKXHLIE TOUKH. inl KaKOM

TouKH 2{ M 2, Ha3LIBAIOTCS CHMMETPHUYHLIMH OTHOCHTEJLHO NPAMON,
€C/M OHM JIeXaT Ha MepneHiHKyaspe K 5TOH NpaAMOA Nno pasHbie €TO-
POHBl OT Hee M Ha PaBHBLIX DacCTOSHHSAX. ’

Touyku z; U 2, HA3LIBAIOTCS CUMMEMPUUHBIMU OMHOCUMENbHO OKDYHC-
MOCMu, €ClM OHHM JIeXKaT Ha ONHOM Jyye, BBIXOASIIEM H3 IE€HTpa 3TOH
OKPYHOCTH, N0 pasHbie CTOPOHBI OT Hee M TaK, YTO NpoM3BeleHHe pac-
crommﬁ OT 5THX TOYEK JO NEHTPa PABHO KBaJpaTy pajuyca..

Toukn M u N, cUMMeTpHuUHHE OTHOCHTENbHO NPSMOH WJH, OKPYK-
HOCTH B MNJIOCKOCTH (2), oYoGpaxamoTrcs JpoGHO-JHHEeRHOH cbym(uncu
B Toukd M’ u N’, cuMMeTpuuHble OTHOCHTENbHO 06pasa STOH npsMONd
HAM OKPYKHOCTH B IVIOCKOCTH ().

11.175. Ha#itu ToukH, cHMMeTPHUUYHBIE C TOuKoi 1
OTHOCHTEJILHO OKDYXHOCTeH:
ay |z|=1; 6)* |[z—i|=2
z—1 . e
11.176. Insa orobpaxenus W=_7 HaHTH o6pa3 TOUYKH,
cuMMeTpuquﬁ TouKke |-—i{ OTHOCHTEJbHO:
a) npsiMoii y==x; 6) OKpyxHocTH |2—1|=3.

IMpumep 6. Hailitn oro6paxenne xpyra | z| < 1 na xpyr |w] < 1
Taxoe, uTOObl TOUKA 2=t (| a | < 1) oto6paxanack B uentp kpyra w=>0.
‘ 3anuinem ;xpoﬁno AuHeliHoe oToOpaxeHue B BH/E

2'—20
2—2’1

w=g

Tak KaK TOuKa 2= 0. nepexojut B Touky w=0, T0 z,=a, a TaR Kak
cuMMerTpHuNoli ¢ Toukol w=0 . aBasieTcd TouKa W= co, To 2zi ABJIAETCH
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CHMMETPHUYHON C TOYKOH Z=0, OTHOCHTeJBHO OKpyXHOCTH |z|=1, T. e.

. Iostomy

ey~

2=
—z—a
w=go—

az—1
Jlanee, TOYKH OKPYXKHOCTH |z|=1 nepexoaAT B TOUKH OKDYXHOCTH
w|=1, anosromy npu z=e"" umeem

0 —q
1=|ga| =il
Ho
e —a [P (¢9—a) (e~ —a) I jaP—e g —e"%q
e —1 (e —1) (e7®q —1) |a|24-1—e¥g—e~ 9
CrefoBatenso, |ga|=1, T. e. ga=e'9, u muckomoe oTOGpaxeHie
MMeeT. BHJ
z—.
w=e® =2 p @
zo—1

Ins oro6paxeHus (2) eniiHUYHOrO Kpyra Ha ceGsi HalTH
napameTpsl o H 6 10 3ajaHHbIM YCJIOBHﬁM
. 11177, w(l1/2)=0, argw (1/2)=0.

11.178. w(0)=0, argw’ (O)——n/2

11.179. w(zo)—O argw’ (z,) = n/2.

11.180. Hoxka3aTb, 4TO QyHKUHS
=2 Ima>0, (3)

zZ—a

w=e®

OCYUIECTBJIAET OTOOPaXKEHHEe BepXHeH MOJYMJIOCKOCTH Ha elH-
HUYHBIH KDYT.

Onpepenuty napameTpsl @ u 0 B dopmyJse (3) mo 3azau-
HbIM YCJIOBHSM:
© 11,181, w())=0, argw’ (i)=—mn/2.

11.182. w(2))=0, argw’ (2i)=m.

11.183. w(z,)=0, argw’ (z,)=mn/2.

Haiitu ofpa3 E obaactu D npu 3agaunoM ApoGHO-JiH-
HeAHOM OTOOpaXKEeHHH:

11.184. D={z|Rez>0, Imz>0} w=3—_—i..
11.185%, D={z|0<argz<%}; w=—=
1186+, D—{z[1 <2 <2 0<arge< §} s =141
1L187. D={z||2| <1, Imz>0} w=i{ 2.
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11.188. D={z|0 <Rez< 1}, w=2=,.

11.189. D— nByyronbHUK (KpyroBas JIyHOYKa), 3aKJIO-
UeHHBIH MeX1y OKpyxkHocTamu |z—1|=1, |z—i|=1;
w=——7=-

11.190**, Hafitn o6nacte D B maockocTH (2), KoTopas

z
npu oTobpaxKeHHH W=r— npeobpasyercs BO BHYTPEHHOCTb
Kpyra |w| < r mJockKocTH (w).

3. Crvenennas ¢ynkuus. OrtobpakeHue, OCYIIECTBISEMOE CTEMNEHHOI
dyHkuneit w=2" (€N, n=2), asasercs KOHHOPMHBIM B pacCIUHpPEH-
HOH KOMIJIEKCHOM IJIOCKOCTH BCIOy, KpoMe TOUKH 2=0 (@'|,_q =

2(k4-Nn
n

=nz"~1|,_¢=0). Yron D={z % <argz < npu Jio-

6om k=0, 1, ..., n—1 ‘otoGpaxkaercs cTeneHHOH (YHKUKeH B3aUMHO
OJIHO3HAYHO Ha BCKO MJIOCKOCTh (W) C Pa3pe3oM MO MOJOKHTEIbHOH YacTu

. " : 2kn
JIeHCTBUTENIbHOM OCH | MpHYeM Jydyy argz=
2(k+Nn
—

©+2km
ns= n=tf )
w=1/z= re "o rrek=0,1,...,n—1, r=|z|, p=argz,
SIBJIAIETCH, KaK H3BeCTHO, MHOrosHauHolt. Ee oIHO3HauHas BeTsb (Bblse-
Jsiemas 3agaHueM ofpasa OJHOH M3 TOYEK) OTOSpaxkaeT MJIOCKOCTb (2)
C paspe3oM MO HEOTPHUATEIbHOI 4YacTH JeHCTBHTE/NBLHOM OCH Ha COOTBeT-
CTBYIOLLHH CEKTOp

E={wl3§t—< argw<2—@:%]u},

k — dukcnposano.

Mpumep 7. Halitu orobpaxeHue BHYTPEHHOCTH MBYYTOJIbHHKA
C BEPWIMHAMH 2y M 23, oOpasoBaHHOTO OKpyxHocTaMH Ci M Cp Ha epn-
HHYHBIH KPYT.

COOTBETCTBYCT BEPXHHMUIA,

a qyuy argz= — HHXKHHH Kpait paspeaa) . O6GpatHan pynxuus

2 2142
L oro6pakaer TOUKy z= l—é 2 B Touxy
2

« [peobpazosanne wy=— z:

w;=1, TOUKy z=2;—B HYJb, a TOYKY Z=2,—B OECKOHEYHOCTb. Takum
06pasoM, OTPe3oK, COeJUHSIOWHA TOUKH 21 U 22, OTOGpAKaeTCA Ha M0JIo-
KUTENBHYIO AEACTBHTENbHYIO NoJayock. JLyrn oKpyXHOCTel, o6pasyioline
JIBYYrONbIHHKK, OTOGPaxaloTcst B Jyud argwy=amn H argw; =— fx. Cie-
noBatenbHo, obaacte D otobpaxaercs Ha cexktop Ey={w;|—fn <
< argw; <om} (cp. ¢ sazayeii 11.189). [Toseprem 3TOT cekTop Ha yrona

P, T. e. mpoussenem npeoGpasoBaHue wy=-e'PTw;, u Bo3menem nomyue-
B
1

B+ o
wa——-(wz)‘H .
CekT0p O0TOGPA3UTCSA B BEPXHIOIO MOJYMJIOCKOCTh. PyHKUMA

Hy10 (QYHKUHMIO B. CTeneHb

.
.

0
w, —ot0 W3 W

4" —0
w3 — w3



OCYIIECTB/IsSIET OTOGpaxeHHe NOJYMJOCKOCTH Ha efMHMuBHi Kpyr. Benn-
uiHB w3 M 6 OnpelesslOTCs JONOJHHTEJLHLIM 88JaHHEM OTOGpaXeHns
TOYKH 2, B Touky w=0 u ycaosueM argw’(z))=7y. OKonuareibHo,
W=w, oWy o Wy o wj (puc. 95). p»

Haiitu ¢ynkuuio, orobpaxkaiomylo 3ajanuyio obaacts D
TJIOCKOCTH (2) Ha BEPXHIOI MNOMYMJOCKOCTD (B OTBETaX YKa-
38Ha oAHa M3 (yHKUMH, OCYLIECTBJSIOUIUX YKa3aHHOE OTO6-
paxeHue, npuueM ecau (PYHKIHUS MHOro3HayHa, TO HMeEETCH
B BHJY OfHAa H3 ee OJHO3HAYHBIX BeTBel):

111191, D={z||z| < 1, |z—1|< 1}.

11.192. D={z|—n/4 < arg z < =/2}.

11193, D={z||z| <1, Imz> 0}.
11.194. D={z||2z| > 1, Imz > 0}.
11.195. D={z||z| <2, O0<argz< m/4}.
11,196, D={z|]z|>2, O0<argz< 3n/2}.
11.197. D={z||z| <2, Imz > 1}.
11.198. D={z]|z| <1, |z+4i|<1}.
11.199, D=jz|,zl< 1, ’z—|—i|> 1}.
11,200, D={z||z|>1, |z+4+i|<1}. A
[ l.l..?OI. D—nnockoctb (2), paspesannasi no OTPesKy
—i, i].

11.202. D—naockoctb (2), paspe3anHas mo oTpesky, co-
eauHsiolweMy TOUKH 144§ u 2--2i,

11.203. D—nJockocTb ¢ pa3pe3oM no Jyuyam (— oo, —R]
u [R, +o0), R>0. '

-11.204, D—noaynaockocts Im 2 > 0 ¢ paspesom no or-
peskry, coenunswooumemy touku 0 u ik (h > 0).
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e N
4. ®ynxkuus )Kykosckoro. Hmeem w=% z—|—%) , w"=-é~f—zi‘-'-'(-.
Crefiosarensno, ¢ynxkuus Kykoeckorol) KoHPOpMHZ B paciiMpeHHoi
NJIOCKOCTH BCIOLY, 3@ HCKJIIOYeHHeM ToYeK 2y s=+1 H 23=0. Omna
OCyHIeCTB/ISIeT OTOGpaXkeHHe KaK BHELIHOCTH, TaK M BHYTPEHHOCTH eAu-
HHYHOrO KPyra IJIOCKOCTH (2) Ha IJIOCKOCTb (W) C pa3pe3oM mo oTpeaky
{—1, 1]. Tloanas naockocTh (2) 0TOGpaxkKaeTcs Ha ABYJIHCTHYIO PHMAHOBY
MOBEPXHOCTb, CKJIEEHHYIO KpecT-HakpecT mo paspesam [—I, 1].
O6parHas byHRKUHA

z=w4V wr =1
IBy3HayHa, TPUYeM Kam[as BETBb OCYIIECTBJIAET OTOGpaKeHHe MNIOEKO-
ctH (w) c paspesom no oTpe3ky [—I, 1] Ha BHYTPEHHOCTb HJIM HA BHeil-
HOCTb eJMHHYHOTO KPyra B IUIOCKOCTH: (2). P
Mpumep 8. Haiitu o6pa3 nonsipuoki cerkn p=-const u ¢ =const
npu npeo6pa3oBaHHH IJIOCKOCTH (2) ¢ momoulbio ¢yHKuUHH )KyKoBCKOro.
«f lonaras z2=pe'?, nmeem

o1 i I _; 1 1 .1 I
w=u—{-w=7(pet<p+3e l¢’)=§(p-I—F)COS(p—[-t?(p—B-)San.

Cie0oBaTeNbHO,

U At p.# 1 umeem

Cu? v? .
SR G RE I
u? v? —1. )

costp sin?@
H13 3Tux paBeHCTB 3aKJ/IOuYaeM, YTO OKPYXKHOCTH |2z|=p # | oto6pa-
KATCA B S/VIHNCH MJIOCKOCTH (@) € MONyOCAMH a=% (p.{_%) "
1 1 1 /1 .
b=_2—(p——6> npu p > 1 ‘Hau b=—2— (F—p) npu p < 1. Jlyun
@ =const B mockocTH (2) npeo6pasyloTca B MIOCKOCTH (@) B THnep6osbt
¢ nonyocsiMH a=|cos Q| u b=|sing|.
3amerum, uTo dokycubie paccrosnus c=} a®—b? snAunCOB @n
c1=V a®Fb% runepbon (5) pasust 1, T. e. (4) u (5)—cemeiictsa
COPOKYCHBIX 3JUIMIICOB M THmepGos. P
[Tpumep 9. Haiitu oro6paxkeHHe MJIOCKOCTH (2) ¢ pa3pesamu no

oTpesky, coefuHsomemMy Toukn O H 4i, M MO OTPe3Ky, COeIHHSIOUIEMY
Touku 2{ u 2-}-2{, Ha BHYTPEHHOCTb efMHHYHOro Kpyra |w|.< 1.

1) ‘KoudopmHoe oOTOOpameHue, ocyulecTsiasemoe (QyHKUuueHd w —
| 1 . ’
=75 z—{f}- , 6bl10 Hcmosnb3oBano Brepeble H. E. )KykoBckuM B Ka-

YecTBe MeTOAA MOJIydeHHS ORHOrO KJacca aj’poJAHHAMHYeCKHX mnpoduied,
Ha3paHBbiXx npopuaamu )Kykosckoro. Ilpodunum )Kykosckoro oroGpa-
KalOTCA Ha KPYT, AJs KOTOPOrO MOMHO JIETKO PElIMTh 3aJauy OOTeKaHud,
2 3TO JaeT BO3MOXKHOCTb HCC/IeOBaTh OGTeKaHHe KpbUIa CaMmoJjeTa.
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<« Uexomoe oro6paxkenne w Naxo/uM.B BUAE KOMNO3MIMHA IATH OTOGpa-
JHennit. OynKuns wy=z—2i NepeBOART TOUKY z=2{ B HauaJO KOOPJjH-
.
i3
HaT, 8 GYNKINS Wy=e > Wi OCYNECTBASET TOROPOT TWIOCKOCTH (W)
Ha yroa /2. Touka z=4i nepexoiuT B pe3ysbTaTe 3THX OTOCpaMmeHud
B TOUHY Wy=—2, TOYKa 2=2i—B TOUKy w,=0, TovKa 2=2-}2i —
B R0UHYy W,=2i, a Touka 2=0—B8 Touky w,=2. Ilanee, B pesynbrare
oTebpamennl wy—wj U w,—ws/4 paspes OTOGPAKAETCA B OTPEICK
[—}, 1] naocrectn (w,), W, Haxoxnel,

2
w5=w4+l/z£r4——l,

oTtofpaMaer BUeHmIHCCTL OTpesKa [—I1, 1] Ha BHYTPEHHOCTH EAMHHYHOrO
Kpyra, NpuyeM BLIGHPIETCH Ta BeTRb 3TOH PYHKUNH, KOTOPas NPH Wy = 00
obpamaercss B Hynb. VT, w=wso wyo wyo wyo wy (puc. €6). p»

0
4‘-‘ (Z) (107,) (I 7)
2i 4 w, 2 w5
— —_—
o -2 g 2
(1,) {(w)
), ’ Wy
—_— —
Y | B -7 {7 7
| ] i
Fue. 66

B sapauax 11.205—11.207 naiitn 06pasel 3ananHEIX 06na-

o . 1
cTell mpu OTOBpaXKenuy w=% z+—).

11.205. Bayrpennoctu Kpyra | z| < R npu R < 1 v Breu-
HoeTH Kpyra |z| >R npu R > 1.
. 11.206. BnytpennoctH kpyra |z|<1 ¢ paspesom no
orpesry [1/2, 1].
11,207, BnyTtpennoctu kpyra |z| <1 ¢ paspesom no or-
peany [—1/2, 1].

11.208*, Haiitu orobpaxenue Kpyra |z| <1 ¢ pazpesom
no orpesky [1/3, 1] na kpyr |w|< 1.

11.209*, HaiiTu oro6paxenne obaactu D={z|Imz > 0,
|z] > R} (BepxHssi MOAYNJIOCKOCTb € BHIKHHYTHIM TNOAYKPY-
FOM) Ha BEPXHIOI0 NOJNYMJIOCKOCTb. '

2 2
11.210*, Oro6pa3uTh BHEWIHOCTb 3JIHIICA %_—1—%:1
(a > b) Ha BHEWHOCTb €AMHHYHOTO KpYTa.
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5. Mokasatenphast QyHkuna. PyHKUMS w=e? ONHOJHUCTHA B JI0GOMH
nojioce IMPHHON MeHee 2it, mapajTedbHOH ReficrBuTenpHON ocH. OHa
oToGpakaer moaocy —oo < ¥ < - &, — < y << 7 B NOJHYIO IIOCKOCTB
(w) ¢ paspesoM MO JeHCTBHTEJNLHOH OTpHUATeNbHOH moJyocH. Bes mio-
CKOCTb (2) OTOGpaxaercss Ha GECKOHEUHOJHCTHYIO PHMAHOBY FOBEPXHOCTh.
O6patHas ¢yHkuna z=Lnw=Inw+2nni, n=0, +1, ..., onHo3HauHa
Ha 3ToH pUMaHOBOH YOBEPXHOCTH, a €e: IJIaBHOe 3HayeHue Inw==In:|w}+4-
-+ {arg.w onpezensier KoHMDOPMHOe oToOpax<eHHe BceH IJIOCKOCTH (W)
c paspe3oM.(— o, 0] Ha motocy —an < Imz < m wmupusoit 2m,. ma-
panenbHyio NeHCTBUTeNBHOM OCH. ]

ITpumep 10. Haiith oroSpakeHHe mnoJocsl wHPUHOH 1,
0 < Rez < H, napaniiensHofi MHHMOH. OCH, Ha eIMHHYHBIH Kpyr ImJo-
CKOCTH (w).

«f Uckomoe peweHHe MOJy4YHM, Hanpumep, G MOMOIIbI0 KOMIOSHUHH
OTOOpaKeHHH: K
jx14

=
2 k. w
Wy ~e 2, w2=11 wy, wg=e¥:, w;=e -
) . W3 —ws3
i
IMpu nocnepoBaTe/ bHOM BLINOJNHEHHH STHX' OTOOpameHHi safaKuas mo-
Jgoca npeofpa3yercss B O0JacTH, MOKa3aHHuié Ha puc. 97. P ¢
; H

0
g W3— W3 .
— !

p (w,)} (wz)
7/ =
g 1/
(w3) _
U )
// ///// Wy
# 2 2 7 WA
Puc. 97

Haiitn o6pas E ob6nactd D mpu OTOOpaeHHH W= e}

11.21t, D={z|—n < Im2 <0}

11.212, D={z||Imz| < 7/2}.

11.213.: D={z|0 < ImZ < 2x, Rez > 0}.

11.214. D={z|0 < Im z < n/2, Rez > 0}.

11.215. D={z|0<Imz< n, 0 < Rez <L 1}.-

11.216. Hafitn o6paset npambix ¥ =C u y=-C Tpu oTO-
6paxkeHuu w=e°. '

Haiirn o6passr Cnenyromux obnacteit npy oToGpamenun
w=lng, w(i)%%il ,_

11.217. {z|Imz>0}. 11218, {z]|z| <1, Imz> 0}
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11.219. {z||z| <1, 2¢0,"1]}.

11220, {z] 2 ¢ [—o0, —1]U [0, + oo]}.

6. Tpuronomerpnueckne H runepGonnyeckue ¢ynkunu. QPyHruus
eiz | g—iz i
2

oTo6pakaeT 3Ty TNOJYNOJOCY HAa IJOCKOCTbL (w) ¢ paspeaoM (—oo, 1].
PuMmaHoBa noBepxHOCTb 5TON ¢yHKUMM Gosee CJIOXKHasi, UeM y NPeAbIRY-
muX, TaK KaK CKJeHBAaHHE JIHCTOB IIPOMCXOAMT OTAEJNBHO MO JYyuy
{(—o, —1) u no orpesxky [—1, 1].

* OyHRUUA W==5In2z CBOAUTCS K NpeAbIAylield C NOMOUIbIO COOTHOIE-

W=C0S 2= OflHOJIHCTHA B MNOJYNOJ0CE —N << X< T, Y > 0On

7
HuK 8in z=cos -2——2 . K sinz n cosz csogarcs u runepGosnue-
ckune Qynxuun; shz=-—isiniz, chz=cosiz.

11.221**, Haittu 0o6pas E nonynonocet D={z|0<Re z<T,
Im z > 0} npu orto6paxkeHHH w = cos 2.
- 11.222. Ha#itu obpasst npsimpix x=C, y=C npu. oTo-
6paxennu w=chz.
11.223. Haijitn o6pas E npsmoyronpuuka D= {z|—n <
<Rez<an, —h<Imz<h, h>0} npu orobpaxennn
w=o0s 2.

§ 4. Hurterpan or QYHKUMH KOMNJEKCHOW mnepeMEHHOI

1. Mnrerpay no KpuBoi u ero BuuyHcaenne. [lycts | —ayra nanpas-
‘JIEHHOR KYCOYHO TIJIafKoH KpPHBOM B INIOCKOCTH (Z), TOYKH 2,El,
k=0, 1, ..., n, pas6uBaor ayry !/ Ha YacTHuHHE NYrH, Ha KaXIOH H3
KOTOpHIX BHI6paHO no oxHOHA Touke &, k=1, ...,n. [lo onpexenennto
noJIaraem

n

Ct@az=  aim 3 fE sz M)

1 mnxlAz”—»Ok=l

TIpH yCnoBUH, uTO TpPesen B npasoil uactH (1) CyulecTBYeT i He SaBHCHT
B OT cnocoba pasbuennss AyrH [ Ha wacTHYHble JIYrH, HH OT BoiGopa
Touek §;. Ecaum ¢ymruus f(z) HenpepnisHa Ha I, To uHrerpaa (1) cy-
MECTBYET.

Ecau f(2) =u (x, y)+ iv (x, y), To BHuHCAenke unterpania (1) cBOAUT-
¢S K BBIYHCJIEHHIO JBYX KDHBOJIMHENHBIX MHTerpajoB 2-ro poaa

§f (2)dza= Su (x, y) dx—v (¥, y) dy-}- :Sv (x, )y detu(x,y) dy.. (2)

] ]

dlpumep 1. INonv3ysace onpepenennem (1), BLuHCIHTL S Re 2z dz,

!
rae [— paanyc-ekTop Touku 1-i.
«f Pasbupaem papnyc-ekTop TOUKH: 1-}i Ba n paBHbIX uacTed, T. €.
nosaraem

kR 1 .
zﬁ="7+""{i Azk=_n‘(1+‘)’ kzOr lt ooy Ny
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u nyctb §p=2p,. Toraa uHTerpajibHas CyMMa 3amHileTcsi B BHAE
n n n
14i 144 B 14+i n(nt+1)
kz;‘ Re 2p Azk = k_zl Xp o ———n =——-n k; 7:—-—-',’2. . .____2 .

CnejioBaTe/bHO,

SRez dz= lim ¢+1 ("+1)= 1+1¢
2

n—» o 2

N

[Mpumep 2. Vicnonssys npexcrasnenne uuterpasa B dopme (2)
¥ NpaBU/a BHYHC/JEHHS KPHBONHHEHHBIX HHTErpajioB 2-r0 poAa, BHIYHC-
JIUT6 MHTErpaj S | 2]z dz, tne | —Bepxusas nonyokpyxuocts |z]=1 ¢

l
00XOZOM IPOTHB 4YacCOBOH CTPEJIKH.

« Hwveem

(12124 = § VPFP cdetydp+i § VEFF (—ydrteap.
{ ] ]
l’lepexona K MapaMeTpHYecKOMY YpaBHEHWIO KPHBOH x=cos?, y=sint,

0< <, W yuuTHiBaf, 4TO V X +yi=[z|=1 B Toukax Kpuso#,
nosy4aem ’

F1] ELe

S" z|zdz = S (—cos £ sin {+-sin cos f) i S (sin? +cos? ¢) dt =i pp
] 0 0

Ecau ayra ! 3agaHa .nmapamMeTpuyecKuM ypaBHeHHeM z.=2 ({), npuuem

HAYAIRHAA U KOHEYHas# TOYKH JYrd COOTBETICTBYIOT 3HAYEHHAM Tapa-
merpa £=1{, u {=1%; COOTBETCTBEHHO, TO

f
(t@d=(icozoa @)

Mpumep 3. Hcmonbsys dopmyny (3), BBIUUCAHTE HHTErpan
S (z-{——z) dz, rae [ —pyra okpyxHocTd |2 [=1, 7/2 < arg z < 3x/2.
1

o MMonoxum z (f) =eft, n/2<< t<<3m/2. Torna 2’ (f) =ieft u, ucnops3ys
¢opmyny (3), Haxomum:

3mn/2
[etdae= | ere-ititami( ot t) [ = p
; P /3

HEHOCpeI.lCTBeHHbIM CyMMHDOBAaHHEM BBIYHC/IHUTL CJIEAYIO-
e HHTErpaJibl:

11.224. Slmzdz‘, rie l—paanyc-BeKTOp TOYKH 2—I.
{

11.225. Slz[dz, rae | —paauyc-BeKTOp TOYKH —2—3i.
!
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11.226. . [lokasath, 4TO. NPH HSMEHEHHH. HanNpaBleHMs
NyTH HHTErPHPOBABMS MHTErpaj HM3MEHUT 3HaK, T. €.

(1@ de=—1( f(2) a2

* -
11.227. HoxasaTb, 4TO €ClM @; W Q;— NOCTOSHHbE, TO

S (@st1 (2) + ayf; (2)) dz = a S fi(2) dz+a, ,S 13 (2) da.

11.228. JloxasaTb, yTO €Cau Kpupas MHTErpHPOBAHUA i
aBAgeTEN O6BEXHHEHHEM KPUBBIX I; U I3, TO

$1@de= (1@ de+ ().
I I I
31.229*. JloKasaTh, 4TO HMEET MECTO OLEHKa

'S  (2) de <§ | (2) | ds,

rae ds— nnddepennnan nyru.
BriuncanTb MHTErpaJibl o 3akaHHbIM KOHTypaM.‘

11.230. § @z41)2dz, 1={z]]2]=1, 0<argz<a}:
1

11.281. §1mzdz, I={(x, y)|y=20, 0<x<1}.

11.282. S(iz‘—??) dz, 1={z||z|=2, 0 argz<<m/2}.
1

11.233. (Re(z+2Ydz, I={(x, 9) |y=20, 0<¥<1).
1

1n.234. {@—2de, 1={z||2]=1, n<argz<2n}.
3

11.235. S?e'dz, l—oTpe3ok npaMoii OT TOUKH z,=1

JO TOUKH z;=1.
11.236. Se; dz, l—OTpe3oK NpAMONi OT TOUKH Z;= T X0
i

TOYKH Z;= — M.
11.237, {zIm (2% dz, I={z|Rez=1, |Imz|< 10}.
]

11.238, (Re(cos 2) sinz dz, i={z |Re 2= /3, [Im 2|<<1/2}.
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11.239, Scos?dz, ! —o0Tpe3oK DPAMOH OT TOYRH 2y=m
7
T .
A0 TOYKH zi=?+v.

11.240, S shzdz, I—orpesok npaMoil OT TOUKH zg=1In2

i
JO TOUKM 2z;=1In10- miInb.
11.241, Slm 2Rez*dz, I={(x, y)|y=3x, 0<x<1).
i

11.242, S%dz,. I={z]]|z]=1, 0<<argea<< n12}
1

Ilyerp B obnactu D a3apana wmHorosHauHas ¢ynkuns w=f(2).
Opnoanaunas Qynkuns w=@ (2), aHaiuTHYecKas B o6jacTy, D Haspl-
BaeTCs 00HO3HQYNOII eemebt) (GYHRuMM [(2), ecaM ‘aas M0G0k TOuKH
29 €D 3navenne ¢ (2¢) NPHHALJIEXUT MHOXKECTBY 3HaueHuR dynrnuu f (2)
B TOUKE 2=2;, T. €. @ (2¢) €{f (20)}. Muorosnaunas B o6aactn D ¢ynk-
uns MO)KQT HMETb KaK KOHEYHOE YHC/IO OJHO3HauHbIX BeTBel (Hampumep,

= ) TaK M GecKoHeuHoe (Hanmpumep, w=1Ln 2).

OUKa 2 KOMIIEKCHOM NJIOCKOCTH, 0G/afaiomas TeM cnoncmom, 470
06X0J, BOKpYr Hee B JOCTATOYHO, MaJOil OKPECTHOCTH BJIEYET..3a. ca6oii
nepexos ot OZHOM BETBM MHOrO3HAuHON (YHKUUHK _K pyroji, HasiBaeTcs
mouKosl 6emeaerus (passemeeniun) PacCMaTPUBaeMOl MHOrO3HAYHOR @yHK-

aun. TaK, TOUKaMH BeTBJIEHHS MHOrO3HauHOH (QYHKUMH W= 1/ 2 sb-

amorcst ToukH z=0 H z=o0. B XaXa0oi H3 CBOMX TOYEK BeTBJeNHsA
MHOro3HauHas (YyHKLHS ‘NMpPUHHMaeT TO/NLKO OXHO 3HaueHHe, T. €. paa-
JIMYBbE OfHO3HAYHble BETBH (QYHKUHH B STHX TOYKax COBNIAAAIOT.

Tlpn mHTErpnpoBaHuY MHOTO3Ha4HOH QYHKLHM HEOGXORMMQ BLIAENATH
€e -ORHO3HAYHYl0 BeTBb. BO BCeX SajauaX HHIKe 3TO AOCTHraeTcH 3aja-
NieM 3HayeHHs MHOFOSHAuUHOH (YHKIHH B HEKOTOPOH TOYKe KOHTypa
HHTET PHPOBAHHS.

BH‘IHCJ]HTB WHTErpaJjnl no 3aaaHHbIM KOHTypaM! )
11.243, y‘/_ ci={z]|z]=1, —aR<argz<n2),

V1=— +,-f~4_

2 2 °

« Dyvrnnn /2 sApaserca MHOrOanayHQi

— (@+2hm)

/z~/|z|e s k=0, 1, 2,

3
rae @=arg2. YcI0RHIO / 1 —-—-—-+1L YAOBJIETBOPSAET Ta OAHO-

3HayHas BeTBb OSTOH OQYHKuUMH, ANd xo'ropou k=1. [IeiieTButensho,
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npu k=1 (u TaKk Kak arg 1 =0)

2 Jui

i ‘ —
V—l=e3(0+2m=‘e—3——-c s—2£+tsln2g=———+ 3,

[onaras Teneps z (P) =e'® (— 7/2 << ¢ << 7/2) Ha KPUBO [, HAXOLHM

i—‘(m+zn)

Vi=e? 2 (@) =iele,
M, CJEAOBATENbHO,
2 ,(ﬂ_qv _a
e

_ S‘ lelvdp S , \ 8 8
i - .
e’s—(¢‘+21't)

-7t/2 - 7/2

2Qp  2n /2 3' . i —
8 ‘(5-7% =2 -ty =in 9 .3V3
=5e P )J -z 2 <e e >=‘I._‘,%_' >

idep=

11.244,

(2, 1={z]|2|=1,0<argz<n}, y/T=1.
; :
11,245, ()
. 1
Vi=—1.

11.246. S“‘”dz, I={z]]z]=1, O<argz<n/2},
] .

dz,” 1= {z||z|=1, n2<argz<m},

k4
Ln1=2x(.
C 11247, (Lnzdz, 1={z])21=1}, Lni=F .
i
11.248.° S "Lnzdz,neN, {={z||z|=1}, Ln(—1)==i.
I

2, Teopema Kouru. Mﬂrerpanbuan topmyna Kouu. Ecnu GyHKUHA
f(2) aHanuTHUHA B OQHOCBSI3HOH o6sactd D, OrpaHHYeHHOH KOHTYpOM
I', u y—3amkHyTe KOHTYp B D, TO

$ f ) an=o. )
v

Ecnn, nononuuteapto, ¢yukuns f(z) HenpepoiBHA B 3aMKHYTOH o6aacTd
D=DyT, o

$rman=0
r

(reopema Koumu).



Ecan ¢ynkuual f(2) avanuTuuna B MHOrocBs3noii obaactu D,
OrpaHHYeHHOH KOHTYpoM I' M BHYTPEHHHMH IO OTHOLIEHHMIO X HeMy

KOHTYpPaMH Vi, ..., Yk, H HenpephBHa B 3aMKHyTOH 061acTH 5=DU

UT+Uyr U... UYk rae 3Haku B
BEPXHHX ~ MHAEKCaX O3HayalT Ha-
npasneHns o6xonos (puc. 98), TO

§ ima=0 @

k
r+u U vy
v=1 Y

(reopema Komn aaga MRoro-
cBA3HOK o6nacTh).
Eean ¢yHkuus f(2) onpeneseHa M HenpephiBHa B ORHOCBA3HON ©6-
.naetn D u TaxoBa, wTo Aas MoG6oro SaMKHYTOro KOHTypa yC D

§ 1oy an=0,
.

TO NpH PUKCHPOBaHHOM 2o €D dynknus
2

0@ ={fman
29
ABJNAETCA aHaiuTHuecKofi B obaactn D o¢yHxumedr, nns  HoTopoi
@' (2)=/(2)- .

Gynkuna @ (2) HaspiBaeTcs nepBOOGPa3HON HJH HEONPELE/ICHHBIM
nMTerpajom ot f(z), npuueM ecan F (2)—opHa M3 NEPBOOGPA3HHIX A%
(), 1o

. 2
{7 an=F @)—F 2.
2

Eciu f(2) anaautiyHa B obnacth D, 2o€D u ycD—xoutyp,
OXBaTHIBAIOIIHH TOUKY 23, TO CHPaBEJJIHBAa HHTerpanbHasn ¢op-
mMyaa Komn

e =rr § 2L an. ©

[pu srom ¢yukuus f(z) umeer sciony B D nponsBoaHbie Mo6oro nopsjka,
JJIl KOTOPBIX CIPABENJHBB (GOPMYJIbI

R _
o (2)=W95m+(z?mdn, k=12, .., o
'

NMpumep 4. Hoxasarb, uto eciu [(2)—anannTHuecKas M OrpaHu-
ueHHas B BuDYKJIOH o6nacth D ¢yHkumsi, TO Aas JeOHX JABYX TOueK
2{ ¥ 2; 13 3TOH 06GJAAacTH MMEET MeCTO OlleHKa

. 7':
{7 eman
23
«@ W3 Bunyraocti obaacTu caenyer, uto ecan 2; €D, 2,€D, 1o B o1-
PE3OK,. COoepMHAIOWMMUA STH TOUKH, TaKme npuHaanexnt obaacrn D.
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M3 teopemnl Kowm caemyer, uto B KaueCTBe NYTH HHTErPHPOBAHHS
MOXEM B3ATb HMEHHO STOT OTPe3OK, a NOTOMY, MPHMENss OLEHKY 3aia-
yu 11.229, mweeM

2y 2‘2
Sf(n)dn‘ < max|[f (2) | Sds = | zp—2z; | max [ (2) |. P>
b4 zeD 4 zZeD

Mpumep 5. Boluncauts -HHTErpas
2z

_dn_
I4n?
0

€ciH NYTb. HUTECPHPOBANHA Tie ,0XBATLIBACT 1M O/l M3 TOUK 2y o= i.

=F (2)—F (0);

1
«f Tax Kak nojbiHTerpanbHas QPyHKIHA f(z)':_-i—z? siBJisiercs analjiu-

THIECKON*BOIGAY, KPOME TOUeK '2j, p =i, ‘To uHTerpan F(2) nveer emuits
BO BCeX TOYKAax, KpoMe 2= i, H NPH YCTOBHH, YTO MYTb HHTErpPHpO-
BalMss He TMNPOXOIAHT uepe3s 5TH TOoYKH. CrefoBarenbHO, ec/au NyTh
MHTEr PUPOBAHMA HE OXBATHIBAeT HU OjHY H3 TOYEK 2f,3= Z.[, TO B Ki:

yecTBe OLHOH H3 NepBoOSpa3HbIX I QyHKIHU P> MOKHO B3ATh

F1
onnosuaviyio ¢yukuuio F (2)==arotgz, u, yuyuTpiBas, urto arctg 0=0,
umeeM

4
_f_dn
a""“-§w >

INpumep 6. Buuucaute HHTErpan

iz
sin -5
lz={]|=1
«f 3anmwem wiTerpan B BUAE
sin -lﬂ
T-i-
I = _Z—-{-l_ dz
z2—1i
|2=i|=1
u, ucnoun3dys ¢opmyay Ko:wuu {(6), -Haxonum
izn . F14
sin -T sin ( -—?)
I =2ni T z=[=2nz.__2i__._=._n_ B
[Ipumep 7. Bouucaurs suTerpan
. p ez .
= § Fe=n®

l2=2 =3
«f Tax Kak BHYTPH KOHTYypa HHTErpUpOBAIlUs  3HAMEHATENb .NOXLITEr:

PpanbHOK PYHKIMH O6pamaeTca B Hyib B TO4kax 2y=-0 uz;=1, 1o pac-
eMOTPUM MHOrOCBA3HYI0 006/aCTb D, OrpaHMYEHHYIO OKDYIKHOCTbIO
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F={z]]|2—2]=38) n suyTpennnumn wemrypamm yj={z]|z|=p} n
va={z|]z—1|=p} (0 < p < 1/2). Torma B sreit obnacth D ¢pynduna
Z2

“z):'zs—(zetﬁ AB/AETCS aHANNTHUeCKON, B no ¢opmyae (5) Modem
3anHCaTh;
fraa+§ 1@ d+ 1@ da=o,
r+ Ly 2y
OTHYA2 CJEAYeT, 4TO
e* e? e?
== $ e 4t § wemm
r+ ot v}
1 2
IpliMenss Tenepb cooTpercTBenHo dopmyan (7) n (6), HaXxomnm
ez
r 2—1 2 er \* __.6%(22—424-b)
§ = (z—l ) |z=0—m (7 ) e
vk
1

= — Bai
z=0

e |23 , €% R

§ / dz=2ni —- == 2mei.
z2—1 2? =1

v:

Taxnum o6pasom, I =gzi (26—5). P
BoiuscanTs uHTErpasini

11.249, Se'dz, I={(x, p)}y=2, 1<x<2}.
11.250. \sinzdz, I={z|z=102+it, 1)2<<1<<3/2}.

11.251, \ z?cos zdz, ]—oTpe30K NpAMOl OT TOUKH Z,= I

Ly NNy

RO TOUKM z;=1.
11.252. §tgzdz, I={(x, y) |x=17, O<y<1).
1

11.253*. S(z—zo)" dz, n—uenoe uneno, l={z||z—z,l =
i
= R}.
11.254. S(z—zo)”dz, n—uenoe YHeao, I={z||z— z¢}j==
1
=R, Im(z—z2,) > 0}.

'11.255. BuiuncanTh HHTErpasn S‘(z'——l')'coszdz no npbua-
. P FETEY

o . i 3,
BONLHOM KPUBOH I, coepmHmIOmeN TOUKH Z,=7 W 2; =5 i.
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11.256*, Kakue 3HayeHHs1 TPUHHMAeT HHTErpas S———-

l Z——2—

ecqid B KauecTBe [ 6paTb MPOHU3BOJIbHBIC Kp[/(BbIe COC,B,HHFHO-

1 t
MmHe TOUKH 2y=1 W 2;=—— + ?

 Bbluuc/IuTL MHTETpaJbI (oéxon KOHTYPOB — NIPOTHB 4aco-

BOil CTPEJKH):
H2s7. a) § Zods 0) § Zyde.
4

1z1=1 lz]=

11.258. a) § S_dz; 6) § L de.

lzi= 4 lz]=1

11.259. 2) ¢ 6 ¢

|2}=1/2 [z-1|=l

sin 2 LR
2

11.260. a) ‘¢' Et—l-dz;: 6) \¢‘ ﬁdl.
1221 =1 [21=42

dz C0os 2
ll.26l.|z‘?;322_i_—22. 11.262. f ;2—;-——(12.

sh%(z+t)
26, § —p
11.264. ¢ SozsinC=l) 4

22—2
lz]=2

dz.

11.265. -¢\(z_l)-"(z—-i_——m’ rae:;

C= —1|=1}; 6) C= 1|=1}
gc Ez}zl | } }) {z]|z+1|=1}

11.266. ¢ -i“i—dz. 11.267. § L2,

lz+if=1 (407 lz|=1
sin:E
4
11.268. Iz-“:l—(z—_l)T(z__de.
chelﬂz

| elr2
11.270. " 4
Mgfw scosz_Hdz 11.271. |z.f.=:("+4>' dz

11.272, [loka3aTb TeopeMy O cpepHem: ecau GpyHkuus f(2)
AHANUTUYHA B Kpyre |z—z,| < R ¥ HemnpepoiBHA B 3aMKHY-
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TOM Kpyre |z—z,|<CR, 10 3HaueHne (YHKIHH B UEHTpe
Kpyra paBHO cpelHeMy apU(METHYEeCKOMY €€ 3HaueHM#H Ha
"OKPYHOCTH, T..€.

2n
Fe) =35 fetReYO=rg  § fO0)as,
0

In-2z,|=R

The ds— nndpepenunan Ryry.
© '11.273*%. UspectHo, uto ecau f(z)==const— ananutnge-
cKkasg B obnacth D ¥ HenpepbiBHasi B 3aMKHYTOH 06JacTu
D=DUL ¢yuxuus, To max|f(z)|nocTuraercs TONbKO Ha
zeD
rpanuie obnacTH (NpUHNMN MakcuMyma Moayas). Ilokasats,
yto ecau, Kpome Toro, Vz2€D[f(z)7%0, T0 ®u min|f(z)|
v . 2eb
JIOCTHraeTesl TakXke Ha rpaHHulle.
11.274, Hcnoawsys dopmyay (6) nas f’ (2), Aokasath Teo-
pemy JlunyBuansa: ecau f(2)—aHaluTHYUeCKash M OrpaHHuYeH-
Has BO BCeil NAOCKOCTH (2) dynruus, 10 f(2)=const.



I'masa 12
PAobl U UX NPUMEHEHHUE

§ 1. Yncnosbie psjsi

1. Cxopumoctb pana. Kpurtepuit Kown. Buipaxenue

ittt = D) 0]

n=1
rje (uk)keN—Ba}laHHaﬂ qucJioBas Jlel:lCTBHTeJIbHaH HUJIA KOMIJICKCHAsT
Nnoc/eA0BaTe/IbHOCTb, HAa3bIBACTCHA YUCA0BHIM pﬂaOM. KoteuHble CYyMMbI

Si=uy, Sa=ui+us ..., Su=uitte+ ...ty «.. @
Ha3WBAIOTCA wacmuansmu cymmamu pspa (1).
ECJ'[K cym.ecrayeT KOHEeYHbLIH npezlen ﬂOCﬂeﬂOBaTeJleOCTH_ YaCcTHUHDLIX

cymm (2) S= lim S,, To psax (1) HasviBaercs cx00AUUMCR, @ HUCIO
n—awo

S—cymmod pada (1).

Kpurepuit Kown. Jaa moeo umoGoet uucrosod pad (1) 6Goa
cxodaugumnca, Heobxodumo w Oocmamouno, 4mober i a6oco € > 0 cy-
wecmsosaro N = N (e) makoe, umo 042 ecex n > N u p=1, 2, ... es1-
. NOAHANOCO HepaseHCmeo

ISn+p—Snl=ltntittpiat ... tu,ppl<e

Heo6xoaumuit mpuanak cxopumoctu. Ecaw pad (1)
cxo0umca, mo

lim u, =0.

n—>w

IMMpumep 1. Ilokasars, yro ps Z CXOJUTCA W HalTH
p p PAAR nn +1) JU
n=
€ro CyMMy.-

« Tax kak apoGb npejcTasuMa B BUR®

1
x(x41)
.t U
x(x+1)  x x410°
TO YACTHUHYI0 CYMMY DPSa MOXHO 3aMucaTh C/EAYIOUWHM 06pa3om:
1 1 1 | 1
S"—__2+2—3+3-_4+"'+ (n—=1)n t3 nty

1,11 i
“l‘“’"+2 Tt 4+"'+n—l-7[+_r?—n——F_l=l—_
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Crejosatennuo; , .

lim S,= Um ;‘(:l ~_'_‘)=|‘,
n

n—ym n«bm
T. €. 3aiaHnull pAA CKOAUTCA M €ro cymma passa 1. P
@
MMpumep 2. Hccaenosats Ha CXORUMOCTb PAX Z q" mB cayuae
O n=9
CKQAMMOCTH HAATH ero Cymmy.
<« Umeem i
Sp=14q+¢+...+¢ 2
Ecan ¢=1, 10 S,=n, T.e. lim S,= 0, 'd, CACI0BATE/bH], PAL pAC-
n—+>mw

xogutcst: [Tycts Temeps ¢ # 1, toraa

R P e P g

Henewum g ="ret®, qorga ¢"=r"ela®, lpu 0 < r < | umeem

lim gn= lim rreln@ =0,_

n—+-o n—-»mw
n
e Ilim 9 __0, otkyra lim S, =_1-. Eciu we r > 1, To
nk 1—¢q et 1l—q
r—» o H, CJIEf0BaTe/NbHO, KOHEYHOro mnpefena lim + 8 3HauuT,

nswo 1 —
W Apelena noceIoBaTe/IbHOCTH YaCTHUHLIX CYMM HE CYLIECTBYET, Haxoueu,

npu r=1 u ¢ %0 (mod 2n) fipenexn
lim ¢in® = lim (cos a@-|-isin ny)
n—+»w n—»awo
(a notomy u mpesen lim S,,) TaKKe He CylmecTsyer,
n—w
a

Takum oﬁpéaom, psaa Z q"™, 4ieHbl KOTOPOTO COCTAaBJAIOT GecKoHed-
X n=0
Hyio [:éOMGTpH'-(CCKY!O TIPOrpeccHIO ¢ NMepBHM WieHoM | u 3HameHaTeneM q;

cxojutes npu |g| < 1 u ero cymma pasHa —3 U DAaCXORHTCA Mpu

lgl=1p
Hpumep 3. HokasaTe, uTo rapMOHUYECKHl pAR

1+%+%+...+%+...-_—}_‘;%

PACKOAMTCA, XOTS €ro Y/eHsl CTPEMATCH K HYJIo NpH f—» 0o, .
« PaccMOTpHM Pa3HOCTB YaCTHYHLIX CyMM C HOMepamu. 2 u . Plmeew
l 1 1
—-S=—t—+...45.
SZn n n,?l—.l.+ﬂ+2+ +2n

3aMenss Kaxjoe ciaraemoe MeHpitell sequuuHOR 1/2n, monyuaem

1 1 I 1 1
8en—Sn > 5ot A= =5.

7 FHoroen. A. B. Ebumona, B.IT. demusonuya 193



DTo nepaBeHCTBO O03HauaeT, 4T0O NPH p=n JAJSA TapMOHHYECKOro psAa
fie BLNoJHsIeTCs KpuTepuii Kown u, caefoBaTesibHo, PAA pacxomutcs. P

.TTokasaTh, 4TO C/IEAyIOUME PSAbl CXOAATCH, H HAWTH MX
CYMMBL:

S | 2
21 Yerary 122 L

21
12.3. n=1_——(2" ey 124 Dt

w
N COSin (1)
*
12,55, >, S5 1246, 2_ Ty
n=1 : n=0
Vicnonpaysa kputepnit Kowu nan Heo6XOLKMBIH NpH3HAK
CXOHEMMOCTH pfla, YCTAHOBHTb PAacXOAHMOCTb CJENYIOUWHX

PsA0B:
Z 12.8. Z,,z

- Vn(n Fhy - =
129. 2 (=1 12.10. L:_m

n=1

«w
1200 3 EEN e, }__ :
n=1 Vn+zrz
12.13. Ioxa3aTp, YTO ecJM UJEeHbl CXOASLIErocsi psja
YMHOMXMTL Ha OAIO H TO K€ YHCJO, TO €ro CXOAHMOCTb He
Hapyuniurces.

. @ e}
12.14. HokasaTb, 4YTO €CJH PSiABl Z u, v 2 v, CXo-

n=1 n=1

AATCA U UX CYMMBI COOTBETCTBEHHO # M U, TO CXOAHTCSI U
»n

pan 2 (4,+v,), npuuem ero cymma pasHa u +v. Ilpusectu
) n=1

npuMep, Korja ofpaTHoe yTBepXJeHHE He HMeeT MecTa.’

12.15. HokasaTb, 4yTO oTOpachiBaHMe KOHEYHOTO 4HcJa
4JeHoB pfAJa He BJMAET Ha CXOLMMOCTh 3TOro psia (Ho
BJMSET Ha cymmy!).

2. AGcomoTHas u ycioBHas cxoaumocTb. Npu3Haku a6comoTHOH cXo-
aumocTu. Psn (1) naseiBaeTcst a6C0a0mHO CXO0AUUMCA, €CAM  CXOANTES
PAL M3 MOJYJel 4JeloB 3TOro psiia, T.e€. CXOAMTCHA pal

l'u1|+lual+---+|unl+---=leunl- ®)
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Ecau psan (1) cxoautcs, a pan (3) pacxoiures, To pag (I) naswiBaetca
YCAO0BHO CXOOAULMCR. -

[Ipusnak cpaBHeHHUS PpaAAoOB. Ecau urenor pada (1) 0as
ecpx n>Ny, (Ng=1) yoosremsoparom ycaosuw |u,|<b,, nputsem pad

2 by, cxodumcea, mo pad (1) cxodumesn abeorwomuo. Ecau e das n > Ng
n=1
tmmot pada (1) ydossemeoparom ycaosuw 0 < c, <|u,|, npusem psd

2 ¢n pacxodumes, mo pad (3) pacxodumes, m. e. pad (1) e cxodumea
n=1
abCoAtomno.

@
IMp uAmep 4. 3Had, 4o pAN 2 cxonutes (cM. mpumep 1),
n

1
_ln(n+l)

1
YCTAaHOBHTE CXOAHUMOCTb psAa E ’1—2 .
n=1

o] l -]
Z—F‘E(n-l-l)z'

n=1 n=0

o Tak xax

TO, YYHTbIBasti HEPABEHCTBA

1 1 ..
CESTCES

n=1, 2, ...;

-]
0 MPH3HAKY CPaBHEHHA yGexJaeMcss B CXONMMOCTH pfia E PRl 2
n=1f
Ha npaktuke Gonee 3b¢peKTHBHBIM OKa3bIBaeTCs CeRYIOLIHUil

@
Mpenenbpnniit NpUu3HaK CpaBHeHHA. Ecau pad 2 Un

n=t{
) . , Uy

exodunca abrorOMHO U cyuecmseyem KOHeHHbLl npeae/t lim o =
n-+0 n

=q < 4, mo pad (1) marse cxodumcs abcorromuo. Ecau e unensl
pados u, u v, — Oelicmsumenbtble NOOJCUMENbHbIE HUCIA U

0< lim “r <4 o,

n—+w Uy

» w
mo padet 2 U, u 2 v, Aub0 o6a cxodamca, aubo oba pacxodamcs.
n=1 n=1
INIpumep 5. HcenenoBaTb Ha CXOAUMOCTH PAif

3n?—
L nt+5n " @

H=
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<«
« Tax xax psan 2 ni“ cxopntes (cMm. npumep 4) B TaK Kak

n=1

3n?«2 1
n-> o N4} 50" n?
T0 pAR (4) TaKKe cxomurca. P
[Mpumep 6, MccnenoBare Ha CXOARMOCTb PHA

- 2n-4-5 !
23,12 " ©)

=350,

nel
< Tak kax

im 2n+5.1 2
n>wdn?—2n"n"_ 3!

. o~ 1
a fapMOHMUECKRI PRI 2 - pacxonnten (cM. npumep 3), 1o u pan (5)
n=1

pacxonurcs. P

MMpuasnax HDanambepa. Ecau ugenns psada (1) maxosw, wne
cyjecmeyent Koneunoid npedes

lim |Hnti
n—>ow Uy,

mo npu 01 <1 pad (1) ecxodumes abcoaromno, npu I > 1— pacxo-
Qumen, a npu 1=1 mpebyemea Gonoanumenrvroe uccaedosariise.

IIpnmep 7. HcciepoBarh Ha CXOAHMOCTb, Psf

BaBE

2 5 ©

n=1

(n 1P

nd
‘ Hmeem u,,=2—n, u,‘+i‘=—-2—5+—1——. n

=,

Tim un+1 lim (n+ 1)32'1 1

n>ow Ng n—-»m 2n+1pd ?
Taxum obpasom, pap (6) cxoputesa. P
Mpuasax Kown. Tyems Lm 1/] gl =1 Tocda, eonu

n—>w
0<<l < 1, mo pad (1) cxodumea abcoaromro, ecau | >1—pad (1) pac-
x0dumesa, a npu =1 mpebyemca Oonoartimesvroe uccaedosarue.
[Ipumep 8. HccaerosaTe Ha CXOANMOCTL PHA

®
Z 2n-4-5 \21-1
 \3n—1 ‘

<1l

2n—1
<« Vneeum u,,:(Q—nﬂ) , HO3TOMY

3n—1
1
[ ——
—_—n/ . 2n+5 n 2\2
1 = lim = = .
nimml/luél nlm(&l—l) (3) <1

CnefioBaTelIbHO, A2HHEIL paAA cxoputes. P»
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[pa ucroab3osauuu npusuaka Komwua GuiBaer nonesua cAeqyioman
dopryra Cmuprunea:

0
nl=;Vﬁi(%)n-em. 0<0<t.

Tipumep 9. HccregoBate HA CKOAUMOCTH PHA

2%.n]
nn*
n=
 Hnmeen:
A — T s O\
{im ;'Vlu,,]= lim (M(i)?eun) —
n+o T oo w nn e :
1 0
=£-. Um  (2mn)2n -e”""=£<l,
e now e

t, e. pax ¢xomutea. P -

PWnrerpansuuiii npusnak Kown., Myems dynxyus [ (x)
noaoKcumessha U moHomodnu npu x=>1, u nycme Oan ecex nE
umeem mecmo pasencmso f(n) =|u,|. Toeda aucaosoit pad (3) cxodumen
(m. e. pad (1) cxodumca abcoaromuo) wusu pacxodumcs O00HOBPEMEHHO C
HECOOCMBEHHBIA URMEZPANOM

+ ®
S, f(x)de, a=1.
a

Mpuwmep 10. BoigcHuTh, NPH KAKHX 3SHAYEHUAX [apameTpa p

@
~ 1
cxoautrcs pad Qupuxase 2‘ 7
n=1
1 .
 Tak kak QyHkuHA fm:x_” YROBJETBOPAET YC/IOBHAM HHTErpajib-

HOro Mnpu3HaKa Kowmu, 10 #HCcaexnoBanue CKO}IHMOCTH paaa I[npnxne
+ ®

dx
CBORUTCA K HCC/EJOBAHHIO CXOAMMOCTH HHTerpasna S — . Ho

P
{ %
+® b
S_ﬁ’_"_= lim \ ==
lx’ b++wd x
( lim Inb=-4 o npu p=1,
b+ +®
! im 077 1 0 |
m ————e
i i o + npu 0<p<1,
1 1 1
lim — )= npu p > 1.
b-»+m(p—1 —nerr) =1 P

Orciofa 3akaiouaeM, uto psaf Jupuxae cxomurca npu p > 1 u pacxo-
aurcs mpu p<<1. pr ’

iv?



12.16. Jloka3aTb, YTO BCAKHH a6COMOTHO CXOAAMIACS p AR
ABNAETCSA PAAOM CXOASALLHMCS.

12.17. HokasaTb, 4TO 4JieHbl CXOAALIEroCs pAAa MOMKHO
rpyninupoBaTh, He MeHAsl HX TNOpsAKa, - NPOU3BOJbLHBIM
o6pasom.

12.18. [oxkasaTb, 4TO uJieHbl a6GCOMIOTHO CXOZASILErocs
pAla MOXHO IepecTaB]ATb INPOH3BOJbHEIM 00pasoM; npH
3TOM CyMMa psfifia He H3MEHHTCSH.

Hcnonp3yss npH3HAaK CpaBHEHHS HJH NpelesbHbIH NpH3-
HaK CpaBHEHHs, HCCJeJ0BaTh HAa CXOAUMOCTb CJeAylollle

PSALBI:
S -1
12.19. }:m 12.20, Em—_—])—,.

@

1221, Y, . 1222 Y ‘

n=1 : n=1 Vﬂ (n+l) (n+2).
o - . A3
12.23. ”z:l sin e 12.24, l ,Z:l m .

12.25. 3, nrtge X, 12.26, z Y/ arctg ;.

1227, 3 2L 12.28. Y e,

n=2 n n=1

- n c cos VY n-tisin ]/-F
12.29. EW 12.30. ;}1 n .

ITonbsysacy npusnakom Ianambepa, uccienoBaTh Ha CXo-
JIUMOCTb CJIE}J.yiOLLLHe P SAbL:

12.31. Z”;,,Ls. 12,32, L

n 1 =1

(én+1)
12.33. T+75+.. +T(—3,T_—9)+--~‘

12.34. 2%}. 1235, 3, Githl
n=1

= 81,2
o e +1 1-3-5. ... (2n—1)
12.36. > “—. 12.37. T T
n=1 n=2
® *®
sin in
12.38, 3, S0, 12.39, 2:‘ s (e_l)n

n=1
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!

I/ICITOJIb3YR NpHU3HAK KOLLIH nccaenosarb Ha CXOAHUMOCTH

| catenyot e  p AMBL:

Ha

;2.40. Z=] (Q'jljr‘l ) 12.41. §1(1+%)

1242 YL (1+4)" 124 DL (144"

12.44, i V() - 1245. f_: n (aresin )"
n=1 n=1

12.46. glun, rae “3k-1=(§’%)k' u2k=(3k—k—_l-)k/z'

12.47. ;(ﬁ%} 12.48. 2:1(‘(22—;’“”)

Hcnons3ys uMHTerpatbHblit NpH3Hak KoliH, HccleloBaTh
cxo;mmocn: clefyiome p Akl

12.49. Z . 12,50,

@

@®

1

=2nV
1

12.51. 3, e 1252 %m

n=2

|

nn

8

HCCJICZ[OBaTb Ha CXO)."LHMOCTb pAAbL

12.53. L( e HIRLL N YELNEE

AR Ve =T

12.55. 3, o-. 12.56. Z-n-‘—
). 1258, Z
12.59. ;ﬁ_—l 12.60. 2( —%)

12.61. 10O_I_lo(l) éOS+100 103-106 L
100-103 ... (97+3n)+
1.5:9 ... (4n—3)

1.11 1. 11 21 1.11.21 ... (10n—9
12.62. 14020 (Qn_l()!” ) ..
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s
N
=
+i=s

12.57.

=+




12.81.

12:63.

12.64.
12.66.
12.67.
12.69.

12.71.

12.73.

12.74.

12.786.

12.78,

12.79.

12.83.

12.85.

12.87.

7+2-4-6+2-4-6-8-10+"'+ (4n 2911 +...

_oi' VaFi—y n=1 n—1\n(n-1)
n)___g A . 12.65. Z(nJrl) :
“ 1 1\

E <]H—2_'/?'—"]H(S]I]-T/i—>>.

n=1
*((2”,1'—)21 12.88. Esm

n=1 n=1

ov‘ 1

n% <1+12)' 12.70. nzz:’an]nnlnlnn'

o 3n.nl . en.n)

2 12'72*';::‘; R

2.5., 2-5-8 - 2-5-8...(@38n—1)
215 tiset o Tisen (4n—3)4

100 ‘
"2 .. 12.75. }.“ln'(lﬂl*;)-.

n=1 n=1

<§;:Lr)" 12.77. Z(niz)n‘
+

1.4.7
o3 + To9-Toz. 707 T - .

1447 ... 3n—2)
<+ o0 T0e @8 o T

s w

° VT -
. 12.80. ?Tc
2. T DDy a7y

v - VE
LW' 12.82. ,,2:‘1 Gt @Y n—1)"

1 < (14i)
§=]V - 1284, n};}‘ sl
) e

@+inn - 1
5 - 12.86. E————(n_i”/;.

Hccnenosan: Ha CXOAMMOCTb Pl 2

nP (ln n)% npH

PasJIMdHBIX JEACTBHUTENbHLIX 3HAayeHuaX p H Q.
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“®
' 1
12.88. HccnenoBaTh Ha CXOAUMOCTb PSIL Q, —————
SR o ' pA ;_3 n?(Inn)*(Inlh n)P
NpH PasNiyHbIX AeHCTBHTENbHBIX 3HAUEHHAX p, @ M P.
12.89. Y6emnthcs B TOM, uTO npusHak [anamGepa Henpu-
had ok-1, oR
MEHHM K psay 2 Upy TAE Upp_y="gz—, Uy=37, TOrA
n=1
Kak npusHak Komwmn mnoxasplBaer, -uTO 3TOT PAA CXORHTCS,

3. Mpusnakm ycnoBHolt cxopumoctn. [lpuanak Jleit6nuua,
Myemo uarenor a, sHaxovepedyrouyecoca pada

ai—ag+as—as+ ...+ (— )" e, .. ()
OelicmeumenbHol, MOHOMOHHO Ybbldatom, m. e.
ai > Ay > o0 >8> a0y 8)
. >
lim a,=0. )
n—->w

Toz0a pad (7) cxodumcs, npuvem 0a8 €20 -cymmor S ureem Mecmo OyeHKa
S < aj.
INprmep 1. HcerenoBaTe Ha CXORHMOCTb PAA

«®
E (—pyn+r L,
n
n=1
<« Tox "kKak "a,,=l>—]—=a,,+l~ n=1, 2, ..., u lim .l=0
n n ] ‘ ’ ) ¥ ’. faoo 1 g
TO BLNONHeRbl ycaoBhs (8) ¥ (9), M nanHwi pag cxoawtca. Pax u3
. -]

y

a6CoOMOTHEIX BeJMYMH UJEHOB, T. €. PSJ E _l,pacxonmca. Caepnona-
n

n=1
@

TeJbHO, PAl 2 (—1nn+ 1 CXOZNTCS -YCJIOBHO. P
n

n=1I E
NMpusnax A6b6eas—HOupuxae. Ilycme wairenst nocredosa-
meavrocmu.  (b,) monomowno  ybeisawom: by > by >...>b,>... u
lim b, =0, a vacmuunoe cymmor Sp=ay+as+ ... +a, n=1, 2, ...,
n—>w
02paHuteHbL 6 COEOKYNHOCMU, m. e.

n
2 ax
k=1

)
Tozda pad ) ayb, cxcdumes.

< M 0an 6cex n € N.

n=1
ITpumep 12. Hccaefonats na. cXOMUMOCTh Psii

[~
DILLLIPTYS
k=1




«f OueBnino, 4TO B TOYKAX X =M BCe wieHsl PAAA PasHH HYJMO, T. e
npd x=mn psi CXOAMTCA H ero cymma paBua Hymwo. [lycTe Temeps
x#£ 0 (mod m). IMoxcuuraem cyM!vxy

n
Z sin kx = 2 2sln—sm kx =
k=1 QSln— k=1
1 “ 1 1
= p 2 (cos (k—-2—>x-—cos (k-l—?) x):

2
2sin§ k=1

x 1
€os - —¢0s <n+—2-> x

[ =3

x
2sin 7
Otciofia 8aK/ouaeM, uTo JIs MoGsix n=1, 2, ,.. H xZ0 (mod m)
2 sin kx | << 2 T lx .
k=1 2|sm?l lsln7|

1
MOHOTOHHO Y6bIBaeTH lim —==0.
ne N n- oo n

1
Haunee, noc/en0BaTebHOCTD (F
Taxum o6GpasoMm, mpu xZ 0 (mod ) BHIMOJHEHB! YCJIOBHS NpPH3HAKA
L

Abens— Inpuxse, W 1OTOMY psf Z S";e kx cxoautrca. CrepmosaTtesnsiio,

k=1
PSR CXOMUTCA NpH JoGoM x. P

HccnenoBath Ha aGCOMOTHYIO H YCJIOBHYIO CXOAMMOCTD
crenyiouLie pﬂﬂ,bl'

90. X, (—Iprr o, 2, =0
12.90 Z( [+t L 91. an

12.92. — 1)y 2. 12.93, _qyn (221",
ng( = i Eﬁ b <3n+2>
1 1.4 , 1-4.7
1294, ——z= 35—
1.4.7...(31—2)
...+(_1)n+13'5.7____m(2n_|_1)+....

12.95.

s

I ' ! |
(__l)n%, 12.96. 2 (_l)"ml

B
1t
o

12.97.

s

n 1
(=1 ninn(lnlnn)d’ (12.98. 2(__1);: 1n"“

S
1
w
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n- S 1
12.99, 2(—1) . 12.100.22(_1)»m

L]
nd

12.101. Z L 12002, Y (—)r 2,

hzl naf n
12.103. 3 (—1y» \

Z( ) nlnn'l; Inlnn

© ® m
12.104, 3, SB1% 1o 105 L.

= 3y ! Z‘I n
12.008. 3 2. 1207, X (51)"

A= n=1

12.108. Z (2—'3"—‘) 12,109, 3 <577,

n=1

Y6enutbcs B TOM, 4YTO K psiiaMm Z U, C YKa3aHHBIMAE

n=1
HiKe useHaMu (k2 € N) Heslb3s1 npUMeHHTh NpH3HaK JleiGunua,
Hccnenosath sTH psaapl Ha CXOQMMOCTb APYTHMH crocoO6aMH,

* S N S
12.110%, uy, ;- Vm_H, fip = — =
1

12111, ugy_, = 3k+2, g = — 5.
1 1
‘2.1‘2- uzk_1’=3—k, u %k = -—2—;
1 1
l2.ll3c llﬁk_1=m, uék= —-k_j'

@
12.114*, JlokasaThb, YTO H3 CXOLMMOCTH PSJOB Z la,*m
Z |b,]* cnenyer aGcomoTHas CXOAMMOCTh psna 2 a,b,.

©

M poussedenuem no Kowu psnos V as u ) b, HasuBaetcs paR
n_l n=1

oD
) Cp, uNeHE KOTOPOTO MOMYuEHH! 1O OPMYyJiaM

n
:E byp-p+i» nEN.
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Hccnenosate Ha CXOAMMOCTb fpoussepeune: no Kouwn
CHEAYIOI{ UK pnnoa;

12.116%%, Z d 2-2‘—
ns! ‘n=1
12.116% Y L ou Z (—1y L
n=1 n=1
® . n 90
i2are, Y2 ELy YL
n=1 n n=i n
12.118%, Z u Z =

12.119. JlokasaTe, 4To ecan PAX Y d, CXOAMTCH a6Co-
’ ne=l’

AIOTHO, .4 pPAX Z bn‘ CXOAUTCA, TO IPOU3BEACHHUE [0 KOLUH
, . n=1

CXOAUTCSH.
n)’CTb (vk)k eN —Mpou3BObHAA YHUCIOBAA MOC/AENOBATE/b-

n
HOCTb, S,,= Z'uk-—qacmqﬂue CYMMBI - CXOAfUIerocs PAAa

Zu,,. aR,= Z u,—O0CTaToK sToro psiaa. Ilposeputs
k=n+1

CnpaBe/l/IMBOCTD COOTHOIIEHUH (Ha3plBaeMbIX NpeoOpaseea-
Huamu Abeas):

n- n-1
12.120. kzl ukvk = kZl (Uk—vk+i) Sk—vlsa + U"Sn-

n~1
12.121. _; Uglp = gﬂ (Ve — g+ 1) (Se—Sn) +
. +U, (Sn—"sm)'

n
2.122. | % U0, = _§+2(vk—vk-f)Rn-i+
+vm+IRm—aan‘

12.123. Iokasatb, 4TO 451 ocTaTKa R, 3HaKOYepeayio-
merocs paga (7), YZOBJETBOPSIOIIEr0 YCJAOBHAM TpPHU3HAKA
JlefiGuuua, cnpaBefuBo HepaBeHCTBO |R, | < @,y
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§ 2. PynKnMeHaAbHbIE PAABI

1. O6nacTb cxopmmocTH GyHKUHORAILHOTO pspa. TlycTh dyukuwp
fu(2), n€N, onpepenennt B o6nacth D, Bripaxenue

h@+h@+. .+ @+...= ) . (2), 2€D; ()
n=1 ,

Ha3uBacTCH ynxyuonarbroim padom. Eean ana 29 €D  uucaosolt pag
o

2 fn(20) cxomutcs, TO romopuMm, ur0 GynKnHoHaAbHEE psx (1)
n=1
cxodumca 6 mouxe 25. Ecam B kamjoit Toyke 2€D; C D yucnosuie paim

0
2 fn (2) cxomarcs; 1o pan (1) HasbiBaeress cxodaujumca 6 obaacmu Dj.
n=1

Kpunrtepuit Komn. [Hus moeq umobel dynryuonarvusit pad (1)
66in cxodauumcs 6 ob6aacmu Dy, neobxodumo u docmariouno, umobu 048
mo6ozo € > 0 u awboco z€Dy cyuwpcmeosaro N =N (g, 2) makoe, wmno

1frt1@+fara @+ o Fnsp@l<e

Oan 6cex n> N (e, 2) u pEN.

Aas onpefenenns o6aacTa abcOMOTHON CXOLMMOCTH YHKIHOHANL-
noro papa (1) caeayer BocnmoJdb3oBaThcs JAn60 npu3nakom JHanamGepa,
an6o npnanakom Kown. Mmenno, ecan

Trnt1(2)

lim /AT =] (2)

n-oo

Han

Him 5/ TF @1 =1,

TO ANs onpenenenus obnactn alconoTHOH cxoauMmocTH paja. (1) caenyer
pelwnTh QyHKHHOHaNbHOE HepaBencTBO [ (2) < 1, a ans onpenencuns
06/1aCTH PacXOAMMOCTH — QYHKIMOKaAbHOe HepaBenctBo [(2) > 1. Ilpn
9TOM AN H3YUeHHS TMOBeJeHMS PAAa B FPAHHYHHIX TOUKAX NOJSyuaemoi
06aacTH, T. €. B TOYKAax, onuchiBaeMblX ypaBHenunem [ (z)=1, TpeGyerca
JIONONHHTEJIBYOE HCCeN0BanMe,

Mpumep 1. Hajitn o6aacts cXopuMocTH GYHKIHOHAABHOTO pALa

i‘ N eR, x>—2.
a3V x+2)”

1
n3" VY (x+2)7

« Tak xaxg |f, (x) |= U X >—2, TO, NPUMEHAS NPH3HAK

Ko, nmeem

T )/ e lim L
oo Vondn VG F2F nee3y92)/ s 3V i 12

17
<1, 7.e. npu x>——§.
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®

— 17 i ) n+l 1
Ipy x= —-g TonydaeM sHaKOuepeayIUHics pal ; (C)) -

KOTOPBIft cxORuTcsi no npusnaky Jlefbuuua. Takum ofpasoM, o6nacTe
CXOZMMOCTH psifa—nmoJyuurepsan [—17/9, 4 o). p

Haiitun obnactu cxomumoctu psanos (x € R). Hcenenosats
pAAbl Ha aécomoTHym CXOAHUMOCTb.

12.124. Z( 1) n=*. 12,125, ZC":/”_”. 12.126.2%..
n=1

1

Msi

- — T T A x
12.127. 2 e 12.128. Z n*.
12.129. 3 (i +ﬁ) 12,130, Y 0n%,

n=1 " n=1

[V]s

12.131.

X tg L 12,182, }_]e nx 12,133, Z‘“"

n=1

B
it

I'Ip umep 2. Haiitu o6aacte cxomumoctd ¢yHKIHOHANBHOTO PAAA
[

o

(z )n , 2€O0.

n=1

<« lTpumensst npusnak JlanamGepa, MoXeM 3amncaTb HepPaBeHCTBO
A

. n--1) (z—i» 1

jim | @D @—=7)_

new| @=0"F1n |7 Jz—Ii]

<,

OTKYJa 3aKJioyaem, YTO pPSI CXOAHTCS abCOMIOTHO BHe Kpyra pajguyca
I ¢ mewtpom B Touke i, T. e. npu |z—i|> 1. Ha okpyxHocTH
|z—i|=1 psan, oueBH1uo, pacxoaurcsa. P

Hafitu o6aactu a6GCOIOTHOH CXOAMMOCTH YKa3aHHBIX
HIKE PAI0B (ze(C)'

@

12.134. Z — 12.135.21,1—(;;?.

12.136. Z(Zi&)T 12.137.2]1/%-”.

n=
12.138. Z;I -net 12,139, Y ner.

n=| n=1

3 n - z—i\n
12.140%, §=: (=l n== 12.141%, 2;1 (m) .
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® [ 4
—2 \n n
12.142%, §=:1 (=%)" 12me Xt

n=l

2. PaBnomepnan cxoxumocth. Cxoasmuilcs B obnactu D ¢ymxune-
HaipHbi paa (1) HasbiBaeTcs pPaBHOMEPHO cx00aujuMcs B 3TOR 06JacTH;
ecau Mg Jajoboro & > 0 Hafinercs N =N (e) Takoe, uTo Zis OeTaTKa
pana (1) ‘

w0
Ra@)= 2 fr(
k=n+1
npu Bcex n > N (e) u zED; uMeeT MecTo OlleHKa
|R,(2)]| < &.

Kputepnit Komn paBHOMepHON CXOXAHMOCTH. Jia
moeo umobot  pynxyuonareneui pad (1) Gowr pasHomepHo cxodAwuUMCA
6 obaacmu Dy, Heob6xo0umo u Oocmamouro, 4mober Oas aw06020 & > 0
cywecmeoéaro N =N (8) maxoe, umo 0an ecex n > N (€) u z€Dj 6n-
NOAHANUCL Hepasenemea

Hns1@+fnse @+ +harp@1<e,  p=1;2,

INpumep 3. Halith obaacts cX0QUMOCTH psAa

®
E} (2" —2n+Y),
n=0

CyMMY pfila M IOKa3aTh, YTO BO BCeH 06JacTH CXOAMMOCTH PSii CXO-
JIMTCS1 HepaBHOMEPHO.
« Tax Kak uacTuuible CyMMBl PSiia MMEIOT BHJA

n
S, (2)= Z (zk_zk+1)=1_2n+1',
k=0

TO MOXeM 3aKJIouuTb, uTo lim S, (2) cymecTsyer Toabko npu 2] < 1
’ n—wo :

H B Touke z=1, T. e. 06G1acTbl0 CXOAHMMOCTH psla sBJAseTcsi 006/aacTh
Dy={z]]lz|<1nz=1},
ApHYeM CyMMa Dsiia paBHa
1 nmpn |2 <1,

= lim S =
5@ nlew n (@) {0 npu z=1.
Ocratox psfa R, (2)=S (z)—_S,, (2) Mmeer BHA
41 mpu |z| < 1
Rn(z)={ ; pu |z| <1,

OTcioa 3akJaiouaeM, uTO CymecTBYIOT € > 0 M N (8,) Takue, uTo Aad
aoboro n > N (g¢) Hailgercs z, Takoe, uT0 |z, | < I, HO | R, (2,) | > .
o)

npu 2z=1.

Tak, Hanpumep, BbiOHpasigg=1/4 U 2,= e, — IIPOU3BOJIBHO,
’ 0 n n

2n+1

1 1 .
umeeM | R, (25) |=-2— >3- S0 o03nHayaeT, 4TO BO BCeil 06JATTH CXO-

auMoctn  Dj paBHOMEpPHOR CXOAMMOCTH HeT. 3aMeTHM, OJIHaKO, 4TO
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B moGoit .o6nactu D,=({e||z|<<r < 1} par Oyaer cxo;m'tfcn pasuo-
Mepiio, TaK Kak AAA mobora e > 0 majgerca N=N (a)=’l'2—:" ‘Takoe,
uto, a1a_vcex 2ED, u n > N (¢) umeem R, (2) | =z |"+'<rmti<e. P

. Ilpusuak Behepmrpacca. [lycmos Pyncyuonarsiaii pad
{t) cioduinca e ‘obracmu Dy, '« nycme cyugecmeyem cxodauyitica 8Hako-

»
NoAONCUME Ao HOUE 4UCA0B0L pRO 2 a, maxoi, umo s écex 2EDy u Ira
n=1 )
n > Ng arenoe pada (1) ydossémgoparom ycaosuro
s (@ 1<an.
To20d pad (1) cxodumes abcortomno u pasHomepHo 8 oGracmu Dy,
a0

Pag 2 a, Ha3blBaeTca maxcopupyouwusr iaa paga (1).
n=1
®
. N 2"
[Tpumep 4. Haittu obaacte cxopumoctu prga L -3 1t nokasats,
n=1
410’ B 3TOA 06MACTH DAL CXOAMTCH PAaBHOMEDHO.
« Bocronsayemca npusnakom [lamamGepa. Hwmeem

n+lp2
(n1)%2n

Cregopaténsno, B Kpyre [z2| < 1 paxg cxojpmrca. Ha rpaunaue kpyra,
T. e. npu | z|=1, noayvaem cxoaswuitca psx:

lim

n—->wo =lzl.

= z|r 1
> 'nz =ZF<°°‘
n=1 n=1

3HauuT, HCXOAHBI pAX CXOAUTCHA B 3aMKHYToM Kpyre |z|<Cl. Ho rak
Kak fas Beex |z{<Cl

1= <,

TO psiA CXOZUTCA abCOJIOTHO H paBHOMEpHO. P

Haiitu o6sactb cXOmuMOCTH M OGMAacTb PaBHOMEPHOI
CXOJMMOCTH YKasaHHBIX psanoB (xER, z€C):

h = — )+l
12,044, X, (—lyn-s 12,145, Y, s
n=l n=1
1246, Y, . 247 Y 2L
n=1 n=1
> enz o @—1yn
12.148. X, 55 12140, X (—1n
n=1 n=1
12.150. 3\ ns 12051 Y, o
n=1 n=1



. ., 2
12.152%, llgkasath, 410, pAd Lﬁf‘;ﬁ » XER, cxoay®-

cA aBCOMOTHO BO BCEX TOYKAX, HO HE DABHOMEPHO B MOGBM
IPOMEXKYTKE,, BHYTPH MIH Ha rpanuile KOTQPOro HaxOAUTCA
Touka x=0.

hod o x’.
12.153. [okasats, uto psin 2 (——1)"my XER,
S ! b

cxoautcs abCOMOTHO M Pa2BHOMEPHO Ha Bcell YHC/IOBOH OCH,
TOTJA KaK, pAA H3  ,a0COMOTHBIX BEJIHYMH, Y/ICHOB ; JAHHOI0:
paxa (pan 3auatm 12.152) Ha Bcelt YHC/IOBOH OCH -CXORMTCS
HEPaBHOMEPHO:

12,154, Vlcnonbayﬂ NPHHUKI MaKCHMyMa MOIYJ/fi aHaJH-
THYECKOH (YHKIHH, [0Ka3aTbh, 4TO ecau wieHsl psaa (1)
ABAOTCA "aHAaMUTUdeCKUMH B o6sactu D dyHkuusMi u He-

NpepLIBHLIMH B 3aMKHYTOM obnactu.D=D-+T u ecau pag
(1) cxoautca paBromepHo Ha I', TO OH cXOAUTCA PaBHOMEPHO

B 3aMkHyTO#l oOsactu D (BTopas Teopema Beitep-
giTpacca).

- 12.155. Haittu o61acTh cXxoquMocTH M 06/1aCThb pABHOMEP-
HOH CXOZMMOCTH, a TakKe CyMMy psja

Wl t
X (mm =)

3. CaoiicTBa paBHOMEPHO CXoOAAWMXCA pApoB. Chopmynnpyem paA
cBoiicTB B BHAE 3ajay.

12.156. Joka3aTh, 4TO €c/H 4JIeHb PaBHOMEDHO.CXOAsLie-
roca B obsactd D; ¢yHKUHOHa/AbHOrO psxa (1) yMHOXKUTB
Ha' "ofHy W' Ty Ke oOrpaHudeHHyl0 B obsactH D; dyHKuuio
@ (2), TO paBHOMepHas CXOAMMOCTb Dfila HE HapYIIHTCH.

12.157, Ioka3atb, uto ecau QyHKUHH f,(2) HenpepbIBHB
B obnacti D; u psap (1) paBHOMEPHO CXOAHMTCH B 3TOH
o6sacTH, TO ero cymma f(z) HenpepbiBHa B oGaactd Dj.

12.158. Joxka3ath, 4TO ecau QyHKUHH [, (z) HempephIBHLI
B objacth D; u .psag (1) paBHOMEPHO CXONUTCH B’ 3TOM
06/1aCTH, TO €ro MOXHO IMOY4JIEHHO HHTerpHpOBaThb MO JIOGOH
KpuBoil [, neviukoM Jexauleli B o6aactH Dy, T. e. uMeer
MECTO pPaBEHCTBO '

5(;,&,'(«1)) =3 S fo () .

14 Tog pen. A. B. E¢umona, B. [1. Hemuaonnya ;203



12.159*. [lokasaTb, uTo eciH Ha oTpeske [a, b] dymk-
i f,(x) AnddepennnpyeMbl, GYHKUHOHaJbHBIH  PAA

D f.(x) cxopuTcs, a pag M3 TNPOM3BOAHBIX 2 [ (%)
n=1} ’ n=1

PaBHOMEDHO CXONMTCS, TO HCXOAHBIA PN MOXKHO TNOYJIEHHO
AnddepeHnupoBarb, T. €. HMEET MECTO PaBEHCTBO

(2 rw)=Snm

Ham paBHOMEPHO €XOASAIIHXCH pSAOB M3 2HAJIHTHYECKHX OYHKURH
HMEET MecTo

Teopema Beltepwmrpacca. Ecau wurenst -ynxyuoHasbrozo
pada (1), m. e. pynkyuu f, (2), Aersomes anarumudeckumy 6 o6aacmu D

hyHKyuami u 8 210004 3aMKHYMOL noaoé/lacmu DD pad (1) cxodumes
PaBHOMEPHO, MO:

a) cymua pada (1), m. e. ynxyua [(2), sasanemca anarumuseckod
6 obaacmu D;

6) pnd (1) MOJCHO NOYAEHHO au(MJepeuquposamo A1060€ 4uUcA0 pas,
m. e..cnpugediusbt paseHcmea

f(f‘) z fgz) (2), k=]: 21 2oy ZED} (2)

n=1

B). 8 ar060d samxnymoi nodobaacmu DyCD noayuennsie pesynv-
mame Oucp(pepeﬂqupoeamm pﬂaot (2) cxo0amcs pastomepro.

12.160. Hcnoabsys yTBepx&neHne sajgay 12.157, 12.158
n TeopeMy Mopepa (teopema, ofpaTHas Teopeme Koum),
JOKa3aTb yTBepXKJeHHe a) TeopeMmbl BefepiuTpacca.

12.161. Bocnonb3osaBuuch ¢opmynoit Kown aas npous-
BOAHOM M yTBepxKjeHueM 3ajauu 12.158, noxkasaTb yTBepue-
Hue 6) Teopemnl Beiiepuirpacca.

§ 3. Crenennbie psabl

1. 06aacTb CXOAMMOCTH M CBOHCTBA CTENEHHBIX PAMOB. Psjp
o
cot-cr (2—20)+ 2 (2—20)2+ .. . +6n (2—20)" + 2 (2—2z0)
(n

Ra3LIBACTCS CMEnentoiM 1O CTEHEHAM (2—2o). B qac-mocm, 308

ataztalt. et = 2 Cn2® @
n=0
SIBAETCS CTENEHHEIM N0 cTeneHsM 2. C NOMOWBIO 3aMeHbl z—2zg=2Z pajg
(1) cBoputcst X papy (2).
Teopema AbGens .Ecau cmenennod psad (2) cxodumes 6 mouxe
2=2,#0, mo on abcorromno cxodumca 0a8 écex z maxux, umo |z | < )2z,
npuvem cxodumocme Gydem pasHOMepHOU 6 41000M SAMKHYMOM Kpyee
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lzl<<r <]z |. Ecau we psd (2) pacxodumca & mouxe z=2z,, mMd o#
.pacxodumecs u 048 ecex z makux, 4mo [z| > |2].

M3 Teopempr AGess clienyeT, 410 06JaCTbi0 CXOXHMOCTH CTENeHHOro
pAiia ABJfeTCA KPYr C UEHTPOM B Hayaje KOOPAMHAT (C LEHTPOM B
TOYKE 2;), PafHyC KOTOPOrO MOXKeT GhiThb OmHpejfeeH TpHMeHeHHeM JIHGo
npusnaka [Jlanambepa, au60 npuaHaka Koww, T. e. U3 YCJIOBHil

. Cpnyi2®* S
lim %— =[z| lim |& L <t
. n e x cnz n —-» oo
HIn .
lim [/ Te,z"| =|z| lim l'y;c,,| <L
n-—w n-—»> o

Orcioga -4 BBIYHCJAEHHS pafuyca R Kpyrh CXOLHMOCTH MOAYYaeM
COOTHOIIGHHSA

R=—l— it R—m———

. c
lim |Z2+1

n-® Cn
ITpumep 1. HccaenoBars Ha- CXOAHMOCTb PSR

(Z+2)2+(Z+2)‘+_._+(2+2) " _E (z+22"

n23n g 3n

“Tim I/IC"

n—w

«f Ilpuvennm npusnaxk JlanamGepa:

(249  (z-2)xn+D
Un="pagn un+l=m
" :
lim (z21-2)%n+hp2.3n ]Z+2|2 lim ne IZ+2|!
n—w| (1?31 (24-2)2" 3 naw(t+D 3

Otciofa 3aKJouaeM, 4To psfl CXOZHTCa B Kpyre |z42| < V3. [aanee,
Ha rpaHuue Kpyra, T. e. npu |2+2|=1V"3, umeem

@® »
@+22n 1
2 |y =X
n=1 n=1

a 3T0 O3HauaeT, 4To pAA aGCONIOTHO CXORHTCA B 3aMKHYTOM Kpyre
|z+2|<]f3 NpHYEM CXOJAMMOCTb B STOM 3aMKHYTOM KpYyre pasHo-
mepHas. P

12.162. CcopmynupoBaTe Teopemy AGens mas psga (1).

12.163*. YcraHoBuTb, uTO creneHuod psax (1) obmamaer
CJIeyIOULHMH CBOHCTBAaMH:

a) B Kpyre CXOAUMOCTH |z2—2z2,| < R CyMMa CTerneHHOro
pﬂ}la f(z) sBnsteTcs QyHKUMeH aHaJHTHYECKOH;

6) B Kpyre CXOMMMOCTH |z—2,|< R creneHHO# pﬂn
MOXHO TOYJEHHO AH(hepeHnrpoBaTs JoGoe 4YHCIO pas,
npuyem npouuQ)QJepeHunposaHHme PARBI UMEIOT TOT XKe CaMmblil
KPYT CXOMMMOCTH |2—2,| < ’
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B) paa (1) moxno l'lOllJIeHHO MHTerHpOBaTb no jmo6oin
KPHBOH, Jexaliedl B Kpyre CXOZMMOCTH,. npnqu ‘WHTErpan
3aBUCHT TOJBLKQ OT Hayasja M KOHLA KPHBOH WHTErpuUpoBa-
HuA, a DAL, AONYYeHHbit W3 psaga (l) B pesysnbrate un-
TETPUPOBaHHA OT Z; JO 2, UMEET TOT K€ KPYT CXOAMMOCTH
Jz—z| < R.

12.164*. Tlyctb. crenennoii psig: (1).cxomutesi B Kpyre
|z2—2,] <'R,"R >0, u f(2)—cymma 3Toro psaa. Tlokasars,
YTO 3HaueHWsi NPOH3BOAHBIX f'”(2) B TOUKE 2z, MOMHO BbI-
pasutb uepe3  Koappuuuentol- psga (1) no dopmyaam
f™(zy)=n'c,, n=0, 1, ...

Haiitn c6nactn aGcomoTHOR cXoauMOCTH M 06JaCcTH paB-
HOMEpHOH CXOAUMOCTH caenymomux psinoB (z € C). 3amensis
B 3THX psijax. (kpome 12.179, 12.181, 12.187—12.189) z Ha
x €R, uccnenoBaTh X Ha abGCOMOTHYIO M PaBHOMEDHYIO CXO-
ZMMOCTb.

tes N @— 1) S
12:165. . 12.166.
; -2 ,,2‘, ne2nyY 2n-F1 }—l

12:167. Y, (—1)» &L,

i ‘ on+1 (z—4)n
]2.‘68. } n+1—__=_
',,g, = e

-] @

o1 (z—2)n (2—3)2»
12.169. ) == .  12.170. (=)' 575
nEI n ?;1 @rn¥0)3

@

s

n ' n-+1
471 Y 2. 12072, 2",
12471, 3 50 2:( )
R 01 (n)2 2
12178, 2 il 12074, 2 e
12,175, 3% (—1)"* nzn 12176, 3 (—1) 22
n=1 n=1
12177 3, @D 49478, 3 (471"?)2"”2" (z— 1)

n=1

Bl
il

(z_3)2ﬂ+1;

. ® had
12,079 X nl (=i, 12180, 35 SIS
n=1 n=1
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12.181. Z G0 12.182. Y, Gnt Iz —1)
n=1

'P‘ ' " (z—3)" N ndgn
12.183. X (— 1)1 0 ya.184, g—l

= Gnf)
: n 3n~1 .
12.185. 22(—1)",'1_2;'2‘?” 12.186. Egn:lnmsn
n=
12.187. 3, E20%  qp.qg8, Y O
g-__‘l n+12 2‘
(0240 2nal 2t
12.189. Z: TIh ity - 1219 lz[ e
bt 2n—1\2n+1 n 3 nl ",
12.191. 2;‘, (3n+2) (z—1)m  12.192, nz‘l”_z
* n+12n.(z__3)2n—-1 (z+3)"
12.193. n§=:l( 1) Y 12.194. ?_; nVn
12.195, Zf;,,—lfl)a 12,196, Z (—1) L 2 43y,

®,

12.197. 3 nlznt, 12:198. Y, 2 E=00,
1 = Gnt)

12,199, X% 2. 12.200. Y 27" 2,

An='-l n=0

12201, ), C=27 | qa.900. ), CED™

n
n=1 n=1

2, Pa3noxenune ¢yuxuuu B pan Teiinopa. Mmeer mecto crefyioulas

Teopema Teiinopa. Pyukyus f(2), anasumudeckans 8 Kpye
|z2—29| < R, 00no3nauHo npedcmasuma & amom kpyee céoum padom Ted-
a0pa

F@)= cunlz—20)",
n=0 -

Koapuyuenmos Komopoeo onpedeastomes no gopmysamt)

"™ (z0) fm) _
(o) 2 S qu, n=0, 1, ...

|T| Zol]\"‘

1) 3pecs W ganee AJs SANKCH KPUBOJHHEHHBIX MHTECPAJOB IO 3aM-
KHYTOMY KOHTYDY (KOHTYDHbIX HHTEIQAJOB) Msl HCHO/Mb3YeM OObMHbIN
SHaK MHTErpana., .
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Cnencteue. Ecin ¢ynkuus f(z) asaiutiuysa B obaacty D n
20€ED, T0 B Kpyre |2—z¢| < R (29, D), rne R (29, D)—nanmenbee
paccTosiHie OT TOYKH Zo A0 TpaHuubl o6aactd D nan 1o Gauxaiiwei Touku
2', B Kotopo#t f(z) He anaanuThuHa, f(2) MoXeT ObITH NpPEACTaBJieHa
B BHJE CTENeHHOro psja

@
F@)= 2 cn (20 (2—20)", 3)
ne=0 ~
KO3($pHLNEHTH KOTOPOro OnpeiefsioTcst no ¢opmy.nam
_ME) 1 [ () _
c?x(zo)— o oni Wd’], n—O, ],_...
In=20 |=r
r<R(z, D)

Ecin 2zy=0, 10 paa Teiisopa HaseiBaloT Takxke padom Maxiaopena.
IMpumep 2. Pasnoxurb pyHkuuio f(z2)=sh z B psa no crenensm z
(T. €. B pan Maknopena).
eZ—e—2
4 Tak xak sh 7=
cTH, To no Teopeme Teitiopa ee psia Makjopena GyaeT CXOIMTLCA K Heit
BO Bceli nuockoctH. Hmeem

(shz)?r+l=ch 2, n=0,1,.,.,

SIBJISIETC aHaAHTHYEeCKOH BO BCeH NJIOCKO-

a
(sh 2)m =sh 2, nE€N.
Cojem©) _jen+b0) 1
CnenoBaTeNIbHO, €qy = @ =0, a C_z"“_ IES R TESE "

HCKOMO€ Dpa3/0KE€HHE HMeeT BHA

S VLS
sh 2=Zom{ zEO. ’

3ameuanne. Ecam paccmarpusate psag Teilmopa bynxumn f (x)
AeHCTBHTENbHOA NepeMeHHOl, T. €. pAj

@

3 26
n=0

TO JJIi CNPaBeAAMBOCTH paBeHCTBA (3) (MpH Z2=x M 2Zy=X,) HEOGXOAUMO
H JOCTaTOYHO, uTo6Bl oCTaTouHBIM uneH ¢opMyan Telinopa R, (x) crpe-
MHICH K HyJI0 npH n—> oo. OCTaTOYHBI YJeH MOXeT GHTh 3almyucaH,
Hanpumep, B ¢opme Jlarpanxka

_ (x_x )n+1

o ="
wiH B ¢opme Komn

R (9= &= L0 iy (44 0 (r— ),

nl

/”H-l) (x0+e(x"x0))v The 0<9<1,

HWIH B Kaxoii-nn6o apyroii dopme.

ITprumep 3. Pasnoxnuts B pan Teiinopa no etenensm x GyHKuUIO e,
 Oyeruusa f(x)=e* CeckoneuHo AupdepeHuNHpyeMa H (eX)) =e¥,
Cnenoatensno, [ (0)=1. ®opmyna Teiiopa ¢ OCTATONHEIM YJeHOM B
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tdopme Jlarpansca HMeeT BHA
n

k n+1
o= Y L e, 0<h<L.

]
| = (n+1)!
Ha nmo6GoM xoueytom orpeske x€[—a, a], a > 0, umeem
1 n+1
i _1m|"|+ O < ea fim 9 _
lim Ry ()] e 1 AN ] o
a moToMy AJist JoGOro xER
@
=2 07
n=0

ITpu perieHUH MHOTHX 3aa4 PEKOMEHAYETCH MOJb30BAThCA CIAEAYIO=
UMK Pa3JIOXKEHHAMH 3JIeMEHTapHLIX QYHKUHI:

a) e’—l-{-z+2!+ ..+ +--~= Z_';v z€0.
n=0 '
6) cosz—l—2!+~-+( 1" (2n)!+" 2::) =" (2n)‘ ’
. n=
f_;.\ ’ ZGC-
KFon+1? -~ 2n+1
B) sinz=z— [+ A (=D (2“;_'_[)!_‘- —nz_-o(—l)n (2zn-|—l)t’
| - Z€QC.
r) In(I+z)=z_z_2g—,+.“+(_l_)n+lz?n+' Z —-l)n+1__.
B lzi< L.,

-

n+1
n) arctgz—-z—— +.. +~(_1)n+12n+1+ L=

+1
Z:' 2n+1’ lzl< 1.

o (142%=
—l—l—az—]—a(a 1) 24 +oc(oc—l) (a—n—l—l) +“'=j
W SEICE! A N LPIARTLN

n=1
(8 cnyuae, koraa a=mEN obyukuus (14-2)” packnaaeiBaercs mo 6u-
Homy HblOTOHA B MHOrOu/eH, NMpHYeM Da3jioXKeHHe MMeeT MeCTO BO BCei

IIJIOCKOCTH).
XK) npn o= —1 H3 e) nonyqaeM GeCKOHEUHYI0 reOMeTpmec:{yxo npo-
rpeccuio Co 3HaMeHareneM —2

l-_%:l—z+z%-zs+...+(—1)nzn+.... fz2l< 1.
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Mpumep 4. Paanoxute B pajg no crenensm (z2--3) ¢ysxumio
In (2—52).
< Paccmotpum cHauana crenyioulee npeo6pasepanyie NanHON JOrapHMu-
UeCKON yHKUHMS

In (2—52)=In (2—5 (24 3)15) =1In 17 (l——(z+3))
=In17+1n (1—5(’;3)).

Bocnonbayemcs pasaoxenueM r) ans. In (14 u4), nonaras u= - (z+3)
Tak Kak pasjoxeHue T)-UMeeT MeCTo npu |u| < 1, To vawe paa 103Ke-
HHe OyAeT HMETb MeCcTo npu |z+3| < 1, Takum o6pa3om,

In (2—52) — ]n17—|-z (—1)"“(——(2—{ 3))' I

N ) == TP

n=1

3aMeTuM, YTO Ha XHEHCTBHTENLHON OCH B TOWKe ¥==2/5 Pl PacXOAMTCH
(rapmonnueckuii paa), a B Touke x= —32/5 no npusnaky JlefiGhuna
cxoaurcs. Cnexosatennhq, [—32/5,. 2/5)—npomexyToK CXORWMQCTH Ha
JeiicCTBUTENbHON OCH. P

Yacto ans pasnoxenuss GyHKUHiA B psAl yXOGHO NONb30BaThCsi AM{-
(epeHnpOBaHHEM HIH HHTETDHPOBAHHEM H3BECTHHIX Pa3NOXEHnH, a npH
Pa3noXeHnH pallHOHaNbHON JPOOH PassOXKUTL €e Ha npocTedinue.

INlpumep 5. TloayunTh pasniokedne T) ana ¢ybBRuun f(2) =

=In(1-2). .
« Vineem
2
In (142) S
0
Fae nyThb HHTel‘pHpOBaHHH He OXBaTHBaET TOUKY z=—1. 3ametum, uTO
q;ymmpm 1-.:-"'] npu |nl<l ‘aBaseTca CyMMOH reomerpwlecnon npo-

rpeccuu co 3HamenareneM —1m,. T. e
1 ®

= 2, -0
I+n =

npuueM, ecau |n|<fz|< 1, T0 psin cxo;iwrca PABHOMEPHO M €r0 MOMHO
nouwienHo uHTerpuposarh. IlosToMy aas 2z Takmx, uto |z| < 1, umeem:

S( —n)"dn= 2(——1)»1"_1_ _Z(_l)nu_ >
L]

n=1



INpumep 6. Pasnoxute B pag 110 crenensM 2 QyHKinio

22—22-4-19

1O =G 5 @rs

<« Paznoxum [ (2) na snementapunie Apo6u. Hmeem

@)= 2z+5 "'(z-—3)2'

Ilo dopmyse cyMMBl reOMETpHUECKON IpOrpecchH

@
11 1 Iy 22\ 5
%45 5 l+gz_“5m(")"( ) lzl< 5.
- -

3ameuas, uro

(o2 V' 2
( z2—3 ) = @@=

M yunTuiBasi yTRepxaenue 6) 3apaun 12.163, noayunm

o o«
2 2" n2"7t 2§ (n-pl)en _
(Z—3)2=§2d 3 3 gu+l ! 1z} <3.
n=1 n=0
C ! 7} 2 HMeeM
CKNagbiBas psjbl AAS %5 FE Pl
- 2(n+1) 5
n
=2 ((—‘>" R )z", lzl< 5. B
n=0

Mpumep 7. Pagnoxurs B psig no crenenam x (x€R) oyunkuio

f()=\ —du.

=}

8

N
@ 3nas pasnoxcnue Qynkuuu sinu= (— 1)~

3T (cm.  passio-
k=0

(/k—}—l

enue B)), KmeeM

m=2 (] (21@4 i “€R

r=0
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a NMoToMy, MCoNb3ys CBOHCTBO B) 3ajauu 12.163, noayuaem

sinu
5 "_"”_2 = ‘)"S ALy
[}
. K2R+l
=,§,f D G TTrERT

Henonb3ys Teopemy Tei#sopa (popmyny Teitnopa ¢ ocra-
TOYHBIM YJIEHOM B Kakoi-nu6o dopme 1151 QYHKIHEH [AeHcCT-
BHTEJbHOH INepeMeHHOMH), Ppa3dJoXHTb B PAL MO CTENEHAM 2
cienyomue QYHKIHH, NPOBEPHB T€M CaMbiM CNPaBeldJHBOCTb
COOTBETCTBYIOLIHX COOTHOILEHHH H3 a)—e):

12.203. e*. 12.204. cosz. 12.205. sinz. 12.206. (14 z)*

12.207. 27, 12.208. sin(z—-—%). 12.209. cos® z.

Hanucatp nepBble TpH HEHYJEBBIX 4YJI€HA DPa3JOKEHHS
B pAl MO CTeNeHAM 2 CJefyOMHX (YHKIHH:
12.210%, tg 2. 12.211. ——. 12.212. thz. 12.213. e* cos .

Hcnosb3yst passioxKeHHsT OCHOBHEIX 3JIeMEHTapHBIX (YHK-
Mt a)—3K), a TakKe BO3MOXKHOCTb NOYJIEHHOro auddepeH-
LHPOBAHHUS U WHTETPHPOBAHUS CTENEHHBIX PSAJOB, PA3JIOXKHUTDb
(yHKUHH B pSIL MO CTEMEHSIM Z U yKa3aTb OOJACTH CXOJH-
MOCTH MOJIYYeHHBIX PSIOB!):

12.214. e, 12.215. sin® z. 12.216. 4+ T 12.217. 3_14

T2 S S x, S24 1
12.218. p/27—z. 12.219. Vogs 12220 g
3

12.221. s o 12.222. (1—z)e™*%. 12.223. cha.

12.224. sin2z+4-2zcos 2z. 12.225. sin 2z cos 2z.
12.226. In (14 2z—22%). 12.227. In (224 32+ 2).

12.228. In (24 V' T+2). 12.229. arctg z. 12.230. arcsin z.

z z
12.231. (e dn. 12.232. (%00,
0 0

2cosz—sinz 2zsinz—1--cosz
12.233% 222 20F 12,234+, ——22—1— '
Pa3joxite ¢GyHKUUH B PsJ MO CTENMEHsM Z—z2, H Ofpe-
AeUTh ob.acTu CXOOUMOCTH MNOJYYEHHBIX PALOB:

12.235. 20— 22°—52—2, z,= —4. 12.236. =—, 2,= 2.

1) Cum. rakxe sapaun 12.289—12.294.
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1 . 1
12.237. T 20‘———3!. 12.238. m ’ 20=3.

1 , 4
FEET o= 4 12200 V7, z=1,

12.241%, L, 2,=2. 12.242. &"-4:41, 2, =2,

12.243. ze?>~7*) z,=1. 12.244. sin (224 42), z,=—2.

12.245%. In (5z+ 3), z,=1.

12.246. In (224 62+12), z,=—3.

Haiitu 06s1acTH CXOZMMOCTH YKa3aHHBIX pHAOB M HX
CYMMBI:

12.247, 2}0(—1)11 (n+1) (n+2) zn. 12.248, i}n(z—?—l)”.

12.239.

12.249. 3 C=3" 12950, 3 (—1)ra-mm-rm, g4 0.
: n=0

n=0 n-}-l

12.251. 20 (=D (n41) 22,

.3. Teopema eXMHCTBEHHOCTH. AHalHTHYecKoe npogomkenne. Cop-
MyJHpyeM TeopeMy €IHHCTBEHHOCTH:

Ecau pynkyuu f(2) u g(2) anaaumuuner 6 o6aacmu D u na mno-
oHeCmee PA3AUMHBIX MOHEK (z")neN’ umerouem npedeavryr mouky a€D,

soinoansomes  pasencmea f(2,)=g (2,), n€N, mo [(2)=g(2) ecwody
Ha D. .
Ilycte ¢ynkuns f(z) aHaanThuHa B obgacth D, a ¢yHkuns g(2)
aHaanTHYHA B obnactH Dj Tako#, uto nepeceuenne D[Dj=D, copep-
MUT NOCAEROBATEILHOCTL Pa3/HUYHBIX TOUEK (z,,)nE [ HMeloulyio 1o Kpau-

Heit Mepe oiHY npeneabHylo Touky a€ D,. ITyctb, Kpome ToroO, f(2) =g (2)
aas z€D,y. Torpa dyHkunsg
Fg={1@ naa 2€D,
g(2) ana z€D\Dj
HasHIBAETCH auaaumuteckum npodoaxcertiem ¢yHrunu f(2) ¢ obaactu D

Ha obaactb DyN\\ D,.
MMpumep 8. Ioxasarh, 4To ecan ¢yHKuus [ (2) HenpepniBHa B 06-
7

aactv D, comepmameit Toury z=0, u ecam f o= ans

n=ng+1, ng-+-2, ..., 10 [ (2) He aHaauTHyHa B o6sactu D (ng=1—
1eJoe). _

« Tax Kak f(2) nenpepriBHa B D, TO Ha OTpe3Ke AeiicTBHTENbHON OCH
OHa TaKXe HenpepLiBHA, a B COCEAHHX TONKaX X=—- M x=m,~
n > ng, OHa NpPUHIMaeT 3HaueHHs pa3KbIX 3HaKoB. [1o3ToMy cyuwiecTByOT

1

TOYKH xn€<ﬁ. ~ ) » B KOTOpHIX f(x,)=0, npuuem x, — 0. Cne-
LOBAaTebHO, B TouKax ¥, €D ¢dynknus f(2) coBnapaer ¢ aHaiuTHYECKOH
odysruueit g (2)=0, a Tak Kak [(2)Z£0, To f(2) He Moxer OuTL ana-
JIMTHYECKOH (yHKUReH. P
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{lpumep 9, ﬂ;o«asarh.mo GyuKuun
z'l
g(")‘ er(l—Z)‘ +"' 1 (l z)"ﬂ TN‘

ﬁBﬂﬂmﬁ BHéﬂﬂTﬂ'{eCKHM npoAOJl)KeHHeM (!)yHK(.{HH
f(l) ‘_=_l+2l+2'z’+ ens +2n2"+| uc‘.

4
« Onpenenum oBaacts CXOLUMOCTH PHANOB A g (2) u f(2). Hmeewm:
z)” Z
nlin:o VI l—zl"ﬂ ] <1

Tim [/ T2F27 =2 2] < 1,

n—+»w

r.e. pag aaA g (z) cxogutca B obaactH Dy={z|Rez < 1/2} (cm. 3agauy
12.143), 'a pax aaa f(z)—s obnactn Dy={z||z| < 1/2}.
OnpegequM CyMMbl STHX DSZOB B YKa3aHHbIX 0GAacTAK:
oy ) { S
e =1 (H'l +(1—z)=+"') =2z ~1-%

) 1 1—2z

F@=1—=;"

Tak xak Dy—Dj u B 061acTH D, cnpasenanBo ToXAectso. f (2) = g(z),
TO PYHKUHA g (2) ABAAETCHA aHAJHTHUECKHM NpoloeHHeM PyHKuuu. f (2)
¢ obmactu D, Ha obaacte Dy, P

. 12.252. Toka3saTb, 4To npu mo6oM a0 u |a| =1 pyHk-
LUOHaJIbHOe ypaBHeHHE [ (2).=f (az) He HMeeT peilleHHs, aHA-
JINTHYECKOTO B TOuKe z=0 H ee OKPECTHOCTH, OT/JIHYHOrO
ot f(2) = const.

12.253*. [loka3aTh TeopeMy eHHCTBEHHOCTH B TOM Clydae,
korga Vz€D g(2)=0, T.e. 10Ka3aTh CIEAYIOILYIO TeOpeMy:
ecnu aHaJdTHYecKas B obsactu D ¢yukuus f(2) obpamaercs
B HY/b B TOYKaX (2),.N, J€XKamux B obnactu D u TaKux,
uro limz,=a€D, 10.V2ZED f(2)=0

k—+>»

12.254. Byner nu aHaauTHYeckod B Touke 2=0 u ee
OKpecTHOCTH (yHKIUSA [ (2), ec/iH OHAa NPH BCeX LE@JHIX 7 > f,

l . qn
YAOBJIETBOPSET COOTHOLIEHHIO f{ - | =sin—-?

Haiitu anannTnyeckne B OKPECTHOCTH TOUKH Z2=0 ¢yHK-
unu f(2), ynoaneTBopmomue YCTIOBU AM:

12.255. [ () = 5o nEN.

12.286. f (+) = (=7 ) =7,
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NACTCA  AHATHTHYECKHM  TIPOAOMNKEHHEM (pyﬂxp}in f(2) =

12.257. Tlokasatb, uto QynKnus g(z)=2 fiB-

1 R L gy
2‘ ( ) . HaiiTir ananutnueckoe Buipakenne sTux GyHK-
m-—{ﬂ
nuii B oﬁmen yacTH 0fsacTedl CXOAUMOCTH PSHO0B.
12 258. Tlokasats, uto ¢ynkuna g (z)=In(2+2i)+

—1—2i)n
+2 (—1)+t (i T 21;,), ABJISIETCA AHAJNMTHUYECKHM TNPOLOJ-

[
Méniiem dynkumun f(z')fzd (—1)" . Hajitn anaintrugcxoe
n=1
BLIpa)kenne sTHX (ysKUHA B onen yacTH o6JlacTell CXoud-
MOCTH. P$IJIOB.

§ 4. IpumcHeHue CTeNEHNHIX PSHOB

1. Buuncacsue snauennii  gynkunii. Paanoxenus a)—wm) w3 § 3
NO3BONISIOT NOJY4aTh SHAUCHHSI COOTBETCTBYIOMIHX QYHKUME B 3ajaniinix
TOMKAX € J000# TOUHOCTHIO.

Tlpumep 1. Halitn uncno e ¢ touinocTbio o 105,
<«§ Hoacrasus x=1 B pasznoxente QyHKUUH €%, HMeeM

n
sy |
f=2-0k—z+

k=

1

[is

E k®
k=n+1
OueHnM oCTaTOK
Sl 1y 1 - I
2w >l
= i __
k=n+1 b -n+l( D).k lIz=n+1 (n-f-1)k-n
1
_ 1 _ntl 1
S W T
Py

~ 1
CJIC}lOBaTeJYbHO, paBeHCTBO €=2‘ Er HMEET NPEeAeJIbHYIO aﬁCOJ'llOTHle'
k=0

< 0,00001

. 1 . 1
NorpeuniHocTb, PaBHYO —nm- . Haiinem n, Aagd KOTOporo i

@
win nln > 100000. Tlonywaem n>= 8. Bruncaas 2+2 -7‘1-!- H OKpyr-

. k=2
Jsis, HaXOAHM OTBET ¢ TpeGyemoil- TouHocThio € =2,71828. P
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12.259. OnpeneuTb, CKOJIBKO HYKHO B3ATh Y/EHOB B Pas-
noxennn ¢yukuuu In (1 +x), ytobn BHIYHCAUTL In2 ¢ T0Y-
HOCThIO A0 1074

12.260. Onpeuenmb, CKOJIbKO HYJKHO B3fiTb 4JIGHOB Psla
B pa3nomeHuM HYHKIUHH COSX, 4YTOGH BBLIYUCTHTHL cos 10°
¢ TOYHOCTBIO J10 1074,

12.261. C Kakoii npejeabHOlM aGCOMOTHOMN MOrPelIHOCThIO
MOXKHO BBIYHCJIHTH

V=2 =2(1+5)",

B3AB TPH 4WJeHa OHHOMHMAJBHOTO psAAa?
xfl xﬁ
12.262. TIpu KakuX x MHOTOYJIEH x—-—G—-]-m JaeT 3Ha-

yeHHe (PyHKUHH sinx ¢ TOYHOCTbIO g0 107¢?
12.263. KakoBa mnpegnesnbHasi aGCOJIOTHAs MOTPEIIHOCTD

paBeHCTBA - *
. 2

— X
Vatxi=a+s—is

a3
npu Beraucaenun 52

I/]C[IOJIb3y51 COOTBETCTBYIOIIME PAa3JIOKEHH A, BBIYHCIHTDH
YKa3aHHble 3HAUeHHA (QYHKUHUHA C TOYHOCTbIO m0 10~¢:

12.264. 1 2. 12.265. . 12.266. sin 2. 12.267. sin12°.

12.268. cos1. 12.269*. sin 1000. 12.270*. 3/520.

12.271%, V' 15. 12.272%, /700. 12.273*. In2.
1
. . t —_—
12.274. arctg V3

* 2R
12275, 1,(0,5), rre 1, (1) = 3 (— 1)k 5o (COEN
k=0

12,278, sh1. 12.277. chl.

B sanauax 12.278 —12.287, ucnosb3ys pasoxeHHs B CTe-
neHHple pfAfbl, TpeGyeTcs COCTaBUTb Ha (opTpaHe MOAMPO-
rpaMMbi-QYHKLIHH JJIs5 BBIYHCJEHHS 3HAYeHHN YKa3aHHBIX
$YHKUMH C 3aJlaHHOl NpefieIbHOH abCOMOTHOMH NOTPeIIHOCTDIO.
HcnonbsoBate mnapaverpnt X, EPS, rme X -—aprywmenr,
EPS—npenenbnas abcosoTHasi morpemHoctb. Mmena mnoj-
[IpPOrpaMM BbIGPAaTb He COBNAJAIOUMMH C UMEHAMH COOTBET-
CTBYIOWMX CTaHAAPTHBIX NOANPOrpamMM-QyHKUHIL.

12.278*, y=sinx. 12.279. y=cosx. 12.280*. y=¢e*.

12.281% y=(14x)*. 12,282. y=1n(14-x).

12.283*, y= ln1+§. 12.284. y=arcig x.
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12.285. y=1F,(x) (cM. 3apauy 12.275).

12.286. y=shx. 12.287. y=chux.

12.288. CocTtaBuTb Ha OpTpaHe NPOrpaMMy peLICHHS Of-
HOH M3 3ajgay 12.264—12.277, npuMeHsia noanporpaMmui-
()yHKLHMH, TOJyYeHHble NPH pelleHHH 3anay 12.278—12.287.
B. nporpamme npeiycmMoTpeTh CpaBHeHHe pe3ynbTaToB, BHI-
YHCJIEHHBIX C TTOMOLLBIO COCTABJEHHON NOANPOrpaMMbI-OYyHKIHH
W C TOMOLIbIO CTaHAAPTHOH NOANPOrpaMMbI-OYHKIHH, BXOAS-
meit B 6HOJHOTEKY 00513aTeibHbIX NMOANPOrpaMM.

2. Mnrerpupoeanne dynkunii. Paznaras nonsiaTerpansHyo byHKIHIO
f(f) B cTeneHHol psaA, MOXKHO, HCNOJIb3YysA Teopemy 06 umerpnponauun

X
CTENEHHLIX P08, NPEACTaBUTb HHTETpai S (f)dt B BHIe creneHHoro

0
paaa ¥ DOJACUHTATH BGJ]HLIHHy 3TOr0 MHTerpaila @ 3aJaHHOH TOYHOCTHIO

npH J1060M 3HAYeHHH X H3 HHTepBa/la CXONHMOCTH NOJIYY€HHOro psajha.
X

Mpumep 2. Pa3n0UTh QyHKIHMIO Se""” dt B cTenenHoH psA MO

0
CTENEHAM X.
®

]
; x
«f Vicnonbsys pasnoxenne ef = E 57 ¢ Toayunm

¢
-2 __ — 1\ —
eP= (—r
k

=0

8

Ha Bcell uHca0BON ocu. [IpuMeHsisi MouneHHOE HWHTErpHPOBaHHE, HAXOAHM

2R +3
§e ﬂ‘”*z("’) (21:—}—1)121 >

~

Pa3noxnTe yKasaHHbie (GYHKLIHM B CTETIEHHBIE PRt JIO
CTENEHAM X:

X
) In (141¢?) ¢ 12.290 1 sin ¢ ‘
l2.289.§———t dt. 12. '2V?§V7d'
X
dt
291, 2qt. 12.292. (2
12.291. (cosizdt. 12.292 §V1’+t3

12.293.

0
X
§lo(t)tdt (cm. sazauy 12.275). 12.204. §%‘-‘dt.
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Brrgic/uth MHTECpadsi C TOUHOCTHIO 0 1074

0,3 0,2
12.295. S In (L1 gr. 12.296. S aclgt g,
] g -

v 0;5’l_ 9,6 : LT
12:207. { e~"dr. 12.208. § /T xdx.
8 @
o L
. x P ‘sinx
12299, S——l & . 12.300. 5 12 dy.
0 0
B sanauax 12.301 — 12,305, ucrionb3ys pasnomkeHHs B cTe:
MeHHble PAlbl, COCTaBUTh HAa (QOpPTpaHe Noanporpammy-byHK-
UMIO IS BHIMMCJIEHHSA' YKA3aHHBIX HHTerpasioB C 3afaHHOH
npeaesbHoit a6cooTHOR norpeuHocThio. Ilapamerpet: X,
EPS, rae X —sBepxuuit mnpenen wuHterpuposanus, EPS—
npenesnbHasi aGcoOMOTHAA MOTPEIIHOCTD.

X X
. t . 2 '
12.301. Si (9= | 2 dr. 12.302. erfx=—=\ e dt,

x X
12.303. S(1+t’)“dt (>0, a0). 12.304. { Z9E ar.
b 5

Eg
12.305, {GEDdt.
J I

12.308. Mcnonb3ya nmoanporpamMmel-by HKUHH, MOJTyYeHHsIE
npu pemwenuu 3agay 12.301—12.305, coctaButs Ha ¢ep-
TpaHe MpOrpaMMy pelueHHs OfHOM u3 3agay 12.295—12.300.

3. HaxoxaeHue CyMM 4HUCIOBHIX PSAOB. YOBLICTPEHHE CXORMMOCTH.
IpH HaxoXIeHHH GYMMbl YHCJIOBOrO Psiia BBIYHCJAIOT €r0 YacTHYHYIO
CyMMy, AJI1 KOTOPOH BeJHYHHA OCTaTKa pPsla He MPeBOCXOAMT 3aNaHHOIl
a6co.TIOTHON MmorpelHocTH. HMcrmonb3yst n3BecTHbIe Pa3/IOXKEHHS B CTedeH-
Hple PSAbl, CyMMY YHCJOBOTO Psila B HEKOTOPHIX C/YYadX MOXHO BeIpa-
84Tb B BHJe 3HayeHHA (YHKUHH B OnNpeje/eHHON TOUKe.

JIloka3aTp yKka3aHHblE PaBeHCTBa!

@ l ‘I
12.307. kZ;_ CES Y R

ange 4 1 _ 1
12.308". E-n @F R @FetD) (@th i) Z@+n @Fath’
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1
12309+, Z < @R @FrTD .- CER NS
1
Tp@Fn) .. (@Fntp—1)

(PeN).

12.310% 3 (— 1)n+1 =1n2.
n=1

R T‘ 7T

12.311%, n):o(— 2n+1 =T

Haiitu CyMMbI PALOB, He BBIYMC/AA YACTHIHBIX cyM:w

12.312. Z —5r 12,313, }:(—1)'1( T 12.314. Z

n=l n n=1
-]

12.315. L @ Gy 12:316. Z( % (2n+ BT

i

1 N o
12.317. 2"‘”"W' 12.318. 2;7.

r=0

[Tpy HaAXOXKIEHHH CYMM:l YKT/IOBOTO psiaa Tpeftyerca Cpath 60Jbinoe
YHC/IO 47EHOB, €C/IH OCTATOK 3TOr0 pfjla MEIEHHO CTPEMUTSH K 1Y MO.
Taxoft psa cnenyer npeofpa3oBaTe B PAJ, OCTATOK KOTOPOLO CTPOMHTCA
K Hymo Ouictpee. JaHiuoe mnpeopa3osanne HA3bIBACTCA  YbocmpeHucs
cxodumocmu psina. ONUMM U3 METONO0B YOBICTPEUHS CXORUMOCTH AB.IfeTCs
memod Kymmepa. HeussecTnas cymma A cxoistuierocs psiaa

®
Z ap (n

k=1
BLIYHCAfeTCA no GopMmyJe

A="B+k21 (ag—qby), @

@

rie B—u3pectnas cymMa psna 2 b TAKOro, 4TO CyulecTByeT mpeien
k=1
. a :
g= lim £ %0,
b

k—+>»

Pan
@®
X (@n— by @
k=1

cxonures fHeictpee, dem uexoaunté pas (1), T. e. octatox paxa (3) ecth
GeckOHeuito Masad Gosee DbiCOKOTO NOPSAKA, 4eM ocrarok psia (1).

8 floa pea. A. B. Edumoua, B.I1. Jlemagosuua 225



Npuwmep 3. Halitu cymmy pana E i ¢ TouHoCThlo Ao 10-38,

k=1
«f BHificHMM, CKONLKO U/EHOB JaHHOrO psiia HYKHO B3fTh AJs JAOCTH-
senns TpeSyemoii Tounoctu. OnenuBas octatok (cM. sepauy 12.307),
noJyyaeMm

) 1
k—zn;i-l K2 < Z k(k—])—Zk(k+]) < 0,001,

OTKYJa CHefyer, uTo 7 > 1000 T. €. JNf JOCTHXEHHS YKa3aHnHoR Tou-
HocTH TpeGyercst B3sATh 1001 usen McxonHOro psja.
‘ YayuunMm cxoaumocTe psifa. IMosoxus B ¢opmyas (2)

ap= k2 k—k(k—i—l)' g=1, ar—q "—k"‘(k—l—l)'
naxopuM (cM. 3agauy 12.307 npu a=0 n n=1):

@w - @* eo

IR,
e

k=1 k=1

(k+1)"+2 k’(k+1) @

1
2 6 —_—
anMeH_lHM dopmyny (2) ana npeoGpagoBanust psaia ;::l AT
1
GFD PRI 9=
qbk._m Torpa, yuuTmBas (4), HMeem (cM. Sapauy
12.308 npn =0 u n=1):

TIONOXKHB Teneph dk =gy

1 1 A Q) 1 _
2= L T ETe A PR

®
1\ 1
‘1+2-_2+2k2_-l EEIDGETY
1
F CBeJIOCh K BH“HC./'IE}”HO CyMMBl pAana

BhiuniciieBne cymMel psajia

1
FETNGRTY

uMs EM”

OuenuBasi 0CTaToOK

Z k=<k+r)<k+2)< 2 (k—l)k<k+1)<k+2)

n+l

k=
=3 !
h(k+1)(h+2) FF9 IeTDEFY’

k=n
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ﬂon.yqaé&i ‘—;—— < 0,00i.2, oTKyna n*> %-2000 ~ 666,7, nan’ n=9,

T. e‘ Tpedyemaﬂ TOYHOCTb JOCTHraeTcss mMpH n=9. Cﬂenosarenbﬂo,

1
Mpumenns npeoGpasosanue (2) eme pas K pary E « BTE T eI o0
k ; -t B (k1) (k+2)

MOXHO GLLIO Obi ewe Gojee yJiyYIUHTb €XOIHMOCTb. P»

B sanauax . 12.319—12.323, npumensia npeoGpasoBaHie
Kymmepa, ‘HaiTH CyMMbl YKa3aHHBIX PsJOB G TOYHOGTBHIO HO
10-4, B3aB ans 3toro He Gosiee 10 4JEHOB MOJIYYHBLIErOCA
psana. McnonpsoBaTh COOTHOLIEHHS
m

Ytete)n B == (1) 1) > .

n..l' n=1

3uayenust n3eta-pyHKuMH L (p) B3SATH M3 TaGIUUBL

v

[4{2)

Q

1,6449340668
12020569032
1,0823232337
1,0369277551
10173430620 °
1,0083492774
1,0040773562

PN LN

. 12.319%, 2—;,—1- 12.320°, Lsm-

n=1
® ®

1
12.321%, Y Ew 12,3227, Z (=D n(5n—]-3)

n=1 : T onsl

12.323". Zl (-1)"+13n+2

12,324, CocraBuTtb -Ha opTpaHe npoTpamMMy pelIeHUs
onnoi u3 3anay 12.319—12.323.

]

4. Hurerpupoaaune nuq)q)epeﬂuuanbuux ypaBHeHHH € ROMOILLIO
bumos ‘Crenenuble PAABI WIHPOKO NDUMEHSIOTES NPH pelieHHH nuqxpepem
HHanbHbIX ypasHeHuit. [Ina uwesoro psaaa audgepeHnHANbHBIX ypaBHEHH

g* 227



NOKa3aHo, YTO pemiente y (x) np’e}m’rannmo B BHJE CTEIIENIOr0 psija

®
(R) (x,
RN SRR SB) (i ©)
k=0 k=0
Ko3(d¢MIEeHTE KOTOPOTO MOMXHO ONpejeJINTL € YYeTOM 32/laHHOrO ypaB-
HeHHsl Pa3JHYHEIMH CIOCOGaMH.

a) Iyctb Tpebyercs HalTH peluenne ypaBHEHHﬂ y=fxy v)
YAOBJIETBODAIOIEE YCAOBHSM 'Y (Xo) =Yo, ¥ (o) =yi, npuueM ¢yHKuns
f(x, y,’y') B Touke (%, Yo5 Y1) MMeeT WacTHbHe NPOU3BOLHEIE JHOEOTO
nopsixa. Toraa kos¢duuuentst Y& (xo) paga (5) onpenensiotTess nyTem
noCNe/OBATeNILHOrO  IH(epeHHpoBaHN A HCXORHOTO ypaBHEHHS H ROA-
CTAaHOBKM B HETO X, M HaMJeHNHHIX yXXe 3HaueHHH y (x0)y ¥" (xg) .-

Mpumep 5. Haiitn pemelme ypaBHenus Yy’ = x3y, ynonne'rnopmo-
iee yCJOBHSM - y(O) =0, y (0)=1.

Hmeem y(0)=0, ¢ (0)=1, wu3  sanamnoro ypamaenun HaXoAHM
y" (0)=0. Hanee, nnbbepenunpys ypaBHenyne, HMeeM

' =x%'+2x,
Y=y +dxy' +2y,
JVﬁWMWM%

........

ymnu xzy(m_i_gkxym—n_}_k( —1) k=2,
u npn x=0 nonyvaem orciona
Y rTD(0) =k (k—1) y* =2 (0), k=2, 3, ...
Tak wax y (0)=y" (0)=y'"’' (0)=0 u ¢’ (0)=1,
y(cn) (O) J(4n+2) (0) y(4u+8) (0) =0 .
H
y4n+ (0) = (4n4-2) (4n -} 3) y4n +1 (0) = . )
=2.3-67... 4n-}-2)(4n-}+3), n €N.
CrepoBateatio,
_ 2.3.6.7 ... (4142) (4n-}+3) 2
-3 .t o,
o npnanaky JlanamCepa nonyuennnil psp cxopntes Aif mobux x€R,

T. €. OnpepesisieMas STHM PSAOM (YHKUMSA y(X) nBASETCa peweHHeM
8aaHHOTO YypaBHenns npu Mcéhix xz. P

Haiity peinenns ypaBHeHu#, yLOBAETBOP AI0UIHE 32 AdHEblal
YCJOBHAM:

12,325, y —x”J, y0) =y (0)=l.

12.326. —xy' —2xy+1, yO) =y 0)=

Baiitn nepBble 5 uneHos paanolxe}ms pemeuuﬂ Angipe-
penuna.nbﬂoro ypaBHeHHs B CTENEHHOH pAA:

12.327. y' =2cosx—uxy?;, y(0)=1.

12,328, y'=—2xy, yO)=y (0)=1.

12,329, y"=ycosx+x y©O) =1, ¥y (©)=0
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6). Ecan «HexopHoe: fudbepesianpHoe y.paBHEHHe - IHHEHHO - OTHOCH:
TeJIbHO HMCKOMOMH rbyHKmm H ee NMPOM3BOIHBIX, NMpHYEM KO3PPHUHEHT npu
crapielt MpOM3BOXHOH B TOUKE X, OT/IMYEH OT HYJIs, TO pelweHue cJje-
JyeT uCKaTh B-BHIe psjla (5) ¢ HeonpejelelHbIMH KOSGQHUHEHTaMH ap,
k=0, 1, ... 3aKOHHOCTb TaKOrO- METOAAa BLITEKAET H3 yTBEpKACHHS,
ZOKAa3bIBAEMOr0 B aHATHTHYECKOH TEODHH JH(QepeHiHanbHEIX ypasHenui,
KOTOpOé Mbl HpuBEeféM ANS Yp4ABHeHHS 2-ro nopsika.

Teopema 1. Ecau 6 dupdeperyuarsron ypaeueﬂuu

Po () +p1(X) 4 +p2 () y=F () ©6)

Pynyun py(x), - pi (), pa(x) u [(x) anasumudnsl 6 oxpecmuocmu
MoK Xo W Po (%0) # 0, mo cywecmsyem pemeuuv ypasrernus (6), npeo-

cmasumoé 6 -6ude ctneneHno20 pada y (x) = Z ap (x—xp)%
Mpumep 6. Halitn pawenne (B BHie CTeneHHOro psifa) ypasHeHHs

Y=y ty=1,
yZzoBsersopsiomee yeaoeuam y (0) =y (0)=
« Nuen pewenne B BHAE pAna, y(x)= 2 agx®, B kOTOpPOM B cHIy
k=0
ycnoauifl y(0)=y¢ (0)=0 wnwveem a,,=af=0. Cnef.osa'renbno, y(x)=

2 apx®. [loACTaBUB 3TO BhIpaKeHHEe B ypaBHeHue nosmyyaem

k=2
(<]
2 (f—1) apxf-2=— 2 kapxk - Z apxk =
. ] 1
Orciona HaxonuMm, 4to 2:1.25=1, T. e. Gy=15, H

(r4-1) (2 +2) apps=(k—l)ay ‘ana k=1, 2, ...

Tak ‘kak a; =0, 10 Gy 47==C an¥ ncex m=0, 1, ..., a a k 2m,
m=1, 2, ..., noaydaem peKyppeHTHYIO cpopmyny

2D Om 1) 2m+2)
H3 KOTOPOIl BLIDOAHM .paBeucma

m=1, 2, .i.,

g @m—ni
B+ D= g ey
CJIeJ.‘lOBaTeJ[I:HO, HCKOMOE peu'enue umeeT Bﬂll

@m—n
yW=5 2 -+ L emFor

npnqu nonyueHHsi pax éxonutcs npa Bcex x € R. P

xem +z’

M"ﬂOﬂbsyﬂ ¢TeneHHpIe P A, npouﬂrerpnposarb cle-
LyiolLHe m{q)q)epeﬂuuanbﬂme ypasuemm '

12.330. y'+xy' +y=1, yOf=y (0j=0

12,331, ¢'—xy' +y=x, y(0)=y'(0)=0. :

12,332, ¢" -y’ +y=x, y(0)=0, " 0)=1.
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B) Ecan xosdpduunest npu crapiueit npou3BoAHON B JIHHEHHOM ypaB«
HEHHH B TOuKe xo obpamaercs B HyJab, TO CJEAYeT BOCHOAb3OBATLCH
caepymoiel TeopeMoit.

' Teopema 2. Eciu e Ougpiepenyuarvrion ypasrenus

Po () ¥+ pi (%) Y +pa(x) y=0 (7

@ynkyuu pe(x), py (x) 4 py (X) QHGAUMULHB 68 OKPECMHOCMU MOXKE Xg,
npudesm mouKa Xo REASEMCA HYysem nopaoka S QYHKYUU pg (X), HYsem
nopadka ne Husce s—1 @ynxyuu pi(x) u Hysem nopsadxa He Hudxe S—2
dynxyuu. py (x), mo pewerue ypasverua (7) 6 OKpecmHOCMU MOYKU X
eyuecmeyem U npedcmacasemes 6 6ude 0000WEHHO20 CMENERH020 Psoa

Y () = (x—x0)" 2]0 ag (x—xo)%,
k=

20e 1) ;é Qur e R.
ITpumep 7. Hailitn pemenne (B Buie 060GLIEHHOTO CTENERHOro
pRLa) ypaBHeHud .
Xy +y +xy=0,

yAORJIETBOpSIOllee HayalbHEM ycaosuaM y (0)=1, y (0)=0.
«f KospdpHuveHTsl ypaBHEHHS YAOBJETBOPAIOT YCJIOBHAM TEOPEMH 2,
NO3TOMY HIlleM pelueHKe B BHAe 060GIIEHHOro CTENEHHOro pspa

-] @0

Y (x)=x" Z apxk = z apxktr, ay # 0,
k=0 k=0
Wnmeem
]
y'= 3, (k) aphir-a,
k=0

P= 3, () (et r—1) et e,
k=0

Ioxcrasassa sTH pAAL B ypaBHEHHE, NOJyvaeM

hio (k+7) (k-r—1) apxk+r=2 4 io (k+7) agxR+r-14
= k= .

@
+ 2 apxk+rit=0,
k=0

T. '€
a1 (r-F 1) e D), (e ay-Fagoa) #H-1=0,
k=2

Orciona ciienyloT paseHcTsa
r’ay =0, (r4+1)?a;=0, (k+r)?ap+a_,=0.
o ycaosuio ay # 0. Cienosarearno, r =0, a Torua
ai=0 n Rlay=—ap_,, k=3, 4, ...

Ha sThX paBencTs gakmionaem, uTo @y, .1=0 gas mcex m=0, 1, ..
YunTuiBas Hauaiaehoe ycioshe y (0) =1, sakmouaeM, uto @g=1, B nMeeM
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pexyppeHtHylo Gopmyay
tom-2 -3

Qom = (Qm)z 4
M3 KOTOpOl mosyyaem

1
Gy =(—1)" @—%W=(—l)”’ 2o (m)E

CrefoBaTe/IbHO, HCKOMOE DEINeHHe 3alHIIeTCs B BUAE

y(x—l+2( 22”,(])2! xER'>

"Hasitu ofmee pemeHne axpdepeHHHAIbHOTO ypaBHEHHs
8 Buje 06OOGLIEHHOIO CTENEeHHOTO pfAAa:
12.333*. xy"+ 2y +xy=0. 12.334. 4xy"+2y" 4 y=0.

5. Ypasuenue u ¢ynkunn Beccens. UacTHEIM cayuaeM ypasie-
«us (6), KoaHULHEHTH KOTOPOro yuosneraopmor YCJIOBHAM Teopemnl 2,
ABAAeTCA ypasHenue .bBeccens

2y - xy" 4 (x®—v?) y =0. {8
Ero peweHuAMH SBAAIOTCA UMAHHApHYecKHe ¢yHKuud DBeccens mepsoro

poxa mopsiaka v
x \2~
W v_m —* (’5)
Iv()=a"s ,?;0‘ RIS P ) o

H A HeHeJblX Vv

(i)Zk
’-v<”>—“3”’x”2 (=h* kl(l—-v)(22—"v)...(la;,—~‘v) .o

k=0

) i N
Ecru Me v—uenoe YHCIO, V=n, TO BTOPHIM YAaCTHHIM peWEHHEM YpaB-
#enun bBeccena (8) amnserca ¢pynxkuma Heitmana (uiu BeGepa), ompege-
AfiemMasi U3 COOTHOLIEHHs

N, (x)'i lim Iv (x) co‘s-vn—l-v(x)
von sin vit

ABJMAOWAACA UHIHHIPHYECKOH ¢YHKUHEH BTOpPOro f)O;.Lé nbpﬂnké:"ri.
Hocrosunas a” B dopmyiax (9) u (10) Gepercsa 06buHO ClezylOLas:

(V)| 1 N
=—— i1
2T (v+1) ' (h
+
AL I‘(v)— S e~ %xV-1dy—ramma-pyHKurs Diirepa. -
0 )
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12.335. Hcnonbays npeactasnenue (9) ana I, (x), noxa-
3aTh €JEAyOlUNe COOTHOMIEHHS:

L @) =21, ), (12)
v ]‘V
£(ER)=—DuB, (13)

12.336. Vicxops u3 coorHomennii (12) n (13), BmBEcTH
COOTHOIIEHH A o

Ly @+ Ton =2 1,00,
Ly y () —1Ty3y (x) = 21, (x).

12.337*. Vcnoabsys npenctabienve (9) u 3Hauenne af”
u3 (11), Boipasute /_,,(x) n I,/;(x) uyepe3 snemeHnTapHbie
GyHKIMN.

12.338. Hokasatb, uto ecan I, (x)— pelenue ypaBHenus
(8), 10 [i(ax) sIBIFIETCA pelIEHHEM YpaBHEHHT

Y4 3y’ + (@ixt—v) y =0. (14)

3anucath ofuiee peuienne ypaBHenns (14).

Hcnonbays pesyaprat 3apauu 12.338, nalith ofmue pe-
HieHHA ypaBHEHMH:

12.339. xy" -y -+ 4xy=0.

12.340. 9x%y" +9xy’ + (36x*—1) y=0.

12.341. %"+ xy' + (3x*—4) y=0.

" ’ 1
12.342. x*" -+ xy +(9x2—§~5)y=0,

§ 5. Paam Jlopana

1. Papn Jlopana. Teopema Jlopana. Psdom Jlopana nasmipaetcs pig

@

2 € (2—20)"; (1)

A=-®
HpH 3TOM DAR
-1

@)= 2 enlz—z)
n=-—aow
HaaLIBACTER : 2A06HOH Hacmbro PAZA Jlopana, a paa

©

fi@= 2 € (2—2zp)*

n=0
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— npasussrol wacmor. Ecan

TIm Vcon) =r < R=m—==rr—

n
n>® Tim leal
n—>w l/ "
T0 06/1aCThI0 CXOAMMOCTH paga (1) sBastercs xoavuo K={z|0<<r <

<|2—z| < R}. B otom xomeue K cymma paga f(2)=f1 (2)+/s ()
fBAfeTca GQyBKuued aHaauTHueCKOHR, NpuHYeM. KosdbuueHTH paARa c,
epa3anbl ¢ Qysruveit f(z) nocpercrsoM Gopmya

1 y WAL -
=) G =0 & @
In=-2,|=r"
TRe 7< r' < R.
Npuwmep 1. Halitn obnacte cxopumocTy n cymmy psaga Jlopana
ow©

E on (2 ])n+1 +2 . (z_l)n -

n=1

o Tlpnmenssa npusnax KomM K KaXAOMY H3 STHX CJAaFaeMblX, HMmeeM

0 V n 1 1
al Vo wm—ipr T2 =1 <

- n nlz_]ln—l, |z.___,|‘
n]me]/- 30 =73 <l

Qrewaa 3aKHOYAEM, YTO OGJIACTBIO CXOAUMOCTH UCXOAHOrO pRAAs: spiseres

KOABLO . . )
K={z|1)2<|z2—1]| <3).
3amenas, uTo CAHAF 2EMLIE~ 5B STHOTES] NPOR3BOAHLIME OT PSAOB

o

Z —1 i (z—1)n
ona—1n " T
= 28 (z—1)» — 3

MOMEM 3aNnCaTh, YTO B Kosabue K

==t
2 Qn (2_.})111-1 +2 n12»3n T

=—<g “n(z—l)") <Z (z_l)n.-)
=a<' 2(z—l)>+/; z;]>

=252y ) Hivty) =Syt ety

Fakum 06pasom, CyMMOil “AaHHOro psaja aBasercs Gynruns

3 2 A |
f(i)=(—4‘:_‘z—)z+(27_‘§)—a, 5 <le—1i<3. p
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Teopema Jlopana. Ecau gyncyusn f(2) anasumudna @ Kesoye
0<<r<|z—2| < R, mo 6 amom Konsye OHA eOUHCMEEHHbIM 06PA3OM
npedcmasuma 8 eude pada Jlopara

F@= 2 calz—2)"

nN=-®

Koadppuyuenmor  Komopoeo 8bIHUCAAIOMCA
no ¢gopmyran (2).

CaepncrBue. Ilycrs f(2) ananu-
THYHA B MHOTOCBsI3HOH 06jiacTH D, orpa-
HHYeHHOH KoHTypoM I' M BHYTpeHHHUMH

Puc. 99 KOHTYDPAMH Y15 Y2, s¢ey Ym (PHC. 99).

Ecsan Touka 2z, JieXXHT BHYTPH (MAM Ha

o o rpaHHLE) ONHOTO H3 BHYTPEHHHX KOH-

TypOB Y, H .BeJHYHHA r=max |zo—n| MeHwwe paccrosinns R oT 2z,

nevyy : .

O OCTa/IbHOM 4acTH rpaHuubl obaacty D uiu 10 ToukHd, B KOTOPOH f (2)
He aHaJIUTHuHa, T. e. :

0<<r=max |2p—n| < R= min 12o—n1,

NEVy nerUnU...Uy,_yUv,,,U...Uyan

T0'B Koable r < |z—zy| < R dyHkuusa f(z) Momer Gutb npeicTaseia
ee pajgom JlopaHa :

) t®
F@= D cnlz)(z—2)" r<|z—2zl|<R,

n=-®

KO3PULHEHTE KOTOPOTO Cp (24) onpenensiorcst no dopmyaam (2).
Pagom Jlopana ana ¢yHkuun f(2) 6 okpecmuocmu mouxu =00
HaspBaeTcs AL

v ! +® + o
F@= 2 cun win Y cx(z—a) ), ©®
n=-—ow A n=-wo 4
CXONAWMHCA B HEKOTOPOM Kosble r < |z| <40 (COOTBETCTBEHHO
r < |z2—a| < -4 ), npu 310M riaBHOl wacTeio psiga Jlopawa sBaAseTCA
. ® :

o
pPAL 2 Cp2™ Z cp(z—a)* ), a npaBHABHOH —PSAX 2 Cu2?
n=1 n=1

0 n=—o
( 2 Cn (z-—-a)">.

n=-—aw
Mpumep 2. Pasnoxurs B pag Jlopawa mo creneHsaM 2z GyHKIUHIO
1
f(z)_z (l -—Z) .
«f Tak KaK aHANHTHYHOCTb (DYHKUHM Hapymaercs B Toukax 2=0 u
z2=1, To 06nacTbio cxoaumMocTH psaxa. Jlopana 6yzer koabuo 0 < | 2] < 1.

3ameyas, 410 npu n << —2 GyHKUHSA aHaJMTHUHA B Kpyre

N 7T (1—2)
|2]<<p < I, moxewm sanucarb, uTO
; 1 L . . .
C”—EE S mdz:() ans -n=—2, -—-e3, e
lz|=p
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1
JHanee, npumensst dopmyny Kown pas dynkuuu @ (z)=ﬁ U ee npe-
HSBORHEIX, AIsf n=>—1 MoxeM 3anucath

LS Q@) 4, @ O_ 1 (r4D)]
2mi 2n+2 DI (D) (T—2)5+2 ;=

Cp=

1zl=p
Taxum o6pasom, a1 0 < 2] < 1

@)= Zz ; @

7. €. IJaBHaf YacTh COJAEPIKHT ONHH Y/leH, a NpaBH/IbHafg — GecKOHEYHO®
YHCJIO u/eHOB. P

BriuucjeHHe KOHTYPHBIX HHTErpajoB (2), Kak NpPaBHJIO, AOCTATOUHO
sarpyAsurenpHo. [lostomy nas pasnoxenns ¢ynkunit B psgu Jlopana
MCNOJB3YIOTCA ‘HCKYCCTBEHHEIE NpHeMbl. Tak, B npumepe 2 ¢yHRuuo f (2)
MOXHO OblI0 6Bl MPEACTaBHTH B Bnne CYMMH npoﬁen T. €

2)= —
NpHYEM MEPBOE CjlaraeMoe fABJACTCA YK€ pas/ioKeHUeM B paf JIopaHa

no_CTemeHsiM 2, 2 BTOPOE CJaraeMoe €CTb CYMMa reOMETDHYECKOH npo-
rpécciin coO 3HaMeHaTeJeM 2, T. €. HMeeM pa3ajoxeHHe (4).

Ha#itu. 06J1acm CXOJMMOCTH H CYMMBI CJCAYIOHIHX PSAJ0B;
o~ ninn
12.343. Z( - 12.344. L G

-n+3

12.345. 3, . 12.346. 2 (n—l—l)t"“(z—:)”

'n=0 n=-o

Haiitu 061acTH CXOLMMOCTH P$i0Bi

(et ant
12.347. Z (2»' (n+1)+.3" (z—_i-l')") ’

n=1

o

(z—2i)
12.348. Z (3:(,12-:-1)—" (z—2t)") ’
12349, 2 n,,zn 12.350. 2 (a%)

@®
[ 22\n . 1\”»
12.351. 3, (3) + 2 (5)"
n=1 n=1
Haiitn Bce pasjioKeHHA YKasaHHBIX QYHKIHA B PAjsl
Jlopana no creneHsM z—z, H YCTaHOBHTb 00JacTH CXOAM-

MOCTH IOJYYEHHBIX paanon(eﬂuﬁ:

SII

8
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1 1

12.352. m, ZO=IV. 12.353%, E(T—-_Tj’ Z2,=00.
1 1

K 9y « BT T T a0 B /P) -5.‘—‘.'_—'_§ ) == 0
12.35. ey 2= 2 12395 gy 3‘.
12.356. 1, 2,=oco. 12.357. —”m Z=1.

) 20 . ' .23
12.358, m, 20—2. 12.359*, zq—w, 20—00.
12.360. (z+l)d, 20— —1. 12,361. (Z+1)3, 2, = oo
12,362, 25, 2,=0 12.363. 75, 2,= co.

g z s . e
]2..53564*. GZ—_T:-IF, 2, =1 12.365%. m, 2, =00,
12.366. 5%, 2,=0. 12.367. 5%, z,= oo,

1
12.368. sin ——, z,=2. 12.369.vz"eT, 2,=0.
1
12.370. zzeT,, z,=o00. 12,371, cos( 2)2, z,=2.
. _1 to z+4-1 .
12.372, 50— 2_{2, 0—1. 12‘373.;24—-2:{3’ Zo—l.
. ot § -l —
12.374. mjﬁ y 2o =0. 12.375. m ,‘.‘2,'0—0.

12.376. HaiiTu TpH nepBLbIX uYJeHAa Pa3NONKEHHS -QYyHKUHH
1
f(z)-sml——z B pax Jlopana B oxpecmou ¥ TOYKH zo——oo.
KakoBa o6nacth CXOMMOCTH 3TOTO psula3

2 Xapakrep usonuponauuux ocobuix, Toyek. Toyka 'z, Ha3LBaETCA

npa"u/wnou TO'H’OH AN aHaauTHUeCKO B oGnacti D pynkunu f(2), ecaun
®

cymecm yeT crelenHcit pAx Z Cy 29) (2—2g)" ¢ pagmycom’ exoauMocTH
n=>0

r(zd) >0, Tauou, 4T0 B OGLel 4aCTH KPYLa CXOZMMOCTH |2 —2, | < r (%)

n ofnactd [V cymma 3TOT0 paia ¢z, (2) coananaer ¢ f(2). Tougu, He

ABNADIWLUECH TPABUALHLIMH, HA3LIBAIOTCS 0CO0bIMU.

Touxa 2z, Hazsinaetcs "u30.auposansod ocoSoit Toykolt dyuxuuu f(2),
eciin f (z) —oanoanaunas auavmnmecx\aﬂ cp\ HKuus B Konsue 0< Jz—z) <R,
d zy-~—~ocolGas roura.

-AHAIOTHYHO TOYKA.Zg= 00 HABLIBACTCH H30/ AHPOBAHHOL 0cOGO#H TouKOM
qnyﬂxuun i(z) eciu f (z)—-oAHocmaqHaﬂ ananuruyecKkasd QyHKIUHMA B KOIbr
e r £ |2] <o H 2= —o0cobas To4Ka.

M3onuposauiasn 0cobafl TOUKa Zp QYHKIUHH f(z) HA3BIRACTCH:

yempanumod 020004 moqfcoﬁ, eC/IH CYIECTBYeT KOHeYHbidl mpegen

“lim f (2) _.a :,aéoo‘
S8y’
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. : 1
noatocom nopadka m=1, ecin pans GyHKuMH g (z)=——z- TOUKA Z AB-

JfeTcss HyJeM TOpsAAKa m, T. e. g(2) umeeT BHA £ (2)=(2—20)7¢ (2),
@ (29) # O (oueBnaHoO, uTO ecam zg—moawc, T0 lim f(2) = o0);

22,
cyuecmeenno ocoboid, ecan lim f (2) He cymectsyer.
2->2,
Hecnenopanne xapaktepa 6eCKOHEUHO YAaleHHOH 0co6oif TOUKH YROG-
Hee NPOBOAMTH NyTeM 3aMeHHI z=ﬁ- , C IOMOIIbIO KOTOPOH GeCKOHEeuHO

yRajlcHHasi TOMKA Z==00 NEPEXOAHT B Touky 1=0.

Mpumep 3. Haiitn Bce ocobbie ToykH ynkunu [ (2)=

2z +l
OnpeAesNTb X Xapakrep.
« OcoGriMn TOuKaMH siBasioTcst Touka z=0 M TOYKH, B KOTOpHX 3Ha-
MeHaTesb 06pamaercsi B HyJab.
. 1 1 1

Hmeem €% +1=0 wm e? =—l=etmmi+ai 1, e e? 41=0,econ
1 . .
z—=-(2m—}—'l)m, mEZ, npnieM 3TH TOUKH fABASIOTCA Hyasmu l-ro no-
m

1 .
- oy ME HKIHUA [ (2
(2m—|—l):ru’ EZpry o f()
nmeet noaiock 1-ro nopsaaxa. Touka z=0 ue aBasieTcs HSOJ]H])OBZHHO]“{

oco60ii TOUKOM, TaK KaK OHa ABJAETCS NPEAeNOM NoMocoB, noo lim z,=0. p
m—>rw

paaxa. CnenoBatenbHO, B TOYUKaX ;=

12,377*, JloxasaTb, 4TO OTCYTCTBHE B pasioxennu (1)
IJ1aBHOW 4aCTH, T. €. DABEHCTBO HYJIO BceX Ko3(xpHilHeHTOB
€, C OTpUUATeNbHBIMM HOMepaMH (n=—I1, —2, ...), aBjs-
€TCH - HeOOXOAMMBIM M JOCTATOYHBIM YCJIOBHEM TOrO, 4YTO TOY-
Ka 2z, ABJASIeTC YCTPAHUMOH 0COGOH TOUKOM (]:)YHKIIHH f(2).

12.378*. IlokasaTb, 4TO Ha/JMuHe B TJIaBHOW 4acCTH pas-
JlO)KeHPlﬂ (1) ne Gonee m—=1 unenos, npuuem c_,+#0, a

,=0 s n>=m+1, ectp HeoGXOAMMOE M AOCTAaTOYHOE
ycnosue TOrO, YTO TOYKA 2z, SBJAETCS NOJIOCOM MOPsSAKa m
s pyskuny f(2).
~12.379*. JlokasaTh, 4TO €CJM Z,— €YUIECTBEHHO 0c06asn
Touka ¢yHKUMH f(2), TO CYLECTBYeT HOCJEAOBATEIbHOCTL
ToYeR (2,), lim z, =2z, Takas, yto lim f(z,) = co.

n—->w n—>aow
12,380*.- Ormpaﬂcxa Ha pesyabTat 3ajaun 12.379, moka-
3aTb, YTO €CJHH Zz,—CYUECTBEHHO 0c0o0as TOuKa QyHKIUH
f(z), To nas moboro Komnnexcnoro unena A ~oo cymiect-
BYET NOCJeA0BaTeJbHOCTh TOYEK (2, (A)) hmz (A) =2z, Ta-

kas, uto lim f(z,(A))=A.

n—=>w
12,381, YcTaHOBHTL 06JIaCTH CXORHMOCTH npaaunbuoﬁ 74
TNaBHOH yacreil paa.nomeunﬂ J'lopana (3) B oOKpecTHOCTH
6eCcKOHEYHO YAaNeHHON TOYKM. .
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VYKa3aTh BCe KOHEUHBIe OCOObIE TOYKH . 3aJaHHBIX HHKE
¢YHKUHE U ONpeleNuTbh HX XapakTep:

1 z24-2 A {
12.382. s 12.383. s ii—pm . 12884, .
|
12.385. gy 12386 ey
2 2 (n—2) 77
12.387. me—z__—) 12.388. ~Sin% ° 12.389. _tgz—l‘

1
12.390. tg?z. 12.391, ¢i-%" 12.392. cos +2

12393 tg_l_—l‘ 12.394, tg(Z—l) 12.395. l—-cosz‘

12.396. M2 12397, ;.
‘ ez —3
Jns 3ajaHHBIX Hike OYHKUME BBIACHHTL XapakTep Gec-
KOHEYHO YAaJeHHOH 0coGoil TOUKH (yCTpanumyio oco6yxo TOY-,
Ky CYHTaTh I'lpaBHJIbHOH)

325—52-4-2 oz
12.398. - 2 ——. 12.399, T4 ° 12.400. T—5a"
12.401. l—z-}—222 12.402. e~%. 12.403. cos z..

1 1

12.404. ez 42225, 12.405. ¢*. 12.406, &3=7 -
12.407. =% 4 32—z 4-8.

§ 6. BpiueTbl H MX NpHMeHeHHe

1. Boiyer GYHKUHA W ero BHYHCACHHE. Ecnu dyukuus f(2)- ananu-
THYHA B HEKOTOPOH OKPECTHOCTH TOYKH 2y, 33 MCKJIOYEHHEM MOXeT ObiTh
camoft TOUKH 2, TO 8biiemom QYHKUUH f (2) OTHOCHTENBHO TOYKH 2, €OO-
sHauaembiM Tes [f (2); 2] uau Beiu [f (2); 20], HasblBaeTCA YHC/O, paBHOe

3HAYEHHIO HHTerpaja -Q—Sf(n) dn, rae C—HeKOTOpbIfl MPOCTOH 3aMK-

c
HyTHIfl KOHTYp, JIexalui B OG/MacTH aHaJIHUTHYHOCTH f(2) u comepikauiuit
BHYTPH ce6sl TOJBKO OAHY 0coGYlo TOUKY 2. B kauectBe C yRo6HO 6pan,
OKPYXHOCTb' | | —2, | =p N0CTaTOYHO MaJIoro panuyca:p.
Boiuer GyHKU UM COBMajaeT ¢ KOSpPUUHEHTOM C_j Pa3/oKeHUs i(z)
B.pad JlopaHa mo cTemeHAM .2—2g, T. €.

1

Bo [ (2); 2] =c-1=— f (n) dn.
i In=-2z|=p ‘
Ecnun zy= o0 —wusonmposannas ocobast Touka dyukuun f(2), o
- 1
Bbly [f (2); w]=% S :-f (Tl):d'f].

CR
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rae Cr={n|[n|=R}, R nocrarouno. BEMKO ¥ 06X0f KOHTypa—IoO va-
COBOJi CTpENKe. 3aMETHM, YTO €CJH

f@)= 2 cn2, 1 < 2] < oo

n=-—w

1
cn='2?i f,,(ll)ld"]- n=O, i]: cerg
ml=p>r
TO
b [f (2); 0] =—c_1.
Ecam 2o—nomoc 1-ro nopsaka ¢ynkuuu f(z), to
BhY [f (2); 20]= lim (z2—2,) f (2),
252,
nipHueM, ecan f(2) npencrapuMa B BHRe [ (2)=$T(3, rae @ (2) # O,
Y (20)=0, ¥’ (z) # 0, 0 o i)
B [f (2), zo]=,—P,—(z°0—)-

Ecan zy— nonoc nopsiaka m=2 ¢ynxkuun f(2), To

Be [f (2); zo]_( ! 5 Jim am -1 ((;;Zol)”‘f(Z))

IMpumep 1. Haiith Buy |-_2’+9;3l] .

« Tak xak Touka 2,=3i sABsseTCA mouocoM l-ro mopsuka, TO
eiz . 3 i 3 eiz ex 8i i .
w3 8] = m =9 e e P

cos 22
flprmep 2. Hailtu Buiy [&—:1—)3, l].
<« Touka 2,=1 sBaserca nomocom 3-ro NOpsiKa, NMOSTOMY

e | 25 | =gy tim 2 (-0 g2 ) =

; hm (—22cos 2z)==—2cos 2. P

3
Mpumep 3. Hafitu Buiu [92'2 ;2
«f Touka z,=2 sBnseTcss CYULECTBEHHO 0COGOM, nosmmy IS HaXO0X-

Jienusl BblueTa HalijleM Ko3(dHIHeHT C_3 Pa3joxeHus e Zp paa Jopa-
na no crenedsm (z—2). Tak kak

e’ 2_1+ 2-}-2!( )2+...,0<|z-—-2|<+oo,

70 ¢-1=3. CnenopateanbHo,

mq‘_e’j—’ } =3. p



Hajity BplueThl yKa3aHHBIX HHXKe (QYHKIUK OTHOCHTENbHO
KaXJoro M3 ee IOJMIOCOB, OTJHYHBIX OT 0o:

12,408, 250 12,409, 5. 12,410, 2, neN,

z—2 @@+
12.411, ;5(22—‘+Z)? 12,412, .
12413, — . 12414, 302
slnz——2- (z—?> (=1
- 12.415. %—21% 12.416. m 12.417. tgz.
12.418. ctgz. 12.419. 232 12.420. g:?:—z_‘l)-‘
12.421. 27_11—75 12.422. 51 12.423. (-5—"_5—;;,

Haiitu BbiueTsl QYHKIHA OTHOCHTEJLHO TOUKH zo——=05
1
12.424, ¢7. 12.425. cos—. 12.426. sin<-.

Haiéita BoiueThl QYHKOUI OTHOCHTEJNBHO TOUKH 2Z,== 00}

. I_ 1 * sin 2
12.427, Sl:l—z—. 12.428. (z——_l)_'z-fz‘-'——f-_lf' |2.4229 . —23_!__9.
12.430. 212 12.431. zcos* & . 12.432. = sin—.

25 —1 2 z2—1 z

2. Teopembl 0 BHMETaX M HUX TNPUMEHEHHE K BLIYMCJIECHHIO KOHTYp-
HBIX MHTErpajos. ‘

[lepBsas TeopeMma o BeUeTax. Ecau ¢pyuxyus f(2) anaru-
muana 8 oSaacmu D, 8q ucKkawouenuem u30AUPOSAHKLLL 0CO0b6LX MOUHEK
21, 2y, ..., 2N, AeXcauiux 6 smod o6aacmu, mo 048 2106020 npoOCHI020
samiymoz0 kowmypa CCD, oxsameidawoueco MOMKU 21, 23 seep ZNs

N
S fn) dn=2mi ) B [f (2); 2.
Cc+ k=1

Bropas Teopema o Bwuetax. Ecau f(2) anarumuana 60
8cetl KOMNASKCHOU NAOCKOCMUL, 3@ UCKAROHEHUCM U30AUPOSANLH6IX 0CO6bIX MO~
HeK Z1, 22, sesy EN=1 U 2N =00, MO

N
> s [f (2); 2¢]=0.

k=1

e? o
MMpuwme p 4. Boiuucaute dHTErpan S mde, raiec C=
Cc+
={z||z|= 3}.
o Tax xag BHYTpU KOHTYpa C HaxousTcs NBe OCOGHIE TOUKM MORBIH-
TerpasibHof dyHuKuuu — noJiocel 1-ro nopsaka 2j 3= 4-2i, T0, NpaMeHaa
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MEepPBYI0 TeOpeMy O BBIYETAX, MOXKEM 3amucaTh
e? . e? 1N
Sz2+4dz—2m (qu [22+4; 21] —+ Boiy [m, jQL})—_.-'
- Pid z eZl -27\.
—25131'(22 =20 S—Z z=-2i> 2ﬂ1(4‘-—%[—>~——(€2’——€‘2')*
=mnisin2=msh2i. p
I[Tpumep 5. BhuucauTh HHTErpan

dz
1= S ZIT—l-—l.

lz|=2

1
« MonpiHTerpansrast GyHKUHSA f(2)=210_-}-1 HMEET JecsiTb 0COOBLIX TO-
(2k+1) i

wek zp=e 'O | k=0, I, , 9, ABNFOMHXCA NPOCTHIMU TOJIIOCAMH,
ACKAUHMH HA eqHHHYHOIN oxpymnocm Tak kax pasnoxenue QyHKuuH
B OKPECTHOCTH GECKOHEUHO YHaJeHHOIl TOYKH MMEET BHI

1 1 1
- = —_— l...__l___“ .
201 1 zw( 210 T 520 ’)

2‘°(1+2—13>
1 1

1
=Eﬁj—'m+z‘70—'.u, 1<|2|<+00,

1 .
TO — C_i=BbIU [z_‘m ; oo] =0. [Tostomy, NpUMEHAS BTOPYiO Teopemy

o BBI‘{CT&X, MOXKEM 8amnucaTb, 4TO

9 ( (2k+1) i )
. 10 .
EBM[ZW—I-I ;e ]:—Bbl-‘i [m. oo]=0.

k=0

Takum o6pasom,

9 (2k+ 1) i
l=2:ti25bm [zlol-}-l ie 10 ]:0. >

k=0

Hcnonp3ys TeopeMbl O BBIYETAX, BHIYHCAHTH CJEAYIGHIUC
HHTErpaJisl:

12.433. S tie C={z|lz—1|=1}.

4+l’

z2dz

12,434, (7-_—”(2—:23 )

rie C={z||z—2|=2}.
,l2.435 Sz,,esz_g), rie C={z||z|=1}.

16 Iiox pea. A, B, E¢umosna, B, I1, Jemugosuya 241



2249

12.436%. S-ﬂdz, rie C={z||e|=4}.
Cc+

12.437.

d ’
{ == me C={zll2l=1}, n—va-

sypanbHoe uncao u 0<Cla| <1 <|b|.

12.438*. S

d .
(Z_—E)"—:ZTE)? , FI€e C={ZHZ[=]}, n—Ha-
c+

TypasbHoe yHcao M 0<Cla| <|b| < 1.

12.439.

12, 440

12.411,

12.442.

12.443.

12.444.
12.446.
12.447.

12.448.

S sin%dz, rie C={z]|)z|]=r> 0}.
Sm, rne C={Z”Z'=—'R<l}.

S 2t gy e C={z] |2 =4}.

prawy
(sm—) dz, neN.
lzl= R
2
2"ez dz, ne€N.
121=R
1—e?? 23dz ..
S g de. 12.445. S LAt
12-%|=2 1z{=5

e? dz
S 24 42224-1°
lz—il=1
S (sin%-{-e”cosz)dz._
1z1=1
Zignzdz. 12,449, S

lz]=1 1zl=1

23 dz
201

8. llpuueuenne BbIYETOB X BHIYMHCJICHHIO ONpeaesIcHHHIX HHTErpanos.

2n

8) Vurerpann Buaa S R (sin x, cos x) dx, rpe R—cUMBOA paunoHaib-

0

ROA QYHKUHH, C NOMOWLBIO 3aMeHbl Z=¢iX¥ NPHBOZATCS K KONTYPHHIM
MHTETrpPaJiaM OT PallOHAJbLHBIX OTHOCHTENBHO Z (YHKUMIL
Hpumep 6. Boruncaute nnurerpan ITyaccona

242

27
dx

”P)=§:m. lp| # 1.



X . . ) el'x+e—ix
« [Tpoussoas 3amMeHy z=e'¥, dz=ie'* dx=izdx, cOS x=—7F5—r

2
2+
_ T 2l nyasen
=g Ty » oW
dz { dz
R 2241 —p2? 224y —
|z|=l‘2<1"'ﬂ Cata +P) [z]=1 pitrat ’

odz
I~
12f=1 p(E—P) (2—';)

Tak xak npu qwoGom p, |p| # 1, BHYTpE Kpyra |zl < 1 wnaxonurcs
TOMBKO -OMH KOPEHb 3HaMEHaTeJisl. MOAbIHTerpabHOi QYHKIHH, TO. apH
|p] <1 umeem:

(o) = 2ri? Bbl'-l[: 1 p] 21
T N’ T—p% @
e=n(e=3)

aecau |p|> 1, 10

2ni? 1
1 (p)= BbIY T o ==
l —1
’ [‘z"”(z*z) ,,] '

Takum oGpasom,

=1

21

T—pe [PH FAR P
I(p)= o

=1 TP ol >1. 9

+®

G) Hnrerpaner Buna S f (x) dx, roe f(x) —dyuguns, Henpepusnaﬁ
-0
sa (— o0, --00), aHajfuTHUeCKad B BepXHeH nonynnocxocrn, 8a HCKIWO-
yeHHeM KOHEYHOTO YHCJIAa OCOGBIX TOUeK 2f, 25, ..., Zp5 JIEXKALIHX B KO-
HeYHOil yacTH BepxHeil MOJyMJOCKOCTH, H ynoanersopmouaa And pocta-
TOYHO .6OAbLUWHUX | 2] yCHOBHIO .

H@1< i, M>0 8> ,‘
B 3tom cayuae
T e N
S f(x) de=2mi Y Bora [[ (2); 24l )
e k=1
+ o

: _ , dx
ITpumep 7. Boiuucanto wHTErpan S m
-
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o S 1
« B Bepxuell nonynjockocty GyHKuHASA f(z)~m HMEET. OAHH ToO-

. M
Jl0C 2-TO MOpPSAKa B TOYKe 2y=23(, H |f(z)|<|714 AAs JOCTaToOYHO

Gonbwnx |z |. TlosTomy

+ o
dx . 1 . i | —
S m:?m BBIY [m, 31]—-
oy . d 1
=2ni — ((z 30‘m) z=3:=2md_z<—(z+3f)2) 2=
4ni — 4ni _ m
T @+ 3% le=sr (60 54 >

3amevanne. Dopmyna (1) cnpaBeisnBa H B TOM CJjyuae, Korja
dynxnns f(2) umeer Bua f(2)=€'*F (z), rae a >0, a dpynkuns F (2)
aHanuTHYHA Ha JieficTBUTENBHOM OCH, B BEpXHEH NOJNYNJIOCKOCTH HMeeT
JIMIL KOHEYHOE YMCJAO OCOGHIX TOUeK 2j, 25, -+., 2y M lim F (2)=0.

200

+ @

. xsinx
IIpumep 8. Bouncants nuTerpan S mdx.
-®

«§ Toapnterpanpnas  QyHKUNS SABJISETCS MHHMOH - YacThio QYHKUNH

xelx .
- 0’ 3HauyeHud KOTOPOﬁ COBNaJlalOT CO 3HAYEHHSIMH HA AEUCT-

x—2x41

BHTEAbHOH ocH  ¢yHKkuun f(2)= Oynxuus F(2) =

z .
—_ iz
22—22-+10

2 .
5, ] MeeT B BepXHedi NOJYNJOCKOCTH Modioc l-ro nwopsnka
T2 F10 P Y pan
B TOuKe Zg=1-}-3i u lxm F(2)=0, 1. €. BHNOAHEHH copmMyIupoBan-

Hbi€ B 33MEUYGHHH ,ycnoaua, a NOTOMY MOJKeM 8aDHCaThb:
+ ®

xeix . zelz
S mdt—?ﬂl BbiY [_TFT(), }—}—31]
= 0

(1} 3i) ei (1 +30)
2(14-3i—1)

=-331 e=3(cos 1—3sin 14i (3 cos I'}sin 1)).

=2ni

=3 (143D e=3+ =

T axum oﬁpaaou,

+®
xsinx e’x m‘”
S A2 110 +10 =Im Sx” 2x+10 3 (3 cos 1-}-sin 1).
-0
3ameTHM, YTO OLHOBPEMEHHO Mbl BLIUMCJHJN WHTETpaj
+ow +® ’ -

XCOS X \ xei® ne=3 ‘
—_— = = —3si .
S F—2x 10 x=Re S x’v—2x+10dx 3 (cos 1—3sin 1). p
- -

Hcnonb3ys onun u3 pacCMOTPEHHBIX BhIlE€ METOHOB, Bbi-
YNCAHTL ONpPEjeNeHHble HHTEerpaJbl.
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12,450.
12.451.
12.452.
12.453.
12.454.

12,455,

o 241 »
12.456. _S@ SrEpde. 12.457. 5‘ ey meEN..
+ ®
12.458. Smjz—xﬂ——b’)’ a>0, b>0.
0
+ ®
12.959. § e, a>0.
0
e xdx .
12.460. ) Garoryme - 12461
i x4 dx : .
l2.462. m’ a>0’b>0.
-
12.463 Ew'ﬁi__dx 12.164 “Sm reosk
R R T Ik
+ o
12.465. S%d}c’ a> O’ b >0‘
0
+®
.16, | G i

2%

{axems: o>

o )

Om%s—;)?, a>b>0.
d cos?3x _
Sr:‘de, a>'1,
27 ;
bS\T:—;gssixn—,:-{-'a?’ O0<a<l.
2nsin2xdx

at+bcosx’ a>b>0.

ctg(x—a)dx, Ima>0.

+ Py Oty

8
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8

12.467. S (F+50)sinz

x410x%249
T oee13n) .
12.468. msmxdx.
+ o +o
cos x ces x
12400, [ S de 12470, §m,+—4dx-

4. Mpunnun aprymenrta. Ilycrs oyukuns f(2) B o6nactu D, erpa-
HHUEHHOH FNPOCTHIM 3aMKHYTHIM KOHTYpoM C, HMeeT KOHeuHoe yHcao N
Hyneli M KOHeUHOe YHCJIO P TNOJI0COB, The KaXIBll HyJdb H KaXAuii
TOMIOC  CYHTAIOTCH CTONBKO D@3, KaKOBA WX KDPATHOCTh, NpHYeM Ha
Kontype C He HMeeT HM HyJeH, HH INauocoB. Torja pasHoctb @=N—P
paBHa uncay oGOpOTOB pajuMyc-BeKTOpa @w={(2) npu o6xole TOUKOil 2
Kourypa C.

Ecau f(2)—ananutuyeckas B D ¢ynkuusa, to P=0 u o=N.

Mpumep 9. Halttu uucno Hyaeh mHorownena p(2)=28—3z-1,
J€KaWUX B NPaBoll NOJYNIOCKOCTH.
<« Paccvorpum xontyp C, cocTosmMA M3 NMONYOKPYXHOCTH Cp pamnyca
R, Jexauwei# B npaBoH NONYIJVIOCKOCTH, H OTpe3Ka MHHMOH ocu
{—iR, (R}, n Ias JOCTaTOYHO 60JbIIOrO R NPHMEHHM K 3TOMY KORTYpY
NPUHLHKIT apryMeHTa.

Tak xax

.

p@=2(1—F+5) @

TO OYEBHIHO, YTO NpH 06Xoje TOUKOH 2 KOHTypa Cp NMpOTHB 4acoBoil
CTPeJIKH arg Z2 MOAyyaeT TpipaileHHe 7, a NOTOMY arg (2%) monyuyur npH-

painenue 3 (CR oTOGpaxaercsi B KpUBYIo W= R3e'¥, — 3n/2 < P << 3m/2).
Tak kak BTOpPO# comioxurean B (2) jaas nocra'roquo 6oabuimx R 6au30K
K 1, TO ¥ npupameHHe apryMeNTa 3TOro MHOXHTeas Mano. IlycTb Tenepn
z—ti T. € TOYKAa Z JBHXKCTCSI 1O MIHMOK OCH OT TOUKH (R /1o TOYKH —iR.
Torna
piy=utiv=1—i(P4}3¢t), 1 e u=1, v=--B_31.

d10 o3Hayaer, 4TOo npu H3MeHeHun f{ or R po—R npu R-— -} oo
arg p (i) H3mensiercsi ma n (oT —a/2 no 7t/2). Takum 06pa3zom, obumee
ApHpalleHue arg p (2) npu 06x0le KOHTypa paBHO 47, a 3TO 03HaAYET, 4TO
N=2, T. e. B npasoli NOJYILIOCKOCTH MHOrouneH p (z2)=2%—3z41
HMeET ABa HyJsi. P

Jas naHHBIX MHOrOuU/IEHOB HalTH KOAHYECTBO Kopheil,
JIeKAULHX B MPaBoii’ NOJyMI0CKOCTH:
12.471%, p(2)=2"+222- 322+ 2} 2.
12,472, p(2)=22*—3*+32%—2+4 1.
12.473. p(2)=2*+ 24+ 422422} 3.
12.474*, JlokasaTb, 4yro ecau (yHkunu f(2) n ¢ (2) ana-
JUTHYHLL B 3amMKHyToll obGaactn D=D-+4T u pna Ttouek
ne€r cnpaseannso nepasenctBo |@(n)] <|f(m}}, TO umeno

26



nyaelt gyskuuu F (z)-f(z)—i»cp(z) Jexatux B obmacta D,
coBnajaer ¢ yuciaoM Hysedt ¢yukuuu f(2) (Teopema
Pyume). _

12.475%. JlokasaTb OCHOBHYIO TeOpeMy BbiCIIeH ayreGpsi:
MHOrOWIeH p, (2)=a,2"+a,2" *+ ...} a, CTeneHH n umeer
B MUIOCKOCTH (2) TOYHO n HyJeH.

Onupasice Ha Teopemy Pyiue (3agaua 12.474), Halitn wicso
HyJeH HaHHBIX QYHKLUHH'B yKa3aHHBIX 06JacTAX:

12.476*, F(z)—z5+2z’+82—|—1 a) B Kpyre [z|<1;
6) B koabue 1<{|z|< 2.

12.477. F ()= z3—5z+ I:a)B xpyre |2] < 1; 6) B xoabLE

<|2]< 2 B) B ROsBLE 2| 2| <

\.

§ 7. Pagst ®ypbe. UHTerpan ®ypne

1. PasnoxeHue .GpyHKUHIA B TpUroHomerpuyeckue pagsl Pypve. Tpu-
rOHOMeTpHYecKast cHcreMa GyHKUHH

1, gos x, sinx, cos 2_x, sin 2x, ..., cos nx, sinng, ...

SARAACTCHA OpPMOZOHANbHOL Ha oOTpeske [—m, ] (Kak, BHpoYeM, H Ha
BCAKOM OTpe3Ke MNJHHbl 2I), T. €. MHTerpaj MO 3TOMY OTPEIKY OT HPe-
v3BefeHUus JIOGLIX ABYX pPas/HUHRIX QYHKLUHH 3TOH CHCTeMbl PaBeH HYJiO.

D n
Ecan f(x) € L(—m, n) (r. e. S 1f(x){dx < -I]-oo>, 0 cyiuect-
BYIOT 4HC/NA o

11 Tt
ak:-’l—t- S f (x) cos kx dx, bk=%S F(x)sinkxdx, k=0, 1,...,
HasbBaeMbie Kodppuyuenmamu DPypse byuruun f (x); pag

S(x)=-c;l+2 (a, cos kx4 by sin kx) M
k=1 N

HasuiBaercsi padom Pypoe pynxunu f(x). Ynenst pspa (1) Moxuo 3amu-
cath B BHAE TapPMOHHK

ag cos kx - by sin kx = A, cos (kx—q@p)
¢ annaumydod Ag=V ai+-bE , uacmomot oy =k u pazod g = arotg e,

af
Has dynkuuu “f (x), TaKo®, 4TO f2(x) € L (—m, m), capasennuso
pasencmaso [lapcesarn

%S . (x) dx =—+2_ (at+63)-
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Ecan me f(x) € L (,—%, —12—), TO Keadipnuuentn Pypbe sanucki-

BaKwTCA B BHJAE

12 12
ak=—?- S f (x) cos anx dx, B =-;‘-)- S f(x) sin 2““ dx, 2)
-1/2 -1/2
a pap dypre—B Buje
+<:= ok 2ukx
o
S(x)=—:-2"-+z <akcos +ﬂk sin =% x) 2 c,,e 3)
k=-o

Hocneznnit psa naswiaerca padom Pypve 6 Komniexcroil dope.
3necn

g 7 _j 2TRA
=7 S f(x)e ! dx, k=0, &+ 1,...,
-i/3
u paa k=0 8 ‘
op—1 o i —_
PR SeL 1 3} c_k.__%ﬁkzck,-

Cymmit psaoB (1) 1 '(3) uMeIOT COOTBETCTBEHHO nepmoim 27 M 1.

dynkuus f(x) nasuBaercs xyeouro 2aadkoii Ha orpeske [a, ‘b, ecnn
caMa QyHRuns f (x) n ee nponsponnas ' (x) wmeioT na [a, b] Koneynoe
uneno Tolek paspwsa l-ro poja.

Teopema Ecau nepuoduueckas ¢ynkyus [(x) ¢ nepuodom’ i xy-
coyo. enadka Ha ompesxe [— /2, 1/2], mo pad Pypee (3) cxodumea
K gHauenuro [(X) 6 Kancdou ee mouKe HenpepLi6HOCNU U K BHAHEHUIO
—;—(f (x+0)}-F (x—0)) 6 mowcax paspusa, m.e.

+® i ankx
(I(x FO-H a—O)= 3, cpe @)
k==

Ecau, Oonoanumeavuo, [(x) nenpepviena wna éced ocu, mo pséd--(4) cxo-
Oumcn x [ (x) pasromepno.
Mtpumép 1. Pasnomnts B pin Pypre c])yﬂxumo

f)=signx, —n<x<m,
H, NOAB3YACH PasjioxMenneM, BaliTh cymmy psaa Jleibnuna

f: (=1
a=0 n+1
 Tax Han Qynxnus nevernas, 10 (cM. 3apavy 12.479)

ak-——O, k:O, ],J..,

n
2 . . 2 cos nx |
b,,=—; sign xsinnx d =a\T T )T
5
npn, n=2m—1,

n
2 .
r=o—(1—cosnm)=y L @m—1) " ‘ m € N.
\ 0 npu n==2m,
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€rnepopatenvHo, Npy —n < X < 7%

sin(2m—1) x
sxgnx:—— E ;m—l) .

m—l

OTKYja IpH x¥=1/2 Noayuaem
@

_4 Al (_])m+l
l—umZ‘l 2m—1 °

12.478. Iloxasath, uto ecau f(x) mmeer nepuog I/, To npu
awbom a € R

a+l ] 1/2

{rmar={rwac= | jwas.

12.479. 3annucate BHpaxenusi Koaduuuentos Pypoe (2)
JUIsl YeTHO# M HeueTHoH QYyHKWwi ma [—1/2, 1/2].

PasnoxnTh nepyuoauuecKylo ¢ nepHoaoM ! GyHKLMIO B P,
d) ypbe, , IOCTPONTL TPAGUKH €TI0 MEePBEHIX YaCTHYHBIX CyMM

S, (%)s S (%), S;(x¥) n Ss(x) » naiiti 3nayenne S (x,) CyM#bE
nonyqermoro pﬂna B '3a/laHHON TOUYKE X,:

1 npu 0 <x < m,
12.480. f(");{o npu. —n < x <0,
12.481. f(x) =22 mpn 0 < x < 2m, I=2m, Xy=75 -
12.482. f(x)=|x| npn x€(—1, 1), I=2; x,=1.
Pasanoxute B pan ®ypne crenyoniie dyHKunn nepuoa [
12.483. f(x)=|cosx|, —n<lx<m; I=2m.
12484, [(x)=x, —a<x < m; [=2n.

(—1, —1<xK0,
12485 f={ ' T T, 1=t
12.486. f(x)=|sinx|, —a<x<<m; |=2n.
12.487. f(x)=2%, 0 < x < 1; l=1.
12.488. f(x)=10—x, 5<% < 15; I=10.
12.489. [ (x)=sinax, —a<x<m, |=2m.
12.490. f(x)=cosax, ~n < x < m, [=2m.
12.491, f(x)=shax, —p<x<m, I=2n.
12,492, [(x)=chax, —an<x<n, I=2mn.

l=2m, xy=m.
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Hoonpejenssi HeoGXoAHUMBIM 06pa3oM 3adaHHYI B Ipo-
mexyTke (0, a) QyHKUHIO 10 TIePUOAUYECKOH, MOMYyYHTb AJIA
Hee: a) psax Pypwe no Kocunycam, 6) pag Pypee no cunycam.

12.493. f(x)=e*, x€ (0, In2).

1, 0 <x<<m/2,
0, m/2 <x<Lm.
2.495 {x’ 0<r<l.
12.495. [ (x) = 2—x, 1<x<2.
12.496. f(x)=xsinx, x€ (0, m).
12.497. f(x)=x, x€(0, 1).
12.498. f(x)=x+3, x€(0, ).

12.499. [ () =5 —x, x€(0, %),

12.500. f(x)=x, x€(0,1).
12.501. Hcnonpsys psap Pypbe, nojdyyeHHsih B 3ajaue
12:482, naliTn cymMMmbl cleyloOUmHX pSJ0B:

1 g e
a) ;:0 @t 0" go(—])km.

12.502. Hcrnombsyst psn Pypbe, noayyeHHsit B 3agadé

12.494. f(x)= {

o : ¥ 1
12.497, HaiiTH cymmy psza kgl (=1t
12.503. Hcnonbsys pasenctBo IlapceBans ana QyHkuuu
sagaun 12.481, maiith cymmy psma -nl—,
n=1

12.504*, 3Has BeipaxeHue adpa Jupuxie

1 b s,in-gi?‘:-x
@,,(x):i-{—z,coskx: — >
Vs k=1 251“5

HaiiTH Bblpaxenue adpa Pedepa & ,(x):
n n
1 N 1 k.
3,,(x)=mkz;o@k(x) =?+§1 (l—m) cos kx.
12.505. Mcnone3ys pasercTBo IMapceBans ana ¢yHKumu

sanaud 12.484, naiith cymmy pﬂnaz 714— .
) n=1 - 3.
12.506. 3uaa Bbipaxcenne st sapa Hupuxse (cm. 3ama-
uy 12.504), nonyynTh HHTErpasbHOE MpEACTaBJIEHHE /IS 4acT-
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BRI €YMM
n
S,(f, )= aT“ + E (a, cos kx4 by, sin kx)
: k=1 -

pana Pypre dyskuuu f(x) mepuoma 2m.
2.507. 3Haa BbipaxeHue A1s sapa Peiiepa (cM. 3anavy
12.504), nosyuuTh HHTErpanbHOE NpeicTabBaeHne cyMmm Peiiepa

0ty 0 =7 2 Se 9
k=

¢ynrunu [ (x) nepnoga 2m.
© 12,508**, HMcnonb3ys nosyuennoe B 3anaue 12.507 Bhipa-
menue ans cymm Deiiepa o, (f, ¥), NOKa3aTh, 4TO LJIn Henpe-
PHIBHOMA Ha ocH (QYHKLHH f(x) B KaXJloil TOuKe x € [— z, ]
€NpaBeVINBO COOTHOLIEHHE

hm o,(f, x)=F).

. 2. Jilnoﬂuue paAb 0ypbe Ecan odynkuns f(x, y) nmeer nepuon. !
N0 NepeMeHEOll X, NepHOx h no negemeﬁﬂoﬁ Y, Henpepmna M MMeeT
HenpepuiBHbIE YacTHbIE NPOH3BOAHEIE 6_,5' 6yf %3y B NP AMOYTOABHMU-
xe K ={(x, y) | —1/2<x<1/2, —h/2 <y < 12}, 0 [(x, y) npeacTa-
BHMa )moum,m psnoM Pypre

2nmx 2nn
e, v)= 2 Rm,n(am,,,cos T tos hy +
m, n=0
" 4 bp, psin 2nlmx cos 2nny +-Cm, n COS 2nlmx sin 2’:‘@ + .

2nmx. 2 -
: [+, nsin =7 sin 20,

TRe

1/4 npu m=n=0,
Ren, n 12 npp m > 0, n=0 nan m=0, n > 0,
} nppum>0,n>0
n=

n npu m=0,

0
- 4 “2nmx 25
G, n="T S I (%, y) cos —— cos h"y dxdy,
K
4 2mumx 2an,
by, n=7—S [ (x, y)sin 7 ¢os Y dx dy,
K
4 2nmx 2nn
o, 0= S F(x, y) cos ——sin Y dxdy,
K
b, n =" SSf(x. ) sin 2 sin me dxdy.

Y
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B xommyrexcrolt dopme psag Pypee mas f.(x, y) sanncoiBaerca B .GopMe

flx, )= 2 Cm,n€

rae
-zn_i_<$+%>
- ’—‘:.—-SSf(x, ye. dxdy, m, n € Z.

IMpumep 2. Paanox(mb B ABoiiHO# psj Pypwe dyHruHIO f (X, §)=
=xy B KBajpate —n < x < 7, —A < ¥ < .,
«f TpuruMasi BO BHHMaHWe YETHOCTb MJIH HEYETHOCTb MOABIHTET PAJbHBIX
dynxunit, HaXOLHUM

Qp

n =-£12—SS xy cos mx cos hy dx dy =
K

I
S cosnydnycosmxdx 0, m,n=0;

- -7t

b‘,,‘,’,,=-r:—2-5 y'cosnydyS xsinmxdx=0, m, n20)

ﬂ;
c,,,',,=—%- S y sinnydy S xcosmxdx=0,. m, n=>0;

-7

d,,,',,_ S ysinnydyS xsinmxdx=

—Tl:

n
-——TSySh'-l nydygxsiﬁ mx dx =
0 b

4 J/ n sinny |® cos mx |« sinmx |%
= [ = J s .2,y { oS08 AL LU L Y
% n 0 m .. m2. .

4 n(—l)"+'~ T (—1)m+2t
r n m
CnenosarenbHo, npu X E (—a, n), y € (—mx, n)

®
wy=4 Z (—lym+n sin mx sin ny. >

- mn
m, n=1

4
=(—=1)mtn M n>=1.

Paanoxuts B nBoiHOM pax Pypbe crenyouine Gy unu;
12.509, f(x,.y)=xy apu 0.< x < 2m,.0 < y <-2n,. I=h=
.

12,510, f(x, y)= n;x % mpu —an Ll x <, —n<
<y<m, l=h=2n.
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12511, f(r, Y=y npn —1 <x < 1,—2< y <2, 1=2,
=4 .

12.512. f(x, y)=x< ";y )2 mpr—1 <x < 1, —a<y<
<z, 1=2, h=2mn.

3. Unrerpan Pypve. Ecan ¢ysxuns f(f) aGconoTHO HHTErpHpyema
Ha (— o0, ), T. €. [ ({) € L (— o0, - 00), 4 KyCOUHO IIakKa Ha KaMIOM

HOHEYHOM OTpe3Ke JAEMCTBUTEJLHOH OCH, TO OHa NPEACTaBASETCS B BUJE
uHTerpana Qypne

[ ()= (-+0)+ (t—0) =

N +®
m =N En:_m _SNf(v)eZnﬁlf dv:_gw f(v)eznivt dv, (5)
rae
+®
Tw={ rwe 2=t ®)

TTpeo6pasosanne (6), koropoe Gynem o6Gosnauate § [f], HasmBaloT nps-
mom, a (5)—ebpamubim npeobpasoéanues Pypoe, BbIPaXKEHHEIM B KOM-
njekcHoll gopme. B jpelictBuTennbyHoll popme 5ThH Npeobpa3oBaHuA 3anHuchi-
BAlOTCHA B BUAE: :

+ o + o

a(to)=% S f (2) cos ot dt, b(m)':in ( f@)sinwtdt (7)
(npamoc) u’ - -
+ @
) =‘_S _(a (0) cos 01+ b (0) sin wi) do ®)
5 ,

{o6patnoe), @ = 2nv.
Ecan ¢ynxknus [ (f) vernas, 1o (7) n .(8) sanucupaiores B Clefyio-
well cuMMETpuyeckoi dopme: ' -

+ @
pa—
Fel=Te (@)= V ‘,2; y 1(t) cos ot at ©
]
i
+ @
o (* a
7() = V % 5 Ic (@) cos o1 do (10)

0
M BasnBaleTea napoil xocunyec-npeobpasesanud Pypve. Eean me [ (1)
HeueTHasl, T0 UMeeM Napy cunyc-npecOpascéarud Fypove :

gs [N= fs((D) = ]/—72; j'l(l) si.pAwt dt
]
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—+®
f()= ]/% j fs (0) sin of do.

MMpumep 3. Haiiru npeoﬁpaaoaaﬂue Dypoe aasa byakunu f (f) =

=e~*Itl 450
< Toacrasass sagauuyio f(f) B (6), nonyyaem
+® 0 + o
T(V)——-S e=® ] p=2muivl gy S e—(zm‘v-a)tdt_l_ S o (REVER) L gy
-0 B -0 0
1 @=2mvy £]0 1 —uiveay t[*°
o — 2miv -0  o42miv 0o
. 1 + 1 _ 20
a—2miv ' a--2miv - ad+44nve’
T. e 9
-] — %
§le : ] B LAmeve’ a>0.
Tloxcrasasan 370 BbipameHH8 B (D), moJyuaem
+® . +® +® Caie
23TV L
—alf | e _EOLS‘ cos of
e 2“5 a?--4 n%’ § a"‘—[—m’ n ) at4o? da.
-® -® 0 T
. _ _ (%)
MocnexHee ‘paBeHCTBO CJEAYET M3 TOrG, YTO
+® * y N
sin o . sin ot
§ wpardo= 1§ St do=0p

-0 -
Hpumep 4. Haifira npeoGpaszosanus ®@ypse ana dyHkiun
f()=e-at, o> 0.

 Tak kak ¢yukuus f(f) "etHas, nonyuum napy KOCHHyC-npeoGpa3o-
pauuit Pypoe. [losTomy Bocnossayemcsi ¢opmyaamu (9) u (10). l/(cnonb-
8y peay.nb'rar 3auaqu 8.192 NoJyYyaeM

Fe [e-“"l— 1/-— S e~ cos of di =

. __+Q

- 2 1 1 -
-0l = ]/— 5 cr e Y cosotdo =—— | & ** cosofdg
o V2 Vnoc \ Sl g

0

s 0)' + o mz

Haiitu npeoGpasosanue ®ypbe B KOMMJIEKCHOH Qopme
ana byHKuui:
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12,513, f(f)=sign (t—a)—sign (t—0b), b > a.

1]
12.514, f(t):{h<l— ) npu |t]<a, -
0 npu |¢]> a.
_ _ cosatl npu |t] < n/a,
12.515. f(t)={ RN
signt npu || <1,

12.5186, f(t)'—‘{ 0 npu [¢]>1.

“Haittn napy Kocumye- wn cHHyc-npeoGpasoBanuit ®ypbe
YKa3aHHBIX cpynxmm

12.517%, f (1) = 175 ,+t2, a>0.

12.518*, f(t)=m., a> 0.

12.519. f(f)=te-".

12.520. f(f)=e-*I*lcosPt, a > 0.

12.621. Hoxasatb, 4TO npeoGpasoBanue (6) sBasiercs ne-
npepmaﬂou ynKuued, npnqu lim f(v)=0.

Vo>t o

a>0,

4' Cnexrpzulbnue XapaKTePUCTHKH PAAA M MHTerpaja Pypne. Cnex-
mpasvrod ¢ynxyueld S (V) pana Pypre HIH crexmpassHol naomHocmowo
HashiBaercsl oTHouweHMe Kos(duuuenra Pypve ¢yHkuun f(x) nepuoaa !

12
a=ct=T [ r@ewd,
=12
v,,:%‘, k € Z, K NpHpalIeHHIO - 4aCTOTh Av,,'=—ﬂ—~-‘k¥=1 ¢ e
1/2

S (vg) =S8 c(vk) S f (@) e"’“"k“ du,
=1/2

Annaumyonos cnercmpom p (vg) Ha3LIBaeTCH Mony.nb cnempanbnoﬁ dJny-
HHM, @ (a30ssm CneKmpom @ (vg) —B3aTHfi ¢ GOpaTHRIM SHaKoM apry-
MEHT CIEKTPaJibHOH (YHKUHH, T. €.

P (V) =[S (V) |=lle(va) |
D (vg) =— arg S (V).

Ha rpajuxax p.(vs) n @ (v;) oObIYHO CTPOAT TOJNLKO OPAHHATH P M LY
B TOUKaX Vg H CHeKTP Ha3BIBAIOT JHHeAuaTHIM.

ITpumep 5. Halitu cnekTpaiaeHyl ¢yHKuuo pasa ®dypse u no-
CTPOHTb AMIVIMTYJHBIA H (a30BbId CNeKTpH Aasf GyHKuUH

0 npn x€(—2; —1),
l(x)*‘[

1 npu #€(—1, 1), [flx+4)=[(x).
0 npn x€(1, 2),



MeeM vp=RkR/4 n
N qUu e =k/4
2
.li —Zﬂkax
F 4 S(vp) = g f(x)e de=
] -2
4 1 =amivye [t
K73 -"nlvkx e
) = S dx 2
—2xivg
1/ -1 -1
: _ 1 2V __ ™2V __sin 2nvg,
A v, T v 2i T ave
J g—o—o—j—e—e—o—1——> (jenoBaTe]bHO,
— _ Isin 2nvg |
P (Ve)=I1S (V)| alvel '
@ (vg) =—arg S (vp) =
_ 0, ecntu sin 2mv, =0,
T | —=, ecam sin 2mvg < 0.
Ipaduru p (vi) u @ (v;) npeicraBleHs Ha
puc. 100. P
Cnexkmpaabnoid  ¢yrxyued uHTErpana
®ypoe HasbBaeTCad INpsAMOE MpeodpasoBa-
o1l nue Pypoe
L. +®
Puc. 100 sSm=fw= S F () e= 2 gy, (11
il

Bennunua p (v) =[S (v) | HA3LIBAGTCA AMNAUMYOHGIM CNEKMpPOM, a BETH-
una O(v) = = —arg S(v)—a308bim CneKmpom.

Haittu cenektpanbupe $yHkudd S(vy) nau S(v) n mo-
GTPOMTb AMIVIUTYAHble W (a30Bhle CHEKTPhI @ACAYIOULHX
yHKILHHL

0 npu t € (—2T, —T),
—lopute(=T, 0), -
12.522, f (f) = 1ngute‘§0, T, b =1 ).

“Ompute(T, 2T),

: 2 mpu £€(0, 1),
12528, () ={ o 1o (€ (1,5, TC+I=F

I mpu [t <L a,l

0 npu |f|>a, a>0.

12,624, (i) ={

cosnt mpu [1]|<1/2,
,, 12.525%, i(t)_{ 0 mpu |{]>1/2.
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(1+t npu t€(—1, 0),
12.526. f(t)=1{ 1'—t npu t€(0, 1),
0 npu |¢]|> 1.
2 npu t€(0, 2),

0 mpu [ € (— o0, 0)U (2, +oo).

5. JluckpetHoe mpeoGpa3sosanne Pypve (AMP). AHaiuTHyecKoe Bbi-
yncsenye npeo6pasosanus Pypoe (cnektpanpHolt dynkuuu) (11) u o6par-
HOro npeo6pa3oBaHusi (5) BbI3bIBaeT, Kak NpaBWJIO, 3HAYUTENbHbIE TPYL-
HoctH. PaspaGoTaHbl MeTolbl MX YHC/JIeHHOH peasn3alHH, OAHHM H3 KO-
TOPLIX SIBJIAETCA TaK HasbiBaeMoe Ouckpemnoe npaoépaaoeauue Dypoe:

12,527, } (1) ='{

2N =1 nkn )
S(v,,)=y,,__-— 2 f(tk)e N, p=0,1, ..., 2N—1, (12

k=0

rie tk=k;-§% (T —nnHa 3aKaHHOrO MHTEpBaNa) H v,,=n% . OGpar-
Hoe K (12)§ npeoGpaBoBaHHe HMeeT BHX

. { 2N -1 1 mtkn :
f(fk)—xk—— 2 e N, k=01, ..., 2N—L (13
n=0

IMpeoGpasoBanust (12) u (13) BHUITOMHAITCA C MOMOUIBLIO TaK Ha3bIBaeMbIX
Goicmpoix areopummos (BI1®), cocroauux-B Tom, 4T0 ecan 2N =ryr,.
«4ofp, ry—Leasle=>2, To MaTpuua npeobpasosanus (12) (ain (13))

1 1 cee )
q g? ... gN-t
qﬂ q‘r '..qz (2N-1)
. . . E b3 ’ . . . . * . * “
-1 . qz(zN 1)?.'q(zN-1)" - >

Al
g*V

f n
q=e ans (13) /, mpeacrasisieTcd B BHAE NPOH3BENe-

rie. g=e
HHA n KBajpatHwX Mmatpuu Wy nopamka 2N,

W=W,Wy_1...W,Wjy, (14
MMEIOMHKX KaXAas N0 ry 2N OTAHUHBIX OT HYJIS 3/EMEHTOB. YMHOMKeHHe
marpunet Wy (v=1, 2, ..., n) Ha BekTOp-cTONGeu Z=(2g, 2i, +--

.y 25N—~1) | 3a cuer 0TGpaCHBaHUsT YMHOXEHHS Ha HYJIH MOXeT GbITh Npo-
nsseneﬂo 3a ry-2N onepanuifi KOMIIEKCHOrO YMHOXEHHS HA MHOMHTEJNH
q" H cnoxeHust. Bcé JII'I!D (12) Bouucasercs Toraa 3a (ri-+tro-4..

<o) 2N Takux onepauuu H YMHOXEHHS KOHEYHOTro pe3yJbTara na
MHO)KHTeJIb T/2N.

Ecan 2N =2" (ri=ry=...=r,=2), T0 B KayecTBe MaTpHinl W, =
=(c§£”i), kR, j=1, 2, «.., 27, nnsa pasnoxenus (14) MoxHO B3STb Mar-

pHIy, 3/MeMEHTH KOTOPOH BEIpAaXKAIOTCS CJERYIOUHM 06pasoM (q=
7

-1
=e¢ U ) nyers v=0, 1, veey =Bl u p=1, 2, .,., 271,

9 TMon ner. A. B. Edumona. B. 1. llemunonnua -257



TOrAa

o (m —cm) —
€ yiaman, voam—14p =Cy.gmyam=1yp yoam-14y =1, -

m) —clm) - —
c'(\’~2’7'+u. eh—14v.am=14 = "Cyamypgm=i,py, on=t4y.gm=14 =
— -1) 28—

=q-1) + (15)

c('") =0 ana ocraapHmx map (&, j).

12.528. Brinucarp matpuns Wy, W; u W, cooTBeTcTBYyI0-
wue ¢opmyaam (15) mpu 2N =23=

12.529. Tlycte X =(%,, %, ..., x;)T= CocTaButh npous-
pegenns ZV =W, X, Z®=W,7W=W;(W, X) H Z¥ =
= W Z® =W, (W, W/ X) CpaBHHTb fIONTYYeHHEIH pesyJibTaT
¢ npouspenennem WX,

JI;is KoHeuHolH NociefoBaTeIbHOCTH KOMIJIEKCHBIX UYMCENT (Xg, Xfy o .
evey XN-1) AP no dopmyse (12) MOXKHO NPeACTaBUTh B BuJe -

1 N-1 _eqink .
Yn —:._.AT Z Xke N (ﬂ=0, ], eeey N—l),
k=0
a obparnoe LOI1® (O].LI'IdJ)—B'mme
2mink )
Xp= Z de NV k=0, 1, ..., N—I).

OGoanauum kpatko AIId u OAIIP cooTBeTcTBEHHO
Y=§[X] n X=F"1[v],

rne X':'(xOy X1y ooy xN—l)Tv Y=(yo: Uiy evey yN-—l)T'

12.530. CoctaBuThb Ha ¢opTpaHe NOANPOrpaMMy BHIYMC-
JIeHUst npsimoro u ofpaTHoro npeobpasoBaHuit Pypbe ¢ uc-
nosb3oBaHHeM ObicTporo ajaroputMa. I[lapamerpnl: N, L,
KIND, A, B, AA, BB, rze L—uucno sneMeHTOB HCXORHOM
10CJIeJ0BATEIbHOCTH (u npeobpa3oBaHus), N-—rmnokasarenb
crenenn B papenctBe L=2N, KIND ecrs 0 au6o 1 (0 npu
poiuncaenud AP u 1 npu Beiyucaenun OATIP), A u B —
BXOJHLIE MacCHBbl pasMepa L njas gmeficTBUTeNbHOH M MHMU-
Mol yacTed MCXOAHOM mocjefoBaTeNbHocTH, AA u BB —BLI-
XOJIHbIE MacCBhl pa3mepa L nnsi neficTBHTENbHOH M MHMMOMN
yacTed NOJy4eHHOro npeobpa3oBaHHS.

B sapauax 12.531—12.535 coctaBuTh Ha ¢opTpaHe mnoj-
NporpaMMy MOJY4eHHs] KOMIJIEKCHOH TOCJIef0BaTEeNbHOCTH
(X1, X3, -vees Xg35), DONArast x,=x(f,)+i-0 ana ykasaHHBIX
dynkunit x=x (1), t €1, 128}, t,=k=1, 2, ..., 128. [Tapa-
MeTphI: A, B, rne A u B—maccusn u3 128 snemenTOB 151
IeHCTBUTENbHOM M MHHMMOM uyacTell IOC/IeN0BaTeNbHOCTH.
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0, te[l, 32Ju[97, 128],

. 12.53l. x=25. 12.532. x={ 20'\ te l33, 96]'

o1
12,583, x=-5  (128—1).

12.534 Lo tell 64 t
034 X=1\ 198¢, te[65, 128]. '2:33% ¥=1

12,536. Mcrnonb3ys noanporpammel, NOJNy4YeHHbE NMPH pe-
weHun 3anay 12.530 u 12.531—12.535, pas ogHo# u3 nocJe-
JoBaTeNbHOCTeH (Xy, X3, ..., Xi35) COCTaBUTb Ha (opTpaHe
NPOrpamMMy CJeAYyIOIHX NpeoOpa3oBaHHil:

a) Ha#iTH Y=€§£X];

6) aast m=24, 32, 40 u3 mocnenoBaTENLHOCTH (y,|N =
=1, ..., 128) nonyunuts nocnenoBateabHoCTh (4, |n=1, ...
«vs, 128), a7eMeHTHl KOTOPOH oONpeNeNsioTCs paBeHCTBaMH

- Yo n=1,2, ..., 64—m, 65+m, ..., 128,

Ya=1 0, n=64—m+1, ..., 654+m—1;

B) HafiTu X =g [}7]; )

[) CPaBHHTb IMOC/EJOBaTeNbHOCTH (xg) H (x,), Haligs ux
pasHocTH. :
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Faasa 13
OHEPAU,MOHHOE HCUYHUCJIEHUE

§ 1. MpeoGpasoranue Jlanaaca

1. Onpenefienre M CBOWCTBA NpPeoGPa3cCBaHMs Jlannaca. 1 peo6 paso-
eanuen Jansaca Gynkunn f (1), tER (xoTopas, BooGUE FOBOPS, MOMET
NPHHUMATL M KOMILIEKCHHE 3HAUeHMs), HasbiBaeTcsi GpyHKumus £ (p) Komm-
JICKCHO!l mepeveHHOH p, ompejenseMasi CJIeLyICLHM PaBEHCTBOM::

+ ®

Fp)= { e=rif () at. (1)
0

Opueunasom HasuBaeTcst BeAKas OyHkuus f (), y)lonnemopmouxaa
"CJeLYIOUWHM YCIOBHSAM:

1) f(#)=0 npn ¢t < 0, npnuem npnunmae'rm qTo f(0) = f(+4-0);

2) CyLIecTBYIOT TaKHe NOCTOfIHHEIE O H M,

| f ()] < MeS* npu t>0 2

(BesinuuHa 0p= inf o HaswBaeTcss noxasamesem pocma GYHRuuH f(1));

3) Ha mo6om KoHeuHom oTpeske [0, T'] dynkuus f(f) moxer nMmeThb
JUIIb KOHEUHOe YHC/IO TOuUeK pa3peiBa, NpHYeM TONbKO 1-ro poja.

Ecau f(f)—opurngan, To CTOs(Mi B nmpasoi uactv pasenctsa (1)
unTerpaa Jlansaca cXoAHTCst a6COJIOTHO H PaBHOMEPHO B NOJYMJIOCKOCTH
Re p=0 > ay. Ilpu stom ¢pynkuus F (p) sBAsieTCsT aHANHTHYECKOH B IO~
aynjockoctH Re p > 0y u HasnBaercs usobpasernuem dynkuuu f(2).

CooTBeTCcTBHE MeXAYy OpHrHMHaioMm f () u ero nsobGpaxenueM F (p)
CHMBOJIMYECKH 3anuceiBaercs B Bue F (p) = f (f).

ITpumep 1. HaiiTu nokasareab pocrta MHOrouneHa f(f) =a,{"-4,.,
vootagt+aq.
<§ 3amerum, yTo Ans Jo6oro o > 0

lim azth+ ...+ at+ag =0
{—>+o ot

3naunt, ans Joboro ¢ > 0 cymectyer Takoe uucio M =M (o), uto
BHINOJIHSAIETCST HePaBeHCTBO:

lant" ... 4yt +ao| < M (o) edt, > 0.

CnenosarenbHo, 6= inf 0=0.
c>0
3amernMm, uTo npH 0 =0,=0 HepaBeHCTBO (2) He BHUIOJHseTCA. P>
Hp umep- 2. Haiitu uaoépameﬂne pyHryuu Xesucauaa

1, t>0
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<« Tax xak ¢ynkuus Xepucaiifia fBJSETCS ODUTHHAJOM C MOKa3aTesieM

pocta 0y=0, TO
o

)= S e-ptdt'=—%e-pt

0
npu Rep > 0. p

+o

1.
p

Bcony B AanbHefilueM NOA 3alaHHOM ¢ MOMOMIBIO GOPMYJIBI (yHK-
nueit f(f) GyleM nNOHMUMATh MNPOH3BejCHHE 3TOH beHKIlHH Ha QYHKIHIO
Xepucaitna m (%), . e. cuurats [ (f)=0 npu £t < 0.

IIp6BepuTh, SBASIOTCS JH CHAEAYyIOMHe (YHKUHH OPHIH-
HajaMH, W HaHTH HX IOKa3aTeJH poCTa.

13.1. f(f) =est+a,
13.3. f(f)y=e".

18.5. f(t)=1In(t+ ).
13.7. f{t)=tsin--.

Hcnmonnsysa dopMyay (1),

AYIOUIUX OPHTHHAJIOB!

13.9, f(t)=|

( t,
13,10, [ (f)=

0,

1, 0<
—1, 2<<t <3,
0, 3<¢t.

0t <2,
51, 2<t <4,
4<t.

13.2. f(f)=e".
1, 0<i<], -

13.4. f(t)={l/l/t—' sl
13.6. f(t)=1"

13.8. f(f)=e!/t.
HalTH H306paxKeHHs IJs Cle-

t <2,

t, 0Lt < T,

13.11. f(t)_—.{l et

13.12. f(t)_{ (QO—t)’

<t <2,

2<t.

;, ot<l,

13,13, f(t)=

1, 1<t<?,
31, 2< <3,

0, 3<t.

sint,
13,14, [ ()=
sint,

0,

2 ; K11
?(n—t)’ 7<
X <t<on,

<<y,

1< 3,

2n< .
261



CaolicTea npeo6paszopanus Jlanaaca: o
1.CpoitcTBo AuHekHOCTH, [Jaa mo6ux noctosHHbX Cp,
k = ]’ 2; DR ﬂ, )

n . n
> Chfe ()= X CxFr (p), Rep > max {07, 0y, +.., Op}.
k=1 k=1
2, T-eopéma noxo6usa. Jas mo6oii nocrosHHoH & > 0
!
f(at);EF (%) s Rep > aog,.
3. TeopemMa cMemeHHs. YMHOXEHHIO OpHrHHanza Ha eof,
@ €R, cOOTBETCTBYET CMelleHHEe aprymeHTa H3o0pakeHHss Ha o, T. e.
extf({)=F (p—a), Re(p—a) > a,.

4. Teo pemMa 3anas3ibiBaHHA. 3anasibiBaHHIO opuruHaja
Ha T COOTBETCTBYET YMHOXE€HHE HSO6pa)KeHPlH Ha e~PT, T. €.

N(t—1) f(t—1)=e-PTF (p), Rep >ay.

5. ludpcdepenuupoBanue opurunana. Ecin f(f) n ee
npoussoiHuie R (f), k=1, 2, ,,., SBAAOTCI OPHTHHaJaMH, TO AJs
goboro k=1, 2, ..., n

FU0 (8) = pRF (p)— (p*=1f ()4 PR =2 () ..+ [#=D (0)).

B uacrnoctn,
[ () = pF (p)—F (0), Re p> 0.
6. MnTerpupoBanve opHrHHagda:
t
gf(r)dr,:'m, Re p > a,.
b 7
7. DuddepedunpoBaHne H306paXeHHA. YMHOKEHHIO

ODHTMHaNa Ha MHOXHTeJb [ COOTBETCTBYET YMHOXXeHHe M306paxKeHus
Ha —] ¥ aHddepeHHpOBaHHe €r0 NO apryMeHty p:
tf ()= (=1 F (p), n=1, 2, ..,
’ f()

8. MHTerpuposanue H3o6paxeHus. Ec.uu——an.nae‘rcﬂ
. .
OPHI'HHAJIOM, TO

+ro={F@aq
0

9. IndpepenunpoBanne H HHTETrPHPDOBaHHE NO
napame€rpy. Eemn f(f, o) =F (p, @) u  dynxuun 6f(t,aa
as
S f (¢, @) do, paccmMaTpuBaemble Kak (pyHKUHH TeEpeMeHHOH #, ABAAIOTCH
o
oi)nrnﬁa.namn, TO <

af ((;a a). oF (P, (Z) S f(i a) da'—_—S F(p, a) dao
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10. Teopema Bopena 06, uao6péméﬂnﬂ CBEPTKH,
CBepTKe OpHIHHAJIOB

¢ t

feho={h@ht— d=(ht—Dh@a
0 0

COOTBETCTBYET NpOH3BelelHe H306paxeHHH, T. €.
fi#fo== Fi (p) Fs (p).
11. Muterpaa Hwoameasn Ecu f()=F (p) u g() =G (p),
;ﬂ’ (P) G (p) = (0) g (N +(F"+g) () =g (0) [.() +(g"+/) (¥).

3nas usobpaxenne ¢ynkuuu Xesucaiiga m (f) :% (cMm. mpumep 2),

TO

MOXHO C IOMOUIbIO NepeyHCseHHHX Bhie cBodctB 1—11 mocTpouth
Tabauly H306paxKeHHH OCHOBHBIX (PYHKLHH.

N"* F(t) F(p) Ne () F(p)

1 1 () -%- 6 sin ¢ p’—?— e

2 % p"% 7 ch pt p‘iﬂ

3 | et p__'_a 8 sh Bt pzf 5

4 'rtzll ext (T—#‘T 9 extcos Bt (;T:T—V%ﬁ
5 | cospt 7‘-,!)-_fﬁ 10 | extsinpt mﬂi—ﬂz—

C nomoleio cBoitcTB npeo6pasoBanust Jlanjaca u TaGaHUBl OCHOB-
HblX H306pa)ceHHH MOXHO HalTH M306paxeHHA GoJbWIHHCTBAa (QYHKUHA,
BCTPEYAIOUHXCSA Ha NpAKTHKe.

MMpumep 3. Haittn uzo6paxenue ¢ysruuu sindf.
<« HMmeem mo dopmyne Ditnepa

eit _g=it\3 | /3 (eil_e-it) gdit__g=dlt
84— (8 —Ff .\ __. -
sin® ¢ ( % ) ( 9 21 )

=

3 1
=TSlﬂt—T sin 3¢.

Hcnons3yst cBOHCTBO JinHeHAHOCTH H QopMyay 6 TaGaHIBI, HAXORHUM:

.3 1 .1 3 6
S R RS N AN A R

Mpumep 4. Haiitu uso6paxenue pynxunu {2 cos 2f.
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| Plcrlonhayﬂ (popmy.ny Ditnepa u dopmyay 4. Tabaumer. uso6pameﬂnﬁ
nosyyaem:

_oPt—12p
(p—zi)3 + <p+2i>3 =2r T
3ameruM, uTo M306paXeHHe YKa3aHHON ©YHKIHH MOXKHO GBLIO Gbl

NOJYYHTb U JAPYTMM CNOCOGOM, a MMEHHO, IBaXJbl AH(dEpeHuupys H3o-
Gpaxenue anas cos 2. P

§2 cos 2t=_;_ 12 (e2it fo-2it) =

¢
HNpumep 5. Haitru Hsodpamenne ¢ynkuuun Sit = S AT e (aty

(bynxumo Ha3BIBAMOT uﬂmeepaﬁbﬂwm CUHYCOM). /
< I/Icnonbaya TEOpeMy HHTErpHPOBAHHMS H306PaXeHHs, HaXORUM

S._n_t.—'S__q‘_—arot w—i._"rct
t - qg_l_l - gq p - 2 a gp'
p

Orciofia Mo Teopeme nHTerpHpoaamm OpHriHaja MoJyuaeM

Sit= S wdl’——— (—g——arctgp) B
t
[Tpumep 6. Haiitn naoGpaxenne byHKUHH g cos. (t—1)e~2%dx.

« Vicnonbays teopemy Bopenst o6 H3006paxceHHH CBEPTKH, MOJyYaeM
. . .

. p
cos ({—1)e~2T di=cos tee~ 2U—= ——
_OS = ESITE R
I1 plnmep 7. Haiitn nso6paxenne opurunana f(f), ecau
_f sint mpn 0<t<m,
f(t)_"l 0 npu t=m.

‘ Ucnonvsysa dynknmio Xesucaiiga u yuuthsasi, uto 1 ({—mn)=1 npu
t=mn, ¢yskuuo f(¢) 3anuem B BHIE .

f (¢) ==sin t 4-n (f{ —m) sin (¢ —mx).

TMosb3yscy dopmyaoit 6 TaGauusr U TeopeMoi 3amasjbiBaHHA, MOJYyYaeM
1 e~ 14-e-7p
FoO=Fmmtprr="%r - ¥

13.15%, [loka3aTb CJeAyIONIHE TEOPEMBI O CBSI3H «HauaJlb-
HBEIX» M «KOHEUHEIX» 3HAUeHHH OpHUIMHaJa M H300paxKeHHus.
Ecnu f(t)=F(p), 10

a) 1= lim pF(p)

- ® .
u (ecau cymectByeT Koueunwni#t lim f(f) =f (4 o0))
: t—> +®
6) f(+o0)= lim pF (p).
p—>0
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'13.16. dokasath CJEAyIONIHE COOTHOLIEHHs ):

2) £ cos pt=

. Re (p4-Biy*+1) .

(PP P2+
o, Im (pF i)Y

6) 7 sinbt= G ey

’

Haiitu naoOpaxkenus 3ajjaHHBIX QYHKUHH:

13.17, 541,

e"t43e 212,

cos? t,
sh? £,
sh 3¢ cos 21,

. 13,27. sint—tcost.

13.29. {f2-t,
13.31. e*cost.
13.33. t2ch2t.

13.19.

13.21.
13.23."
13.25.

13.35, fe~tsht.

13.18. 1 — ¢,

13.20. 2sint— cosf— .

2
13.22. sin? (t—a).
13.24. ch tsin t.
13.26. ¢ ch 2¢.

13.28. —;~ (chtsin t--sh fcost).

13.30. fert,
13.32, e~tsin®f.
13.34. te~tsint.

< e
13.36%. \e ? 1dv.

13:38.

et =7 sin (¢ —7) dr.

13.40.

l—e-"
= dv,

(=1 o
- Caerm™ e Oy

13.42*, Scosfh—__cwdf,

T
0.

Haiitn u3o6paxenus auddepeHunasbHbIX BbIPaXEHHH NPH
3alaHHbIX Haya/lbHBIX YCJIOBHSX.

13,44. x1V (tyk4x'"" (8)+2¢" (£)—3%" (t)—5; x (0)=x" (0)=

—=x"(0)=x'"" (0) =0.

~ ~ -
1) 3pecy o6osHaueHnss Re H Im mopuepkuBaoT TOT (hakt, uTO MHEi-
CTBHTE/IbHAsl U MHMMasi YacTH COOTBETCTBYIOIETO KOMIJIEKCHOIO MHOFO-
ujieHa GepyTcsl YCJOBHO, T. €. p CYHTAeTCA BELIECTBEHHLIM YHCJIOM,
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(;3.45. (@)L 6x" () 1 () —2x(t); x(0)=x"(0)=
X 0)=1.

13.46. x" (£)+5x" ()—Tx(H)+2; x (0)=e, x" (0)=0.

Hcnonbaysi TeopeMy 3anasiblBaHis, HAlTH H306paXKeHHs
caenyomHX QYHKIHI:

13.47. n(t—1)et-. 13.48. 1 (¢ —2) sin? ((f—2)/2).

13.49%, n({1) tet. 13.50%, n(t—;) sin £,

' 1 mpr 0<CE <7,
13.51. f(t):{ 0 npu 157

(enMHHYHBIA MMTYJbC, AEHCTBYIOUHH B TEeUEHHE MPOMEKYTKa
Bpemenu ot t=0 go ! =r).

O nmpu t < T, .
13.52. f({)={ 1 npu T<t<T—|—1:
{ O nmpu t =T+
(3anma3jipiBaIOIU €HHUYHBIH HMIYJbC).

T np 0<<t <7,

18.58. f(h)=1", npn Tt < 2,
| —=(t—37) mpu 2t<Ct < 3x,
Lo npu t > 3x.

sint mpu 0t < /2,
13.54. f({y=1{ —cost npu w/2<t < m,
' 0 mpu t>=m.

_Jh mpu 0<<E< 1,
1569, f(t)_{ he=“-Y nmpu t>1.

__ ) sint npu 0t < =,
13.56. f(t)—{ sh(t—mn) npu ¢ >m.
13.57**, JlokasaTb, 4To ecau f () —nepHoauyeckas QyHK-

Lua ¢ nepuogoMm [, TO
{

F(p) =':l-—pT§ e=rt (1) dt.

Hcnonbsysn pesyabrar 3agauu 13.57, HailTi H30OparkeHHs
NnepHOAHYECKHX (YHKUHH (aHaJmmqecxne thopMyJibt onpene-
JAIOT 3ajaHHble QyHKIUH Ha nepuoge [0, I]):

1 mpu 0t <,
13‘58'f(t)—{0npur<t<T; =T |
(nepuoAHYeCKast MOC/EA0BATENLHOCTD €AHHHYHBIX HMILYABCOB).
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13.59. f(f)=sinft npn 0 <t <aff; l=n/Pp
(1. e f()=]sinpt]).

sint mpn 0<<?t<m, ,
13.60. f(¢) = { npu <<t < T; 1=T,

_[ h mpn 0<< ¢t <eg,
13.61. TU)=Y _p npu c<t < %;

13.62. f()=—t npn 0<t<¢; I=c.

1= 2¢.

it npu 0<<t <o,
13.63. f(t) = h l=2c.
———c-t npu ¢c<<t < 2

13.64. f(t):cosﬁt npH O<t<%, l=?ng.
13.65. f(t)=|sint|, I=2m.

2, Pacuinpenne knacca opurunajtos. Kjacc opurHHaJOB MOXHO pac-
HHPHTD, BKJIOUHB B Hero (YHKIHH, KOTOpble MOrYT GHITh  HEOrpaHH-
YeHEl B OKPECTHOCTH KOHEUHOTO MHOXKEeCTBAa TOY€K, HO TaKHe, YTO HHTer-
pan Jlanmaca OT HHX TeM He MeHee B HEKOTOPOH MOJYIJIOCKOCTH
Rep > o4 cxonurcs a6comorHo.. K umcay Takux 06GOOLEHHBIX OpHIMHa-
JIOB OTHOCHTCS CTeneHHas -QyHkuus f(f)=t* npu p>—1, dyHKuus
In? u nekoTopnie Apyrue. B wacTHOCTH, K TaKOMy KJacCy OTHOCHTCS
BeAKash QYHKUHS f (7), KOTOpast B HEKOTOPLIX TOWKax t =1y (k=1,2, ..., n)
ABaAAeTCA OeCKOHEYHO 6onbmoﬁ nopsijKa, MEHbLIETO €NHHHUB, T. €,

TaKaf, 4To tlim (t—1g) k/’ (£)=0 .mpu HexoTOpOM rp < 1, ¥ ecan BHe
-1

HEKOTOPLIX, OKPECTHOCTEll TOYeK f; OHAa YIOBJIETBOPSET YCJOBHSAM, NpPH
KOTOPHIX (DYHKI(HIO MOXXHO CYHTaTb OPHULHHAJIOM.
INTpumep 8. Haiith usobpaxenne F (p) dyskuun f(f)=1",
p>—l
+ o

< Hveen F (p) = S e=pPlH di uan, mocse TOACTaHOBKH pi=rT,
0
+ »

- T+
F(p)'—pMT 056 Tgh d‘l.'= —pEr e

u 1
Hrak, ! —_1_7

F(u+1 7 p#

-

1) 3mech nox ¢yHKUMEH KOMIJIEKCHOH mnepemeHHo# 1/pM+1 moum-
Maercsi Ta H3 BeTBed STOR MHOrosHauno# (yHKUHH, KOTOpas Ha BellecT-
BEHHOM MOJIOMHTEJbHON MOMYOCH KOMIUIEKCHOM IVIOCKOCTH (p) MpPHHHMaeT
BEIlECTBEHHLIE 3HAUEHHS, T. €. l/pH+l=e-W+D Inp  Apajgoruunoe same-
q:uueﬂtt)mocmcx K HSOGpa)KeHHﬂM OyHRuui fHe?, heatlnt, (M cos B,
thsin Pt, '

267



3ameuanue. Ecau p—uemoe nNOMOKHTENbHOE  4YHCJIO, TO
I'(p+1)=p!, u Mer npuxogum K Qopmyne 2 TabaHLB H300PaX<CHHH.
IIpumep 9. Hafitn nso6paxenune dpyukuuu f ({) =t* Int, p >—1.

I'(nt1)

u_
<« Y3 coorserctBus ¢ pPE

C NOMOWbI0 AudQepeHid POBAHHUS 110

mapameTpy |4 NOJIyuaeMm

pinr T GED D@D, T (u+1)<1“’ @+1) __,np>,

p““ puti pi+t T'(p+1)
B 4acTHOCTH, ‘TIOJIOKHB u=0, ¢ yuerom Toro, uto I' (1)=1, T/ (I)=—y
(y=0,577215 ... —nocmosnnas Jisepa), nonydaem

1nt;:'_ﬁp‘—'l£.>

Haiitn usoGpakenusi dyHKuMi:

t
13.66. f(t)=Ttg%U~. n>—1.
ot
13.67. f ()= ’”"M;“; w>—1,

13.68. f(t)——e"“lnt
13.69. f(f)= TeID _‘ 1) cosft, p>—1.

13.70. f(t)=m$ll’lﬁt, p>——1
13.71. f(t)=cosPt-Int. 13.72, f({)=sinpt-Int.
[ 0 npy 0<<t <a,

{
3.73. f(H)= 1
1 f() LT/—tIT—T npu t>a. '

§ 2. BoccraHoBJeHHEe GPUTHHANA NO H30GPaKEHHUIO

1. dnemenrapuuii MeToA. Bo MHOrmx cayuasx 3anaHHoe H306pame-
HHe MOXHO NpeoGpasoBaTk K TAKOMY BHAY, KOI/la OPHTHHAJ JIETKO BOC-
CTaHABJIMBAETCS HEMOCPEACTBEHHO C IOMOUIbIO CBOKCTB NpeoGpasoBaHUA

arraca u TabGAHLBI H306paXKeHHH.

Jnst npeo6pa3oBaHHsl H306pa)KeHHS IIHPOKO HCMOJb3YeTCA B 3TOM
cayyae MeTOJ DasJOXeHHs pallHOHaJbHOH APOOH B CyMMY MpPOCTEHILHX.

Ilpumep 1. Haiitn opurunan aas yHKUuH

1
TO=rTs:

«f Tlepsuilt coco6. Beigensis MosHel KBaJApaT B 3HaMeHaTele M Jlanee,
ACoNb3ys TabnnuHOe H3obpaxkenue Ans sinff u Teopemy cMelleHus,
noayuaem: .

1 1 2

115 pr)E T4 2 pIBEE 4;'-5«3" sin 2¢,
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Bropoit cnoco6. PacknanbiBas Apo6b B cymMy MpOCTeHIUMX H HCH
noJb3ys M3o6paxeHue Jjs e*!, nosyyaem

11 ( 1 . 1 )__,
PP H2p+5 " 4 \p—(—1+2i)  p—(—1-2) /"

.1 . . 1 et =2t |
—_ (=1+20)f__p(=1=20) V= —_p=t - p~tgi
=5 (e Di—e ) ) 5 € 5 5 e~ sin 2t. B
- 1
IMTpumep 2. Haiith opurnnaa ana ¢yukuuu F (p)=-——-—s.
P P P by )=y

< [lepniit cnoco6. Packnaiwizas po6h B cymmy MpOCTEiUHX, . HOAY-
yaem

P 1 =_i<l__i+lhl>_:
@D (p—02(p+0)? 4 \p—i p+i' (=02 (p+0%) T

;—7:- (it — g it |- peit |- fe=11) =—é (sin t—tcos ).

Bropoit cnoco6. 3amethm, uTo
1 1 L\
(P40 2p \p241)°
npHueM corsaacio Teopeme o JHdpepennnpoBauun. H3o6paXkenns

L\ L
—<-pz—+7> :‘:tSlI‘lt.

[IpuMensis Tenepb TeopeMy 06 HHTETPHPOBAHHH OPHTHHANA, HAXOLHM

t
1 1/ 1V 1 e 1
m'———f’; ;7—2:[_—1- =7 TSllle't"—‘i (sint—¢cost).
0

Tperuit cnoco6. Hcnonbsys teopemy Bopens o6 nsobpaxenvu ceept-
KH, ToJyyaeM ’

1 1 1
W) Pl ¢ 1
t t .
=sin ¢ S cos tslntdt—cost S‘ sin® 1 d‘l,'=—2— (sint—t?cost),
0 0

.t
= sin#+sint =S sin (t—1)sintdr=
0

ple—2P
pP41"
2

« Haiinem cHauana opuruHan Ajas ApoGH #1-, NpHYeM B OTJIHYHE OT

MMpumep 3. Haiitn opurunan ang dyunknuu

ABYX NpPEAbAYUIUX MPHMEPOB PasjoXeHHe APo6H B CyMMy nNpocTeHiiux
NpoH3BeieM B MHOMXeCTBE LeHCTBHTENbHbIX uucea. Mmeem:

P+ (p+1)(p2—p+1) 3 lp-i-l pP—p-+1
p.—_ —
1 1 2 ! V3
= +2 _=.—(e-t—|-2ef/2cos——t>-
3 p—|—_1 (‘p—%)z-l-% 3 2
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A .Temeph, NMpHMeHSI TeOpeMy S3anasiblBAHHS, yYTEM COMHOMXHTeNb e~ 2P,
OKoOHUATE/IbHO HAXOMHM:

1
’;::-l_zll’ = -;— n(t—2) <e—(t—2)+237( cos ﬁ (1_2)> >

Haittu opurunanel A/ 3aJaHHBIX GYyHKUMI:

1 1
1374 o—p- B.75 Gy
1 1
13.76. g3 B17 s
1 T 2p43
13.78. oy - 13.79. i
I _r
13.80- (P2—4) (pz‘l“ I) . 13-8" (p2_1_4)2 * ,
13.82. — ’jr 13.83. p‘,”ﬁ
2p -2p
13.84. =", 13.85. ———.
- 1)3
13.86. g R 13.87 —(pj )———2”""’
R —2 Ty T prt4 pr—t

2. dopmyaa obpauenus. Teopemw pasnoxeuus. Ecaum [ (f) —opu-
ruHan u F (p)—ero uso6paxeHHe, TO B JIO60H TOYKe HeNpPepbIBHOCTH
f (t) cnpaseanusa gopmyra obpawenuns Mersuna

O+iw

§ Forera,
G—i®
rfie HHTerpHpOBaHHe MpPOH3BOJAMTCH MO J0GoA npsamoit Re p=a, o > 0.
3ameuaHnune. Bo Bcskoil Touke f,, SABISAIOLLENCA TOUYKOH Pa3pbiBa

dyukuuu f(7), npasas uyacte Gopmysisl MennnHa pasHa —2|-(f (ts—0) +
+1t+0)

HenocpencrBennoe npuMeHenue ¢GopMyJibl 06palieHHst YacTO 3aTpyA-
HHTeJIbHO, H OGBIYHO IMOJb3YIOTCS TeOpPeMaMH Pa3JIOXeHHS, SBJSIOULUMUCH
CJeLCTBHIMH U3 Hee:

[TlepBas Teopema pasaoxeHHusn. Ecau ¢yucyus F (p)
QHANUMUYHA 8 HEeKOMOpPOod OKpecmHocmi OecKOHeHHO YOaseHHOl MmOUKY
u ee pasaoxcerue 8 pad no cmenenam 1/p umeem 6ud

o

Fo)=Y, -7

n=0

fi=

2nt

mo pynkyus
hd n
f(t)==§:an:l—,. t=>0 (F(1)=0 npu ¢ < 0)

ABAACMCA OPUSUHANOM, umelouqum u306pasxcerue F (p).
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. Btopas teopema pasanoxenuns. Ecau usobpaxenue F (p)
R645eMCs 00HO3HAUHOU (PYHKYUed U umeem AUULL KOHEHHOE HUCAO' 0COObIX
mouex Py, Pay -5 Pn» AEOICGUUUC 8 KOHEe4HOU wacmu naockocmu, mo

N

: F(y= 2 sias [ePF (0); pil-

Q"‘—((pp)); rze P, (p) u Q, (p)— mHoro-

YJIE€HB CTeTleHeH 7 M n COOTBETCTBEHHO (n > m), pi, Pa, +.., Pr—KOPHH
MHoroujeHa Q, (p) C KPaTHOCTSIMH, COOTBETCTBEHHO PaBHBIMMU I, lg, +4», Ip

(i lyt. 1= 1), 70
l
fin= 2(1_1) lim - ,_1(<p PRF(pYe”), ()

p->py,

Ecau, B uvacthoctH, F (p)=

Ecnn Bce KO3(HIMEHTH MHOrOUJIEHOB Pm (p) n Q, (p)— meiicTBUTEND-
Hble yHC/a, TO B nNpaBoil yactH (1) mnosesHo oGBEeIHHHTH CJaraembie,
OTHOCHLIMECS] K B3aHMHO CONMDSDKEHHBIM KOMIJIEKCHBIM KOpHSIM; CymMa
KaMJo# mapsl TaKWX UJEHOB paBHa Y/JABOCHHOH JeHCTBUTEJNbHOH YacTH
OJ/IHOTO M3 HHX.

B uyacTHOM cayuae, Koria BCE KOPHH pi, Pa; ..., Pp MHOTOYJIEHa
Q. (p) mpocTiie, Hcnoab3yst GopMyay ANS BBIYHCJACHHS BBIYETa OTHOCH-
TeJIbHO I110J10Ca NepPBOro nopﬂm(a (cM. c. 239) [OJIYYHM

P (Pr) Pit.
f()= ke @
;Qn( k) . )

MNMpuwmep 4. Haiith opurnnan ¢yukuun F (p)=%'e-7.
«f TlepBuiit croco6. Pasaoxenne ¢ynkuun F(p) B oxpecmocm TOYKH

p==00 HMeeT BHA
1 o «©
—_— —_— n f
T p ZO( D Z b” n'p"‘fl
n= n=0

[To5TOMY, B COOTBETCTBHH C NepBoil’ TeopeMost paanomenuﬂ, OpHIHHATOM
tn -
ma F(p) swaserca oynkuna [ (f) 2( W=1°(2 V')

(lo—cpym(mm Beccenss mepBoro poaa ¢ Hy.ﬂeBblM HH}leKCOM)
Bropoii cnioco6. Bocrnosnbayemess BTopolt Teopemoii pasnoxenus. Ias
1

o|=

F(p)=7e-

. 1 -
STOrO Halo HaiTH BbYeT (QYHKUHUH 7eﬁte P OTHOCHTEJBHO €€ €IUHCT-

peHHOH 0co60i ToukH p=0 (3T0 cylecTBeHHO oco6as TOUKa), T. €. Ko3-
ML HEHT npu 1/p pasyoxeHus 3Toi ¢yHKuuM B paj Jlopama B okpecr-
HocTH -ToukH p =0. Fmeem )

.

1 .
%epte_?=<1+.ﬂf+ ot )X
-

X<F’.F%J?ﬁ?7+.'.“+(— et )

[

271



Boijenns B MPOU3BENEHHH PAJOB wWIEHHI, cojepawmue 1/p, Halinem:

-

_._1. 2 n
f(t)=am[piepte 7 0]=1—t+(;—,)§+---+(—1)"(,’1—,)5+...=
=/, (@ V_f) | 4

B stoMm npumepe pewenue, HCToJIb3YIollee MepBYI0 TeopeMy paaﬂo-
eHHsI, OKasaJoch’ 6oJiee NpOCTbIM, YE€M peElICHHe IIpH HO'V!OLI.LH BTOPO#
TeopeMbl pasJIoKeHH.

Mpumep 5. Haiitu opuruxan st bYyHKIHH F(p)———(——w.
«f Bocrnosnb3syemcst BTopofi Teopemo# paanox(ermﬂ Dyukuusa F (p) umeer
ABa moaoca 3-ro mopsiKa p= 4 Pi, u ee opuruman ompejeaserca pa-
BEHCTBOM

[ ({)=pBbiu [(ﬁ_‘fﬁr)a; ﬂi] -+ BBy [ﬁ; —ﬂi] =
=2}R6<Bbﬂ{ [.ﬁp;z)s 3 ﬁi] )

mq[ ' ﬂl]-—‘——l—- ((p Bi)3 )
T T ey
=L lim i’_(L‘)=
2 p—>Bi dp (p+Bi)3
1lm ( 1%ept 61eBt + 1207t )
- \+ B (Bt T (B
< 12%eBit  3feBit  3eBit
TI6Bs 16B* ' 16pSi
(npu Jmcpcpepemmponauuu Mbl BOCMOJIb30BanuCh Gopmyioii  JleiiGHu1a

IAs  MPOW3BOAHOH mNpOM3BejeHHs). DBuinesNMB JAEHCTBHTENbHYIO 4YacTb
ITOTO BBIPAXKEHHS H YJABOHWB ee, NOJYYHM

Fy=— ”;E:;ﬂt 3t<gcr;s4 ﬂt_%Bssigi!ﬁt. >

IIpumep 6. Hailtu opuruvan s cﬁyﬂxuun F (p)=—_—l.
<« 3HaMenatenb ApoGH 37eck HMeeT TOJBKO IIPOCTHIE KODHH py p= 41,
P3, a= ;|: i. TlostoMy B cooTBeTcTBHH C hopMmyJIoi (2) mosyuaem

[(t)_z epk =-r (et_e-t+ i3 +(e_;;3>

1 et—e=t 1 eit—e=it ] -
—‘——? 9 —'5 57 =-§-(Sh {—sin t). ’

DToT TpHUMep MOXHO OBUIO peWHTb, HCXOAS H3  PasJOXKEeHHs
1 1 !

p—1 2 \pI—1 p*+1

Ilonb3ysick mepBOA TeopeMOH pas/oxeHHsi, HaHTH OpH-
THHAJB V15 3afaHHBIX yHKIHELI
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13.88. Lcos 1. 13.89. sin - .
P P p

1
13.90. ~In2El. 13.91. Leve,
2p p—i p
13.92%, 7P T,
[Tonb3ysce BTOpPOH TeopeMoil pas/oXKeHHs WIH ¢ To-
MOUIbIO Pa3/oXKEHHS Ha 3JieMeHTapHble Apo6H, HaHTH OpH-

THHaJBl JJIs 3aJaHHBIX yHKOHH:

, N _ p+2
13.93.. F(p) ——m . 13.94. F(‘p)_(p+l)(p—2)(p2-|-4) .

13.95. F(0)=2-2, rae Q(p)=(p—p2)(p—Py)- - -(—p.)
H BCe qncna Pe nonapHo pa3JIH‘«IHbI.

13.96. F (p) =i - 13.97. F (p)= (pur,,—s(pzj)
13.98. F (p) =i 31)2' 18.99. F(p)=-"1.
13.100. F (p) =7y - 18.101. F(p)=o—p—r.
13.102. F (p) = 2”(7;“1)—2 13.103. F (p)=—frary -

13.104. F (p) = oo -

§ 3. lpumeHEHHS OnePaUMOHHOTO HCUMCJIEHHS

1. Pewenue anueiiHbIX AudPepeHUHANbHBIX ypaBHEHHUM H CHCTEM
yPaBHEHHAA ¢ MOCTOSHHBIMH Kodthduuuentamu. s Toro uTo6e HaifTH
pewenne x (¢) nuHeliHOro AH(GbEpPEHUHANBHOIO YPaBHEHHS C MOCTOSHHBIMA

K03pPHIHEHTaMH
04 apdn =D azx=F (0) (M
(rze f(f)—opuruHan), yAoBIeTBOpSIOLLEE HAYaNbHBEIM YCJIOBHAM
x(0)=xp #' (0)=x0, «rr, xX7=D(0)= "1, )

C/leAyeT NPHMeHHTb K OOEHM 4acTsM STOTO, ypaBHEHHs . npeoGpa3oBaHue
Jlannaca, T. e. oT ypasHeHus (1) c ycnosuﬂmu (2) nepeiitn K omeparop-
'HOMY ypaBHEHHIO ]
(PP +aip" = +...+a,) X () +Q (D =F (p),
rae X (p)—wusobpaxkenne MCKoMOoro pemenusi, F (p)—mu3obpaxenue
¢ynxuun f(f), a Q (p)— HeKOTOPHIH MHOTOU/IEH,. KO3((HIHEHTE KOTOPOTrO
BaBHCAT OT HaYalbHBIX JAHHHIX Xo, X0, +++, X9""" M KOTOpHI TOMIECT-
BEHHO PaBeH HYJIO, eC/H Xo=Xo=...=x§"""=0. Pewns oneparopHoe
WpaBHeHHe OTHOCHTENbHO X (p):
F(p)—Q (p)
X (p) ="
) (p) A7)
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(L (py=p"+a;p*~14 ...+ a,—XapakTepucTHUeCKHi MHOrouJNeH Aau-
HOrO ypaBHEHMs) H HaWas opuruHan aas X (p), Mbl TOJYYHM  HCKOMOC

’ (n-1
pewtenne x ({). Ecau cumtath X, X0, ..., X0 ) TPOH3BOJBLHBIMH MOCTO-

SIHHBIMH, TO HaljleHHOe pelieHHe GyjeT OOIMHM peweHHeM ypaBHeHud (1).
CoBepiIeHHO aHAJOTHYHO pPewaloTcsl H CHCTeMbl JIMHEHHBIX AuddepeHin-
aNbHEIX YPaBHEHHH C TOCTOSHHBIMH Ko3pduuunentamu. Otanume Gyner
JHWB B TOM, YTO BMECTO OJHOTO ONEPaTOPHOrO yPaBHEHHS Mbl TNOJYYMM
CHCTEMY TaKHX -ypaBHEHHH, KOTOpble OYyIYyT JHHEeiHBIMH OTHOCHTEJL}O
H306paKeHHH HCKOMBIX OYHKIHH.
MMpumep 1. Hafitu obwee pewenne ypaBHenus x” -+ 2x’ | x=te~1,
a TaKXXe ero 4acTHOe pellenHe, YAOBJIETBOPAIOUIEE HaYajJbHbIM YCJAOBHAM
x=1, xo=2.
« Iycrs x (f) = X (p), Torza
. .
()= pX (p)—x0, x" (1) = p2X (P)— pxo—Xo.

. .|
[To Tabnuue wn3o6paxennit Haxogum fe—f= ———=, u onepatopHoe

(p+1

: I
(P*+2p+1) X () —(p+2) 2o —%0 = g5

Orciona HaxoxnM
p+2

1 !
AO=prm T et e

Jlns OTHICKAaHHS OPHrHHANa B JaHHOM CJyuyae NpOULE BCEro NPeACTaBHTh
X'(p) B caenyiomem BHze:

(P+1+1 1 1
= ) L R N RN
1 on-{-x‘; X

T FDE T pF R 1"

[onp3yscy TaGauuelt n3o6paxkeHnit, HaxoAuM obllee pelleHKe

x (1) =—331— t3e=t 4 (xo+x0) te=t -+ xeet.

YPaBHeHKE MMeeT BHJ

X (p)=

O603naunB x,=Cj, Xo+%0=C,, ero MOMHO 3amucaTh B BHIE
x(t)=%‘t3e—t+(ci+czt)e—t.

YactHoe pelllenne, YIOBJIETBODSIOUIEE 33JaHHBIM ‘HAYalbHLIM YCJOBHAM
x(t)= %tae-’—l—(l—l-Bt)e-t. >

Mpumep 2. Ilpounterpuposath ypabuenne Xx"-Lx=f(f) npu
HYJIEBBIX HAYaJpHBIX YCJOBHSIX, CCJIH . X

%t npu0<t<£,
f()y=< 2 !

?t-(n 1) npn§<t<n,

0 npH t=m.
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P 3annwen f (¢) c nomowsio exunuunoil dynkuuu Xesucaiina:

f(t)=(l~n (t—£>>% t—(n (t-—5> T](t—n))% (t—m)=
=% (t—‘zn .(t—f) (t—§)+n(i—n) (t—n)).

nOJlb3yﬁCb TeOpeMOﬁ 3anas3abiBaHus, OTCIOAA HAXOLHM

J
-5 P
1—2e ~+-e-7p
pt )
Tak Kak Haya/bHble YCIOBHS HyJeBble, TO, moJaras x (f) = X (p), npu-
XO4HM K ONEpaTOPHOMY YPaBHEHHIO

FO=E (==

~S0

1—2e ~+-e-ap ,
p?

M3 KOTOPOro MOC/e HEeCJOXKHBIX NpeoGpa3oBaHHil HAXOAUM

2’( -5 )
X(p)=; 1—2 ° e '(ﬁlﬁ_pﬁ_il)'

P41 X () =2

1
Tak kak o ’+l_ t—sin f, TO, CHOBa NpHMEHSAs TeopeMy 3anaspml-
BaHHA, HAXOAHM

x(t)=% ((t—sln t) —2q (t—g—) ((t—%)—sin (t—%))-}-

0 (t—m) ({—m) —sin (¢ —7),

T. e
2
-E(t—-sln 1) mpu 05t < — 2,
x()= %(—sin‘l—Qcost—t‘-{—n) npH %<t<n,
—-;;-cost npy {=n. pp

Mpumep 3. Ha#ru pewenue cHCTeMbl
. xr +y =e‘,
x+y =e-t

npu HauaipHbix ycaoBusx x (0)=x,, y(0)=
< iyers 2(D=X () 9 (D =Y (), Torma £ (0 = pX (B)—s0, ¢ (1) =
= pY (p)—Yo, H moNyyaeM onepaTopHYIO CHCTEMY

PX (D —50+Y (=17,
1
pY (p)—mp+X (p)= =pF1°
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Pewas cucremy, Haiilem

p. 1 p2--1
X(p)=p2_1x0— __ly()_{_ ])27

p 1—x 2p
Y([))= IJO f— 2_? (1)2_1)2'

H, CJeI0BaTeNbHO,
[ x(y=xychi—y,shtftcht,.
y()=yocht(1—xg)sht—¢shi p

Haiitn ofwne pewenusi ancdepeHUHaNbHEIX ypaBHEHHIH!
13.105. x"4+9x=cos 3t. 13.106. x"—4x" + 4x=¢*t.
13.107. x"42x" = te~?. 13.108. x" 4+ x' —2x=et.
18,109, x"+x'=e"tsint.
Haiitn pewenuss puddopeHnManbHbX  ypaBHEHHH Npu
3aJlaHHbIX HayaJbHBIX YCJOBHAX: ‘
13.110. x4+ x=0; x(0)=0, -x (0)=——l x”(O)
13,111, X"+ 2% —{-x——-e”f; x0)=1, x (0)=
13.112, x"4+3x" =e™%; x(0)=0, x (O)——l
13.113. ¥"—2x' - 2x=sint; x(0)=0, x' (0)=1.
13.114, x"+4x=sin2f; x(0)=1, x’(0)=—2.
13.‘]15.‘x”——9x=sht; x(0)=—1, x'(0)=3.
13.116. x""'—x"=¢t; x(O)—l x"(0)=x" (0)=0.
13.117, IV——x-—sht x(O =X (0)—x”(0) 0, x"""(0)=1.
13.118, x'”’ }—3x"—]—3v —{—x—te“‘, x(0)=x O)-—x”(O) 0.
HaiiTu npu uyseBbIX Haua/pHbIX YCJOBHSIX  PellleHiist
cenyoumx aubdepeHuHasbHEX ypaBHEHHH:

13.119, x4 x=[({), rae

_J 1 npn 02,
f(t)—{Oan t=>2.

13.120. x"—l—x:f(t}, rae

[ cost mpu 0Lt < m,
f(t)_—{ npu t>a.

13.121, ' —x"=[(1), rne

f it __{e" mpu 0<CE < 1,
)=1o0 npu t>1.

13.122, x"4-x==f({), rne
I mpn 0 <,
FO)={—1 npn 1<t <2,
‘\ Ompun : t>=2.
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13.123*%*, C nomowpio uHTerpaja Jloamens [oKasaTb cJe-
Ayiollee yTBepXKAEHHE: eCaH Xy (f)— pewenne yPaBHEHHSsI
x4 a X"V ... 4-a,x=1 Npu HyJEBEIX HAYAJIBHBIX YCIIO-
Busx (x(0)=x' (0)= ... =x""1(0)=0), To pelueHreM ypas-
HeHus x4 a, b 1’—|—.-..—i—a,,x=f-(t) OpHU TexX e HayaJb-
HBIX YCJIOBUAX sIBJsSeTC (PyHKLHUSA

t ¢

2= 5@ (=0 d=x, (O[O + | @ xt—0

0
(f (1) —npousBobHBIH OpHIHHA).

SameuaHnue. Pesyaprar sagaun 13.123 nmossosisier HaxoxuTsh pe-
eHHe JHHeHHOro AHpGepeHIHANBHOTO ~ ypaBHEHHS C INOCTOSIHHBIMH KO-
s¢duimeHTaMH IPH HYJIEBHIX HadalbHBIX YC/IOBHSIX, He HaXOAs u306pa-
KEHHA NpaBoil YacTH 3TOr0 ypaBHEHHS.

[Nonb3ysick pedyabTaToM 3agauu 13.123, Halitu pemeHus
caeaytomux auddepenunanbHeIX ypaBHEHUH:

13.124, & —x=—" . 13.125, ¥ —x=
. et+3

1
14et’
c ol 1 9 " . l .
13. 126 X' —x ==T_-I_-—e?. 13.127, x+x=m.
13.128. &'+ x=e"t".
Halitu o6mue pereHus cucrem AuddepeHnranbHBIX ypan-
HEHHH

13.129, ¥+ ¢y’ =t¢, 13.130, x"+ y'=sht-"—sirl t,
Yy —x' =0. y' +x"=cht—cost.

Haiiru ‘pemenus cucteM auddepeHnyanbHbIX ypaBHEHHH
NpH 3afaHHBIX HayaJbHBIX YCJIOBHAX.

13.131, ' 4y =0,

i aTo *O=1, yO=—
13,132, 2x" +x—y = —3sint,
x4y =—sint

x(0)=0, x'(0)=1, y(0)=0.
13.133. x'—y =0,
x—y"=2sint;
x(0=—1, ¥ (O)=y0)=y (0)=1.
13.134, &' —y =0,
y'=2cost;
x(0)= 4 (0)=0, +" (0)=y(0)=
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13.135. X—y =ée,
x’ + yu__y= O, l ’
x(O)=1, yO=—1, ¥ (0)=y (0)=0.
13.136. x"+ y' =2sint,
y +2'=2cost,
2"—x=0;
x(0)=z(0)=y" (0)=0, x (0)=y(0)=—1, 27 (0)=1.
[MpounTterpupoBate NpH HYJEBBIX HayaJbHBIX YCJAOBHAX
cHcTeMbl auddepeHnnaibHbX ypaBHEHH!

13.137. x"—y' = [, (¢), ‘ ={1 mpu 0t < m,
yax=fit), "HO=Vompu- t>a
t mpu 0<<it<m2, -
() ={ a—t npu n/2<t < m,

0 npwH t>=m,

" 1 mpu 0t < =,
13.138, x"—y=0 : _

" 'orae [(f)={ —1 npu n<t < 2n,

y_a T, me 1O pua<t<

0 npu t=2n.

-2..;Pemenne nuHeHHbLIX HHTErpaNbHBIX H MHTErpo-auddepennuann-
HBIX ypaBHennit. Mcrmonb3ys TeopeMy CBEpTHIBaHHS, MOXKHO JIETKO HaMTH
H306paXkeHHs pelleHHH HHTerpaibHLIX YypaBHeHu#t Boabreppa l-ro u
2-ro poja (a B nmpocTeHIHX CIydyasix O HaljeHHOMY H306paXKeHHI0 HaHTH
H CcaMO peleHHe) B TOM. CAyuYae, KOTAa SAPOM B COOTBETCTBYMOLIEM YpaB-
HeHHM CayXuT ¢yHKuus Bupa K (!—t), rze K (f)—opuruHan, 3toT
MeToj, NPHMEHHM M K HHTerpo-AudxpepeHIHaLHBIM YDAaBHEHHAM G TaKUM
Xe fIpOM.

INpumep 4. Haliru pewenne ypasuenus Boaemeppa 1-20 poda

t
S cos (—1) x (1) dv=1 cos £,
0 .

o Tycrs x (1) = X (p); T2K Kak

. .P . p2—1
c0st=——, tcosl=—"F—r;
s =R
- _- PX (p)
' S cos(f—T1)x(t)dr = T
0
(O TeopeMe CBEPTHIBAHHS), TO TPHXOAMM K ONEpaTopHOMY ypafniex-xmo
pX(p)__ p—1
P (T
OTKYZAa
pt—1 2p 1

C X(p)= = —_—
XO=T eIy =PI
Takum o6pasom, x(f)=2cosi—1. p»
278



MMpumep 5. Hafirn pemenne ypasHenua. x"--x=sint -4

sin (f—1) ¥ (v) dv npu HavanpHeiX ycaosuax x(0)=0, x' (0)=I1.

Oy~

+
‘«f Tonaraa x(f) = X (p), umeem

¥ () =piX (p)—1, sini= —,l?l-z '

t
_ X (p)
§sln(t T)x(T)dT—p+

INonyuaem oneparopHoe ypaBHeHue

X(p)

HIu

é (P4 1)2—1) X () =p*+2.
Orciofa Haxoaum X (p)=l% B x()=t. p

- PeluTh CJeAylomue HHTErpaibHbie W MHTerpo-auddepen-
IHaJbHblE ypaBHEHU: '
t

13.139. {.ch(f—) x(v)dv=ch {—cost.
\ _

t
13.140. 3 {sh(t—v)x(@) dv=x(f)—e~t. *
0

t ~
13.141. S el-Tsin ({ —1) x (v) dv=x"—x"+ ¢t (1 —cos {);

0
x(0)=x"(0)=1.
¢
13.142, Ssh (=1 x()dr=x"—x' -I—% tsht;
0

_ x(0)=1, £’ (0)=0.
I'Ipoumerpuposarb ypasrerun Abeas:

x(v)dt _
13.143, 5}”_ .

13.144.§f,“"§2—tf*, 0<a<l, p>—1.
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3, UurerpupoBanue JHHEHHBLIX ypaBHeHMWii B YacTHBIX NPOM3BOXHLIX.
Tlpymenenye ONepauKOHHLX METOJOB AJMS WHTETPHPOBAHHS JHHEHHLIX
ypaBHemm 'B 4aCTHEIX TPOH3BOAHLIX DacCMOTPHM Ha TpHMepe.

2

IIpumep 6. Haiitn pelueHne ypaBHeHHst %00 ——+4-2z=sin x cos y,

ynos.uemopmomee yenosuam z (0, y)=siny, z(x, 0)=0 (x € [0, + ),
Y €10, +)).

< Hepexo;mM K ONepaTopHOMY. YPaBHEHHIO OTHOCHTEJBLHO apryMeHTa Y,
noxarag 2 (x, y) =Z (x, p). Orcrona-

%:‘ pZ (x, p)—z (x, 0)y=pZ @ p),

646/ ;x 7% PZ (%, P) =pZy (x, p)

(no Teopeme o nu¢ibepeHLUHPOBAHHH onepamp_ﬂux COOTHOLIIEHHH no napa-
merpy). Ilonyuaem omepaTopHOe ypaBHeHHe:

, . __psinx .. D
PZy(x, p)+Z(x, p)= 1 (Tax Kak cosy._.———z_l_l).

Hnrerpupys nonyuennoe Ampfpepeﬂuﬁanbﬂoe ypaBHeHHE TO.apryMeHTy X,
HaXOHM

Z(x, p)=C1’(p)e "-}-( ,'g_.l),sinx—— 2:§l),cos x

B cuny navanbHoro ‘yenous Z (x, 0)=0 u TeopeMH O CBA3H Haua/ib-
HOTO SHAuUEHHS OPHTHH4Na H xoneqﬂoro 3HauYeHH H300paXKeHHE MHI
Zo/xHL uMeTs lim pZ(x, p)=Z (x,0) = omyﬂ.a HaxofuM lim pCl(p)—

P> P>
=0, npuuem ecmn Ci(p) =@ (y), T @ (0)=0 (8 cuay 'rou XKe Teo-
pemu). Sanuuem 'renepb Z (%, p) B crenyiolieM BHe:

S I -5 1 (1) (=)
Z(xy P)"‘PC1(P) ) +(p2+1)2 Sinx——-ﬁ--—(?z_i_—l)-,—-—-—cosx..
Ho TaK KaK

Foci (o) = o (),

(cm: pemenue npumepa 4 u3 § 2);

X
e P21,V )

o |-

(ZESEE AR 72 B
TO HaXOXUM}

z(x, y)=$ () 1,2Vx(y—0) dt+-1§ysln ysin x—

— -5 (sin g+ y cos ) cosx=§¢' (01 @V ¥ G=1)dt—
0

——% sin y cos x——% ycos (x+y)
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(nepBoe ciaraeMoe’ NOJYYeHO 1O TEOpeMe CBEPTHIBAHHS OPHTMHAJIOB).
Tak kak I4(0)=1, 10, nonaras x=0, Haxoxum:

Yy
(0, y)='§ 9 () dt—..-;—.sin y;—% ycos y=

1 1 .
=@ ()5 siny—z ycosy=siny

(D0 HayanbHBIM YCJOBHSM); NOSTOMY @ (y)=% sin y—|—%ycos Y, 9 ()=

1 .
= 2C0S y—— ySin y, H OKOHYATEJbHO HaXOAHM

y - -~
z(x, y)=S (22:05 t—-;—tsint) 1,2V x(y—1) dt—
0

-—% sin y cos x——é— ycos (x+y). P

[IponnrerpupoBarb CleAyiollMe JHHEHHBIE ypaBHEHHS
B YaCTHHIX NpPOH3BOAHBIX: ' -

13,145, 22 %;'-!-'z;cosx; z(0, )=y, 2(0, y)=0.

ox?
. 2 . -
13.146. S5 —F—az=f(9; 2(0,9)=—y, 200, 9 =0.
13.147**, YpapHenus ANMHHOH JIMHMM B CJydae OTCYyT-
CTBUsl mOTepb (MuHeilHOe compotuBaernHe R u yrteuka G pas-
HBI HYJIIO) MMEIOT BHJ:
Ou(x, &) Lai (x, ?)

0x - at

; )
Oi(x, ) ou (x, 1)
o = C =%

rae u(x, t)—mnanpsikenue, i(x, {)—TOK B TOYKax JIHHUH
B MoMeHT BpemeHH !, L—wunpykTHBHOCTH M C—eMKOCTb,
OTHeceHHble K efinHune ayuHbl. Haiith pemenns ypaBuenni (3),
yIOBJIETBOPAIOIIME HaYalbHbIM YCJOBHAM '

u(x, 0)=i(x, 0)=0 (4)

¥ Tpanu4yHOMYy YCJIOBHIO
u(0, t)=q(t)=Esinaot.
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13.148. B ypaBHeHHAX AJNHHHON JMHUH

e B _pA&D_Ri, 1)

0x ! .
2] t ) t ®
'l—(g;—) —C u(x )—Gu (xi t)!

B C1yuae JHHHH Ge3 ncxame}mﬁ, Benuuunel R, L, C u G
G .
CBsi3aHbl COOTHOILEHHSAMH %='c_-= v. Haiitu peienus ypas-

HeHH# (5), yHOB/IETBOPSIOIMIHE HavyasbHbIM YCJOBUAM (4) H
IPaHUYHOMY YCJIOBHIO

u(©, )=q(t)=E ((t)—n(t—1), ©>0.
4. - Boiuucnenue Heco6cTBeHHbIX uHTerpatoB. OfuH H3 cnoco6os
+ ® .

BBLIYHCJICHHS] HeCOGCTBEHHBIX MHTErpasioB BHAA S f (¢) dt ocHoBaH Ha.mpH-

) 0 :

MEHEHHH TEOPEeMbl ONMepAallHOHHOrO HCYHCIEHHS O CBSI3H «KOHEYHOro» 3Ha-

9eHHS OPHFHHa/Na H «HayaJbHOro» 3HAuYeHHA H306paxeHHA: eclH @ (f) =

=0() u cyuj.ecrsye'r\ KOHeuHbl#l mpexen lim 9 (t)=@(+ x), 10
t—>

, lim Pt)=9(+ oo)— llm p® (p) (cm. 3anal{y 13.15),

Hs sToit TeopeMbl H cooraomemm

t
fioa=2Fe) ¢ 0=FE)
0

. + ®»
MpY YCTAOBHH CXO/JIHMOCTH HHTerpana Sf(t) dt cnexyer COOTHOUIEHHE
0

N

+®
(roa=Fq. ©
0

+ o
sin £

Mpum e"p 7. BbluHCIUTB HHTErpan S
0

« Tak Kak sin t;:;;,%.- TO MO TeopeMe HHTErPUPOBAHHA H306paxe-

HHA HMeeM .
-]
n
—2——arctg D,
o
noatomMy no ¢opmyse (1) Haxoxum
" tdt
sin T
S 7 =-§- . P ’
b .
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. ! + o
Tlyctb dyHKUNA f(t, W nP()= S ip(u)f(t, u) du SIBNSIIOTCS OPH-

0
runanamu u f (¢, ) =F (p, u). Torna, npumensis Teopemy 06 HHTErpR-
poBaHuy no napamerpy, Gynem HMeTb

+®

YO=Y (= { e @F (p, 0 du.
0

Toatomy, ecau mnnterpan, onpefensiomuit ¥ (p), MOKHO BHUHCIHTH, TO
+ o

ISl OTHICKaHHS MHTErpasna S @ (4) f (¢, u)du pocTaTouyHO HalTH OPHIE

0
nan gas ¥ (p), T. e
. tw +® i
. {owra u)du.—-g ¢ W F (p, ) du. 10
0
Tt tud
cos tu du
HpnMep 8. Boiuncants ‘WHTErpan S T
0

« Wneem cos tu = . INostomy (mo dopmyase (7))

—F
p2+u2

-+ @

s cos tu du S pdu P S du _[ du -
) R N I P A S
0

Ho.. = e~ ™, Orcio1a

1
pto’

+ o tud

£OS tu au
SW __-ai>
0

Eme oauH cnoco6 - BeIUHCIEHUS HeCOGCTBeHHblx MHTETpaNoB MpH. Mo«
MOLIM ONEPalMOHHOIO HCYMCJIEHHS NaeT

Teopema Ilapcenansa. Ecau fi(}) =Fi(p), fa(}) =Fa(p) #
¢ymcquu Fy (p) u F2 (p) .anarumuune npu Rep;O, mo

+ o + ®

§ h@Fa@ = § Fi@)fa ) do. ®
0

0

ITpu smom u3 cxodumocmu 00HO20 U3 MUX - UHMESPAA08 Ccaedyem cx0dus
mocmoe dpyzozo *). .

1) Ecan nas onHoit u3 dynxuuit Fy(p) nim Fy (p) yCJIOBHE aHals
THYHOCTH BHIOJIHEHO JHwb npy Rep >0, To cxoAHMOCTb OAHOTO H$
MHTErpajoB MOXKET He HMeTh MeCTa.
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+ o

L —-Qu
Tipumep 9. Bouucauts ( ¢ SIU erslo Pu
0

du, o >0,

- 1
« Hveem e-%fsin Bt—(_p——i-_as—ﬁi’ n(t);;. Tlonaras fy (1) =

= e~%%sin [3z\¢, Fy (u) ;% , umMeeM Fq(v)= (U_—Q-oc‘)iz_ﬁf’ fa (©)=n(v).
ITostomy no ¢opmyse (8) <"

+ o + + o

S e~ou sin Bu du_ B (v) dv =8 S dv

p u (ota)?+pr 5 v+o)*+p?

M (=1, Tak kak v > 0). Ho

+UJ

+
p
] —-—h—_arctg = —arotg =arclg—
§ (@ Fo)® 5 T Pl ]

Takum o6pasom,

4+ o
§ e—%4 sin Bu du

u

=arotg%, a>0, p

Buiupc/ute HECOGCTBEHHbIE HHTErpajel, HCNoJb3ys ¢op-
myny (6):

13,149, [ SR oosyt X RV gt @, B> 0.
0

+

13.150%, S tre-etintdt, a >0, p>—1.
0 -

BbluuciuTh HECOGCTBEHHLIE MHTErpalibl, MCHOMb3Ys ¢op-
myay (7): ;
+ + @

13.151, S usintudu g 159 Se-tu'du.
J.

W fal
0
BolynennTe HecoGCTBEHHEIE HHTErpadIbl, ncno.nbsyﬂ Teo-
pemy l'IapceBa.nﬁ (popmyasa (8)):

e- ozu_.e —Bu

13.153, S e du, @, p>0.
0

+®

13.154. S sinocu—slnf\u du, a, ﬂ>01
0
+

® —e —ps?

13.155*, S e e e o, B> 0.
\0
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5. CymmupoBanne psEoB. MeTOAbl OR€pailHOHHOIO HCYHCJEHHS MOTYT
8bITb MCNOJNB30BaHLl NPH CYMMMDPOB3HHH UHCJOBBIX H (DyHKLHOHAJbHBIX
pANOB.

Tpumep 10. Iyers f(f) = F'(p) (oonacn anajautuyHocTH F (p):

Rep=k). Jokasate, uto cymma S pana 2 (£ 1)? F (n) moxeT 6LITh
o n=k ’
HalizeHa no ¢opmyae’

+ ®
_ -kt t
s=x e [ £LOL ©
I Fe-t
0 .
te ’ ‘(i ;l)ke-kt
g llo ycaosuto F (p)= S e~Ptf(fydt. Hmeem: ——or——— =
: I Fe-t

0

@®
2 (+ l)”e‘”f Hos‘romy

+

» +o - -
e” kf(t)dt v ' e —nt gf —
(2 I)ROS e f(t)n%(i tyre=rtdi =
® +®
: =2 {e '"‘f(f)di—Z(i 1y F (). B>

0

Hcnonbsysa dopmyay (9), HalTH CyMMBbl CJELYIOWHX YH-
CJIOBBIX PSJIOB:.

ow

13.156*%, Y, —". 13.157**, 3 arctg —.
n=1

n=1 (n?‘_%>.2

@

Y ) 2n1 4 - 3 .
13.158*. n2=l WQ—) 13.159%, nz= arcig n*3n 1

TMpumep 11. Myers f(f) =F (p) (o6nacty ananutuunoctH F (p):
Re p=0). Ilycts, kpome Toro, @ (¢, x)—npousaonﬂmaa ynknusa Gec-
KOHEUHOH MOCJIeLOBaTeJbHOCTH GQYHKUMH @, (X), T.

O, x)= 20 Pn () 7.

JokasaTb, uto cymma S (x) cxopsmerocs Ha [a, b] ¢yHKuIHOHANbHOrO
@

paja Z F (n) ¢, (x) Moxer OuiTh HalieHa no opmyae
=0 . .
" . +® o
Sw= S O (-1, x)F (1) dt. (10)

a
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 Hmeem:.

+ o + o '
foet nfwa= {70 3 enmertd=
;o ) n=0

o +» ©
=2 § et (dt= 2 u () F () =S (). B>
n=0 0 n=

Hcnonbsysa ¢opmyny (10), ¢ nomompio mnoaxoasuen
npou3poAsuel (QyHKIHH NPOCYMMHPOBATH CJAEAYIOUHE PAMBL:

x2n+1

13.160%, ¥, (—Iyri—.
?:0 ) 2n+41

®
\ 1:3...(2n—1) xBntl
* .
13.161%. 2.4...2n 2n4+1"

n=1

13.0620%, Y S e (0, m),

n=1

(18.163%, 3 (— 1)t 20K e (0, m).
n=1

6. TMpumeHenHe oONEPALLHOHHOr0. MCYHCJIEHHS NPH pacueTe 9NEKTPHu-
yeckux uemed. Merojsl ONEPAlHOHHOTO HMCYUC/IEHHS LUHPOKO HCMOAb-
3YIOTCA MpPH pacyeTax IIPOLECCOB, MPOTEKAIOWHKX B 3JeKTPHUECKHX LCMAK.
Ilycre. i (f) H u (f), COOTBETCTBEHHO, TOK W HanpspkeHHe B uend. [Ipume-
HeHHe ONepaTOPHOro MeToJa OCHOBAHO Ha CIIPaBeJJIHBOCTH 3aKOHOB
Kupxropa aas onepatopbix ToKa [ (p) =i (¢) u Hanpsaxenus U (p) = u ().
Ha ocHoBahuu 3akoHa OMa RISt OCHOBHBIX 3JIEMEHTOB 3JIeKTPHUeCKOMH
[end MOryT GbITb SamHCaHbl CJELYIOHe COOTHOLICHHS:

ug (£)=Ri (f)
AJIA CONpoTUBeHH R, ' .
di (¢
up ()= 7,(7)-
Ui MHAYKTHBHOCTH L u

¢
uc(f) ='(ITS i(v)dt+uc(0)
0

ans emxoctd C. [lepexoast K H306paXeHHsIM, OTCIONA MOJyYaem
Ugr (n)=RI (p),
UL (p)=pLI (p)—Li (0},
1 1
Uc (P)=p—c 1 (P)-}-—p—uc(o)o

Hcnonbsysn 3akon Owma B onepaTopHoit ¢opme, IAsfi MPOM3BONBLHOTO
V4acTKa LEMH MOXeM 3alHcaTh

Upy=Z(p) I (0), (ty
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rae Z (p)— onepaTopHoe CONPOTHBJIEHHE YKa3aHHOTO yuacTka nend, Has
YuaCTKOB C CONpOTHBJeHMeM R, MHIyKTHBHOCTbIO L uan emkoctoio C
TIPH HYJIEBBIX HauaJbHBIX YC/JIOBHAIX ONEPaTOpPHOE COMPOTHBJEHHE HMeET,

COOTBETCTBEHHO, BHA: i |
1 r‘”f“—“z"‘
ZR(P)=R. ZL()=Lp, Zc (0)=¢5-

TIpn HeHyJeBHIX HavYaibHBIX YCIOBHAX K MMe- |

JOIMMCS B 1leNH HMCTOYHHKaM 3.4.C. JH0GaBJsfi- R[]
10TCA  JONOJIHUTENbHblEe HMCTOYHHKH. Benmuunumn 2e(t)
9.71.C. JONOJHHTEIbHEX HCTOYHHKOB OIpesess-
I0TCA' 3amacaMd 3HeprHM B HHAYKTHBHOCTH H
€MKOCTH -M pPaBHH B ONEPaTOPHOM BHIe, CO-

orsetcrBento, Li(0) u —%uc 0). Puc. 101

CooTHowenue (11) sBJsieTC OCHOBHLIM JJIsi pacueToB 38JaHHOTO
yuacTKa IenmH B onepaTopHod ¢opme.

Npumep 12. Halttu TOK i(f) B uenu, H306pakeHHOH HA PUCYHKE
101 npu NOAKJMIOYEHHH NOCTOAHHON 9.4.C. e (f)=E. Hauanpupie ycaoBus
HYyJIeBbI.
« Tax xak e(f)=E = E/p, To, ucnonpays cootHowmeHne (11), Haxoanm:

Z() I ())=E/p, (12)

T/le ONepaTopHOe CONMpOTHBMAEHHE Z (p) uenH, uobpaxenHof Ha pue, 101,
HMEET BHJ ’

Z(0)=2, () +Zc () +F2Zr (P)=Lp+?l,;-+R.

B CHJy HYJEBHIX HauajpHbIX ycaoBui. [ToAcTaBiss nosyueHHOe Bhipa-
xeune ans Z (p) B (12), naxoaum

I(p)=—fm= £ ___1_5]: = (13)
AR r= R\i, (LR
w+Rotg (o) (i)

Jlnst oThICKaHMsl OpHTHHanNa {(f) clefyeT pacCMOTPeThb TpPH Cayuas
B 3aBHCHMOCTH OT BHJa KOpHell KBaJpaTHOrO TpexuJeHa B NpPaBoH uyacTH

BuipaxeHnns (13). .

Iycts Tl > —4—1%. Torfa no dopmyne 10 Tabruuni H306p aXKeHHR
HaxoLuM

R S —

E T 1 R?

= P e Y g
L 1/1_0 T

] 2
ITycts 'E'___T]iT\’ Toria -pocmoin3yemcst dopmysaoi 3 Toit ke

TabaHLbI R
: _E, et
i(t)= I te .
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RZ

1 .
Haxkonen, etan o <3 ™ KomGuuupys ¢opmyasr 8 u 3,
HAXO0HM:
. gy T
)= =—0¢  sh) qm—ict P

L V qrr LC

13.164. Haiith oK i(f) B RC-uemu (mOCJef0OBATENHHO
BKJIO4YeHbl conportuBiieHne R u évkocts C) npH  HOJKJOUE-
HUH nocTosiHHOM 3.4.c. e (f)=E, ecau uc (0)=u,.

o
oS
{1
1l
o
It

D
T

Puc. 104 Puc. 105

13.165. Haiitu Tok I(f) B RL-uenu (moc/efoBaTeNblio
BKJTIOYEHbI conporusiense R u HHJIyKTHBHOCTb L) npu.noa-
KJIIOYEHHH TOCTOSIHHOH 3.1.C. e(f) =

13.166. Hairtu tox i(f) B uenw, u306pa>xeﬂﬂoﬁ Ha pHucC.
101, npu noax/oueHHH NOCTOSIHHOH 3.4.c. e(f)=E, ecau
Uc (0)—uo

Hns usobpaxkennbix Ha puc. 102—105 asnekTpuyeckHx
lenei ONpeje/HTL HaMpsiKeHHe HA YKA3aHHOM SJIEMEHTe LemnH
NpH TOAKJ/IOYEHHH MNOCTOSIHHOH 3.4.c. e(f)=FE (tam, rae
HeobxonuMo, NOJOXKHTh U (0) = 0):

13.167. puc. 102. u; (f)=7? 13.168. puc. 103. u, (f)="?

13.169. puc. 104. up (f)=7? 13.170. puc. 105, uc (f)="?
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ITpu pacuere SJIEKTPHYECKHX Iiemefl, KOrja BO3JEHCTBME HA CXeM
npeAcTaBiser co6of ¢YHKUHIO NMPOH3BOJIBHOIO BHJA, NMOJIE3HO HCIOJb30-
Batb ‘HHTerpan Hioamens (cM. § 1, eBoficTBo 11 npeoGpazoBanua Jlanaaca).
CHayasna onpejensiercsi nepexofHas XapaKTePHCTHKA IeNH— 3aKOH H3Me:
HeHUs HaNpsKeHHS WIH TOKa IIPM MOjaye HAa BXOX CXeMbl eJMHHYHOIO
BosneicTeus e ({)=n(f). B atom cayuae, u3 cooTHowenusa (11) Haxoium

. pZ(p)’
HHe BCel IemnH.
Eciu Temepb Ha BXOX CXeMbl IOJAaeTc MPOM3BOJbLHOE e (f), To one-
paropHbilt Tok [ (p) HMeeT BHA:
U (p)
I (p)= =pli(p) U (p),
(» An I 1) U (p)

rre U (p) =e (¢). IIpumensia dpopmyay [loamens, OKOHUATeNbHO HAXOAUM:
¢

onepatopHelft Tok [ (p)= rae Z (p)—omepatopHoe CONpPOTHB.E-

tm:qmqm+gamqu—nm=
0

¢
=e(0) it (t)+§ ¢ (t—1) i (D dv=e (0) iy () +-¢' wiz. (14)

Mpumep 13. Hatttu Tok B RL-mema npu mnoaxniouenid 5.1.C.

f)=-eMt,
4 Crauana onpegensem nepexodﬂyro XapaKTEPHCTHKY e, B. AaHHOM
cydyae TOK iy ({), Bo3HHKAOWuA B RL-uemd npx OOAKJIOYEHHH 3.4.C.
e () =n(f). Nmeem (cM. otBer Kk sanaue 13.165)

R
.ldt):%(l —e L t)..

Ins onpenenenun Toka (f) BOCNONB3yeMCs cpopmy:rou (14). Moen-
napnre.rlbuo BLIUMCAMM BTOPOE CJlaraemoe;

e iy =S e't—v)if(¥)dr=
0
! L ! —t(u +£) ;
=_”‘_.Seu d—n(l—e L )d'c=-'—"—e-'~l" S(e—:‘u_e L T =
R
R J p ) /

" 1 R
—_ i o/ _.._e—l“ .{_ : =
R® < l )
+T 0

Tenepb OKOUYaATeNILIIO HAXOAUM

&, I3
i(t)=e<0>il<t)+e'*a=-7§<l—e T RE (euf—e L’)>.>

10 Tioa pen. A, B. Edumosa, B, I1, Jeungonuga 289



13.171. Haiitu Tok B RL-nenu npH BKJIOYEHHH CHHYCOM-
JanbHOM 3.1.C. e.(f)=E sin wf.
13.172, Haiitu Tox B RC-1enu, B KOTOPYIO NPH HyJEBHIX

-—t

HayaJbHBIX YCJOBHAX MNOAKJIOYeHa 9.1.¢, e(f)= Ele E‘R .
13.173. K 31€KTpHUeCKOMY KOMTYPy, H306paeHHOMy Ha

- R

puc. 101, nomkmouena s.a.c. Buga e({)=Ette 2L’

2
('2% —ﬁ—;) Ha#itn Tok B KOHTYpe (HauasbHHE yCJIOBHS

HYJIeBLIE).

§ 4. MuckpetHoe npeoGpa3oBanne Jlanaaca
H €ro npuMEHeHHe

1. Z-npeoGpa3oBanne M JQHCKpeTHOe npeoGpasoBaHue Jlannaca. Z-npe-
06pasosaruer YACIOBOH (AEHCTBHTENbHOM HAM KOMILIEKCHOM) GeckoHeuHoH
10C/IeIOBaTeNILHOCTH (@) HasbiBaeTcss (GYHKIMSA KOMIJEKCHONR nepeMeHHOH
Efgz), onpejeaseMas CaeAYIOIIHM o6pa3om:

F@=Y, 2, )
n=0

Ecnu mocsefioBaTenbHOCTh (@) YAOBJETBOPSET YCJIOBHIO |a,| < Mean
(M >0, a—nocTosHHKe); To GyRKuHa F(2) Oyaer aHaaHTHYeCKOM
B obmactu |z| > e®, T. e. BH¢ KpYra c LeHTPOM B HYJeBOH TOuKe H
pamaycoM R=e%, _ )
Qopmyaa (1) naer pasnoxenne F (2) B pan Jlopana B OKpetTHOCTH
GeCKOHEYHO yRaleHHOMH. TOUKH (sBJAslomeHlcs nNpaBusbHOH Touko# F (2)),
NO3TOMY JJIf BQCCTAaHOBJIEHHS MOCJeJOBaTelbHOCTH (a,) no ee Z-npeolpa-
30BaHuI0 Hafo F (2) MOGHIM cnoco6oM pasioxuthb B psif Jlopana B okpecr-
HOCTH GECKOHEUHO YJaJieHHOHl TOYKH; B YaCTHOETH, MOXHO BOCMOJIb30-
BaThest GopMyJoft ‘Al onpelesnenHs KodpdHI HEHTOB 3TOTO Pa3yIOXeHUs
(cm. dopmyay (2) § 5 ra. 12) :

1
'a,,=mSF(z) 2n-ldz @
¢

(C—xom‘¥ , BHYTPH KOTOpOro Jexar Bce ocofbie TOYKH QYHK-
nnn F (2) 1). .

Hpulmep 1. BoccTanoBuThb (a,) o e€e Z-npeoGpadopannio F (z) =
T e—aE—0n’

L

) dopmyna (2) ABanercn axTHueCKH Qopmyaofi obpamenus Z-npe-
obpagopannus.
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. 1 1 1 1 _ 1 1
« Vveenm: = (z—b)—a—b( z—a 2z—b )—(a—b)2<1_1
2

an—1_ pn—1
a—b

b | a—b 2n+1
[—— " n=0
F3
nmpu n=>=1, g,=0. p .
BBesem BMecTo Ioc/IeloBaTeIbHOCTH (a,) pemerdaryio dyskuuio f (n),
nosaras a,={f (n). [No-npexuemy f (n) ynoBnersopstet ycaosuo | f (n) | <
< Me%", u npumem jgonojHHTeNBHO, uTO f(n)=0 nmpu n < 0; Takue pe-
weryatole GyHKUMM GyJeM HasblBaThb Ouckpemuuismu opuzunasomu. Juck-
pemnoe npeobpasosanue Jlanaaca GyHKUMH f(n) Mbl NMONYYHM, eciH B
Z-npeo6pa3oBaHHH MOJNOXHM 2 =e¥:

o
n__ jn
— L > ! Z b . Takum oGpasom, a,=

F*(g)= Zof(n) e=nd, )

CBA3b MEXKAY OHUCKPETHHIM OPHTHHANOM f (n) u ero usobpaxeruem F* (¢)
oGosnayaloT cumBosioM f (n) — F*(q) (uHoraa mmwmyt F*(g)=D {f (n)].
Usobpaxenue F* (q) —dyHKUHA KOMIUIEKCHON MepemMeHHOd ¢ MepHOIOM
2, npu 5TOM B OCHOBHOH mosoce —7t < Im ¢<C 7 oHa aHaMMTHYHA NpH
Re g > a. Takum ob6pa3oM, Bce ee ocofble TOUKH JieXaT B 3TOi MoJjoce
cneBa oT mpsaMoit Reg=a.

N3 dopmyanl (3) BuTekaeT cielylouas ¢opmyaa obGpaileHHs RUCK-
petHoro mpeoGpasosanus Jlamnaca:

v+

: 1
fy=g S F* (q) en? dg. “
y=sl
Mpumep 2. f(n)=a", naiitu F*(q).
> 1 et
o Vimeem F‘(q)=2 ate—nd= =0 =22 } a notomy a"*—
n=0
. el 1 _ . e
=g IMonaras a=1, noayuum 172=m(n)- - =T >

CeoiicTBa IHCKpeTHOro npeo6pa3oBaHua Jlanaaca (BCIORY HuIKe fpex-
nonaraerca f,(n) —F ; 4):
JiunHeHHOCTSH.
r R r .
X Cif ()= C4F] (a)
j=l1 j=1
2, Dopmysa cMeUEeHHSR.
exnf (n) — F* (¢—a).

3. PopMyan 3ama3fBiBAaHHUA H OMEpEeIeHHUH.

a) [ (n—F) = e=kaF* (g),
vieo kfl

6) [ (nt-k) — eka (F' @— X Fn e-W).
r=0
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4. AuodbepennupoBanne No napaMeTpy.
af (n, x) _.OF*(q, x)
Ecau f(n, x) =% F* (g, 1), To —5- ox

6. IndpdepennunpoBanue H nnTerpnponanue H306-
paMeHus.

; . d® !
a) n¥f (n) = (—1)F E};F* (9)
o
o lin'fl.—-S(F* )—F ©O)ds (n=1).
q
6. Mao6paXxeHne KOHEUYHbB X pa3dHoCTell opHruHala.
- k-1 -
ARf (n) = (€9 — 1)k F* () —ed D) (e7—1)*=T=2 AT} (0).
r=9
7. Mso6paxenne KOHEUHHX CYMM OpPHTHHaJa;
= F @
Ecau g(n)__zof(k), T0 g(n)— -

8. Ymuoxenne nso6paxennii. Ecan

fi(n)*f (n)= ZO h@) f (n—7)
r=

(3T0—TaK HasmBaeMas «CBepPTKa» OPHIHHAJOB), TO

fi (1) # f5 (n) = Fj (g)- F3 (g).

TlpupefieM Ta6auny HW306pajXeHHH OCHOBHLIX PEIETYATHIR
dynxnnii:

Ne f® F*@)
C, n=0,
! 1o={ o v as c
1, n>=0, ed
2 'q(n)—{ 0, <0 el—1
3 ar -—eq—.
el—a
. ed
4 ean o —ea
ed
b n =i
. ed (e9} 1)
6 n @—I3
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N f(n)’ Fe (@
ity _
I e e =
8 n®™ _ nn—1).. o (o ) P -
B 5 ET =T

9 sin fn: ezq_ezi:?og B
1o cos B T e b
1 sh Bn ezq_e;ejhcs EF1
12 ¢h B T q_(;;_c;hﬁﬂjr 0
13 %ﬂ a=Cha" _(eqik%

Mpumep 3. Haiitu usoGpaxenue dynkuuu f(n)=e>*"sinfn.
«f TpuvensieM TeopeMy CMeuieHus (CBOWCTBO 2) M, MCIOMb3Ys dopMysiy
9 TabaALbl H300paxeHui, HaxoAuMm extsinfn—F (g—a)=
ed-= sin f _ ed+asin B
TR U _J0-d o5 P11 e29—2ed+% Cos P 4-ed%

.B. yacrHocty,

aelsin 8 .
e21—2get cos f-a? ~

a" sin fn=en In asin fn —.

>

Haittn n3o0pa)keHusl CIEAYIOUIUX DEeLIeTYATBIX (GYHKUHI:
13.174. f(n)=¢*"cosfn. 13.175. f(n)=a"cospn.
13.176. f(n)=n%**". 13.177. [ (n)=na".

(n_l)[kl .
13.178%, f,(rﬂ)=-T—=C,1_1,

(k] .
13.179%. f (n)=(-'%- =C*, .. 13.180%*, f(n)= Smnﬂn .

Mpumep 4. Haittu peweryaryro dyuxuuio f(n) no ee usobpame-

ry =
Huio F*(q)= @97
« Tlepsurit cnoce6. Pasnoxum Ha mpocTeftmue ApoGu PpyHKUUIO

i ) S S
el T (49!
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nosoxus ed=2z2:
1 1 1
(z—z—s—w=§6(fz——s—>2‘+<z+3)2) 108( —T)
Taxum obpasom,
e _ 1 3ed + 3ed ed + ed
(e27—9)? —m( (e7T—3)7 T (ed13)?  e4—3 eq+8>'
Ho no c¢opmynam 3 n 13’ Tabanisl nsoﬁpameﬂnﬁ nMeeMt
ed

ed—3 =3, eq+3 (—3) 1
'@7:33(]_3-)? — n3n, -(6"13:—‘]3)2.— —n (—3)".
Otciofia nocse 3JeMeNTapHHIX NpPeo6pasoBaRMl HAaXOIAWM:
ed 37— 3(n—1)(1—(—1)")
(e29— 9)2 4
Bropoit cnoco6. Ilepexoanm K Z-npeoGpasoBanHio (mojaras ed=2)

ed .
@9~ @—97 Hcnonbays ¢opmyny obpauienus (2) u npume-

HAsl TeOpeMmMy © BHIYETAX, NOJYYaeM

i(")=7;,7S—(2—,£-%—qzn-1dz=
‘C
_Bbll[ —p ) ]-I—Bbm [( ) ; _3].
Ho )
d
dz

o | i 8] = o,

((zf:s)’) =i, ((ZZ-: 3;2 <ziz;);)“
_(a=1).31-2

4
Auanoruyto

BBIY [(’ 5 H —3] =—(—I)"

CyMMHDYfl 5TH BbIYETHl, MPHXOJUM K NPEXHEMy pe3yJbTaty. pw

(n—1)3n-3
—_—

Haiitu peleryartble ¢yHKUHH 1O HX H306par<eHHsM
) . ed
13.181. F* (Q):-‘m . 13.182, F* ((]) =

2q
13.183%. F* (0) = s -

ry
e*e41°

fOpumep 5. Haiitn cymmy S,== ) cos 4B.
=0

«¢ Mcnoabayem cBoiicTBo 7 JHCKpeTHOro npeobpasopanusa Jlaniaca:

(] a ( 71— ﬁ Y
I e"le—;ell cggsﬂ-)[-l':F @
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HO3TOMY
F*(9) __ el(e1—cosB)
ed—1 = (e9—1)(e29—2ecos B4-1) °
Pasnaras Ha npocrefiline MHOXHTENH ApoGb
(e7—cos B)/(e?—1) (e24—2¢7 cos B4-1)
# 106aBass MHOXHTeNb ed, HaxoAuM
eq (e1—cos f) 1 ( ed e? (e7—2 cos B—t))

Sy =

@T—1) (*1—2e9cos p+1) 2 \e9—1 €24—2edcos B| 1

el
Ho e
el(e?—2cosBp—1)  eT(e?—cosP)  el(l4fcosf) .
20 —2eTcos P41 e2d—2Tcos P41 e2d—2edcos 41 °

% sin fin.

— 1 (n) (bopmyna 2 Tabnuun H3oGpaeHuit). CiefoBaTeas o,

—cos Bn —

Takum 06pasom,
S, = .21_ ("] (n) —cos Bn-{-ctg—%— sin Bn) =

sln—%——]—sin2n2_lﬁ sin %Ecosn;lﬁ
25111'-5- Sm?

Haiitu cnepyiomue cymmbl
-1 .
H

n=1 .tr] n-1 n I
13.184. 2 ”:—,=Z C.. 13.185. Z 2% sinkf
k=r k=r k=0
i

13.186*. 2-]1 K (n—Fk)".
k=

Mpumep 6. Haltty cymmy crenesHoro paaa

so=Y, (cos -n{l-{-sln ’fT") LSRR v WYL BTSN Vs y N NI
in=0
« Haunsd pag cxoautcs UpH || < |, Tak Kak fim VI a,| =1. 3a-

n-=>®»
meHsasi ! Ha e~9, NpPUXOAUM K JHCKPETHOMY H300paxeHHO GyHKUHA

nw nrw
f (n)=cos T-{—sin =

[ ]
F*(g)= Z (coé.%’z-{—sin nTn) e=hd,
n=0
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Ho

e et—cos e7 sin —
nw 4 . hm o, 4
C0S —— — : n s SN —— — -
€21 —2e%'cos T+ 1 €29—2¢9 cos —4——|- 1
(cM. dopmyan. 9 u 10 Tabanun uzo6paxenni). Hostomy:
fHr)=
o ed (ea._ V2 )+ea V2 o2
cos vy sin — — = — .
=cos -+ 4 2} 2elf1 P12 el t1
‘Orciona, BOSBPalasCh K apryMeHTy f, HaXOMMM
-2 1
S (ty=— = >

(=3 V2141 11—tV 22

Haittu cymMBl CJefylOlMX CTEeNeHHbIX pPSA0B)

13.187. 2 sm—t"

n=0
. [ AP
13.188. 2 (COS o —sin 2 ) 1o
n="~0
2. Pemerne paanocThHuiXx ypaBnennfi. ITycTb nano ypasnenﬁ«?}
agx (n+R)+fawx (n4+k—1)4...-Fapx (n)=@ (n) (5)
“(@gs @iy + s+, Op—TIOCTOSIHHBIE) C S8JAHHBIMA (WIH Tt OHSBOJIbe]MH) Ha-
yanbibiMu yesoBuaMHE: x(0)=xp, X (1)=¥;, ..., ¥ (k—1)=xp_y. [pa--

Bafi YacTb. ypapHenus (6)— peweruaras ¢yHKuus ¢ (n) — npeanonaraercs
OPHIBHAJIOM.

Monaras x(n)= X* () u. npumedsist (popMysy onepemesns (CBoit-
¢1B0 3, 6)), COCTaBJIsieM ONEpaTOpHOe ypaBHeHHE (oHo JHeliHO OTHOCH-
TenbHO X* (g)) u onpenensem u3 Hero X*(g). 3aTeM oAHHM u3 cnoco-
60B, M3NOXEHHbIX B II. 1; 0 H306p aXkeHHIO Haliem uCKOMoe pelieHne x (n).

Ecan ucxonnoe ypasHenHe GbJIO 3a1aHO He yepe3 NMocjie/ioBaTesbHble
BHAYEHHA HeH3BEeCTHON QYHKIIHH, a 4épe3 ‘ee KOHeuHLie PpasHOCTH, T. €.
AMEET BH]L

bARx () b1AR=1x (n)+- . .. - by (n) =@ (n), ©)
TO BCJEACTBHE T'POMO3IKOCTH GOPMYJ IJsl OTHICKaHMsT H300paxenni Ko-
HeyHL)X, pasHocTell pewertuaThix QyBxunit (n. 1, cpolictso 6) ero c.neuyer
NpeABapHTENIbHO Tpeo6pasoBaTh K BHAY (5) MPH NOMOULH H3BECTHBIX

MYJI, CBA3LIBAIOILNX KOHEYHLIE Pa3HOCTH QJyllKl.lHH C ee nocnenona're.nb-
HLIMA SHAYE€HHSIMH,

ATx (n)=
=x(+n)=Crxintr—1)+Cix(ntr—2+ ...+ (=1)x(n). ()

Ananornuno pemalo‘lta M CHCTEMH Pa3HOCTHLIX ypanﬂemm

lé]pmaep? Pewnth ypaBHeHne X, 95— X,4+i+X,=0, x =1,
xi=
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« Monaraem x, — X*(q). Hcﬁopmyne ONEpeKEHHsT HaXOANM]
Xnp1— €3 (X* (q)— xo) =7 (X* (9)—1) =e9X* (g) —e,
Xpio 620 (X* (g)—xg— xie~9) =€ (X*(g)—1—2e-9) =

=3 X* () —e2d0 —2¢9.
BHocst 5TH BHIpaXeHHSl' B HCXOJIHO€ ypaBReHHe, NPHXOAMM K omepaTop-
HOMY YpaBHEHHIO )

(€M —ed+1) X* (q) =€ ea.

Takum o6pasom,

oy B ‘J—l-e"
XO=m—ay1"
Tax Hak cos% —,‘12- , sin %: V;S , T0 X* () 3anyiem B cieAyIOmleM
BUAE:
e‘l(e‘l——%>+—e‘1 e‘1<e‘l—cos l)—l—l/fi—eqsin%
X* (q)= = ~ .

920_2941._2_.]_1 €24 2eq cos—-]—]

Orciona no dopmynam 10 n 11 Tabaune H306paxennii n. 1 HaxoAuM

-cos-——-—]—VS mﬂ—2 n2n e p

n—1
3ameuanne. 3anucars oTBeT B dopme x, =2 cos ¥ HeJInsH,

3
TAK KAK B STQM CJyyae NOJayYuM x=03%#1 (no .ycmoenio paBeHcTBa
Jiymo pemeryatoll GyHKUMM OT OTPUNATENLHOFO aprymenta).
Mpumep 8. Pemnutb ypaBHeBHE x,49—4x,,1-+4x,=3" npu
NPOM3BONBHBIX HaYaJbHLIX YCJOBMAX Xg, Xj.

«f Nonaraa x, —X*(¢) n HCNONL3IYA TNPHBEEHHBIE NPH PEIENAH npu-
Mmepa | usobpamenns

¥n+i€IX® (§)—x0e9, Xy 21X? (q) —x4e2T—xy09,

NPUXOAHM K ONEPAaTOPHOMY yPaBHEHHIO

q
(20— 4T 4) X* (9) — 56— (11— 4x;) el = —
. Y/
NoeKoAbKY no ¢opmyne 3 Tabanum m. ) eqe_ 3) . Orciopa na-
xomm‘
e
X (‘l) - (eq )2 + (xl 4)‘0) (eq 2)2+(e‘1 3) (eq _2)2 .

1
(e4—3) (1 —2)?

Paanarag npo6b Ha npocreilne, nNMeeM

€34 , el e
X () =x, m-i'(xi—‘uo— Na—p—a—Ta—s
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ed . ed
ed—3° 3n' ed—2 2,
2ed . 2024
w‘_n.gn, T = (n4-1) 2n+3

(nocsiesiee COOTHOIUEHHE CJefyeT M3 NpelblAyliero no Gopmyne onepeie-
Hus). Ilepexoas ot X*(g) K opHrHHany, HaXoQum:

”‘H 2n+1+5¢n.2n_2n+3n=

=X,
_"_22"0__1 127 (x,— 1) 21437 = (Cy4- Can) 27 4-37. P
[Ipumep 9. Pewnrs cHcTEeMy Pa3HOCTHBIX YpaBHeH#dl
Xn+e—Yn=0,
Yni2tx,=0

MPH_HauaibHBIX YCMOBHAX Xy=yYo =1, x;= V 2, yi=0.
« Ionaraem x, — X*(q), Yy, — Y‘ (q) u mo cbopmy.ne onepeeHus UMeeM:

Knva 2 (X* (q) —xy—x1e~0) =€2X* (g) —e2— V" 27,
Ynra ™ (V¥ (q)—Yp—y1e~=9) =e¥* (q) —e®d.
[Tony4yaem cucTeMy OmepaTOpHBIX ypaBHeHHH
eMX* (9)—Y* (q) =€ 4V 29,
€2Y* (g)+ X* (g) =€

Tar kak e84 1=(e20 4V 2694 1) (29— Zel4-1), 10 pewenue stok
CHCTeMs! 3alHIIETCH B BHAE

Xe A Y 2639 027 e
(q)= aq 1 = 2 —= ’
et 21—y 2ed4-{
yo () EI—e =Y 2et_ eM—Y et
@O=—7Fg7 =2 = .
4 ey 2ed41

Tpumenas dopMyay onepeeHud, HMeeM:

Eid
ed.esin —
e2q —_ 4

—_—— =V 2
et — Y 2ed 41 24 904 cos
e 2ed cos 4-{-1

=V Zsin(n+41) %,

n E ]
ed (e‘l—cos —) —ef sin—

et—V 2ea 4 4 _.
M —Y 2elt1 21— 2ed cos —+l
—cos—;—t-—sln—_}/- 2cos —L 21— (n+1) r.
CriefioBaTeIbHO.

%, =V 2sin (fil‘[.)_“' yn=}/'_2cesw. »



Pemnts crenayroomue Janpefinbie pasHOCTHBIE YpaBHEHUS

13.189, x,,3—3x,,,—10x,=0; x,=3, x, = —1.

13.190. x,, 5+ %, +x,=0; x,=1, %, =—1. _

S a . 1 3

13.191. x,,+§——l/3 Xpe1-F X%, =0; Xg="5, x1~=—‘£2—.

13.192, x,,,—3x,,;+ 2x,=0; HauanbpHBIE YCJOBHA MPO~
M3BOJIbHBIE.

13.193. x5 —3x,15+ 3%, ., — X, =2" x,=x; =0, x,=1.

13.194. x,,,—5x,, ;- 6&,=2-4", HauanbHLIE YCJIOBHS
NPOU3BOJIbHLIE.

Peminth cucTeMBl JMIeHHBIX Pa3HOCTHHIX YpaBHEHMI:
13.195,

Xpri—X,+Yy,=3",
+1yn+1+_'_2%n=_3"; x°=3’ =0,
13.196.
5x,..—12x,—y,=0,
5yn+1_6xn—13yn=0;

HayaJAbHbi€ YCJOBUA NMPOR3BOJBHEIC.



OTBETDBI

TJIABA 8

8.2. 3 8.3. % . 84. 21 14 g5 4(n+4) 86%u 8.7, y=1,
'-x+3 x—-l, x——2 8.8. y= x2 y=2—x2 x=41. 8.9. x+y=2,

I-V-i—y;y 0, y=2. 8.10. y=V% y=V I3 —#, x=0, x=1.
m.§ =§ 1o pdy={ay (f(x ppar. 812, (d Sf(x. Yy -+
2 . 2 2

2 i

8 4 4 y+3
+{a Sf(x. y)dy+§dx § tos dy=(dy § 10t
e Vi Loy 2
eis. (av § repay={a S Fx,9) de+
-a  «f/a 0 -Vay
a¥V'e V3at—yt a Vax
& S “dy S f (%, y)dx. 8.14, de S f (x, §) diy 4
a —Voat— 2 0 0
2a V2ax—xt a a+Var—gs a Vaax—xt
+de S f(x,y)dy:.-s dy S f (x, g)dx. s.|5.de g f(x, ) dy+
a 0 ' 0 y*/a 0 Var—no

2a  V2ax~xt (a-Var=4y,2)/2

/
+§a § tepa=§a  §  fwoodt
0

a 0 a-Vat—
a/2 a+Var—y? a+Var—yt
+ g dy S fx, y)dx—{—g dy S f(x y)dr. 8.16. Tio
0 (aeVE-T)e a2 G Vag _
mepeMel ol x; 0GIACTh MITErPUPOBAKUS OrpaHuuena JuiuaMH y=—V ,
1 2+V7T—-6y—y?
y=x3, x=1, x=2 8.17. S dy S f(x, y)dx.
ST ViTep
0 Vx+l Viex
8. fax § feogdyt S S (5 9) dy.
=L vyt -Vi-x
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2 2-Vi—g 2 V16—y2
o (ay S fepas+§ay 0 Fonpart
0 0 2+Va—y2
4 V1ie-—y? 1 3Vx
+{ar § fopar 8.20. far § ronpa
2 0 0 x
83 Vaiyy a a-Vai—y?
821, \ dy S T (x, y) dx. 8.22, de S F(x y) dx -+
0 2y—~2 0 0 .
2a V2ay-y? 0 +1
+§a (e 823. (ax ( fepa+
a 0 - -1 —Vx+1
1 =Vax T Vxii 3 10-y
+§ar § renarfa { repasafa § reyan
0 _¥xz1 0 v ! 9y
8.26. %—a‘. 8:27. 112/9. 8.28. 1/4. 8.29. 1/3. 8.30. 9/20, 8.31. 68/15.
8.32. n2/128. 8.33. %as. 8.34. e. 8.35. -—l—a’bz Sszydde——
a F (%) 0 bsin ¢
= Sx’dx S ydy = S a’cos® { (—asin ) dt S y dy, TRe :mocaeanni
0 0 2 0

BHTErPajl TONYYaeTCs W3  TNpeNLIAYIlero NyTeM 3aMeHBl X=a cos !,

8.36, 3n%q3. 8.37. -13—5(13 8.38. 1/4. ® Cpennnm: 3pauenneM GyHKUNH

f (x, y) B o6nacth G Ha3HIBAETCA YHCIO f¢p=—;-SS’f(x, y)dxdy, .rze
G

S—naowags obsaetn G. 8.39. 1,63 < / < 2. ® Ilo Teopeme o6 ouenxe

JABolinoro MuTerpasa mS <SSf(x, y)dxdy < MS, rae m— BanMeHblwce,

M — nauGoabiee anancnns PpyHKuHN B 06nacte G, S— naemans o6aacty G,

ni/e aV 3sing A2  acosg
8.40. 5/3. 8.1 S dg S f(r) rdr+ S do S F(r)radr.
0 0 /6 0
sin g
§1/2 2asin @ /4 cost @
8.42. S dyg S f(r cos @, rsin @) r-dr. 8.43. S dep S f(r coso,
/4 acos @ 0 0
sin? @
1 R sin @
3n/4 sing 13 coszQ
rsing)r dr S de S F(r cos @, rsing)rdrt S dg S f(rcosg,
n/4 0 3R/ 4 0
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n/6 6 cos 2 3V cos2¢
rsin@)rdr. 8.44. S dqp g f(r')rdr S do S f(r®)rdr.
° 2 ° 128 e ° 45
. 2 4 128 nad 45
8.45. -—-(e“-—l) 8.486. 9 ad. 8.47. 3 . 8.48. < 8.49. 6411‘,(1
8.50. —(3n 2. 851 2V 2 4 850, iSdqu(“("—”) “")udu
15 a a
b q 3 6-u
8.53. -%—Sdugf(a/uﬁv i‘/uv’)dv 8.54, Sdu S (u+
a p 1 -u
qg b —
“;")du. 8.55. % S du Sf ( ]/% Vu_v)‘.’vﬂ .8.56. 2mab (c — Y cE—1).
p a
5 64
85T, (e—1)/2. 8.38. o (a=¥5—b-¥5) (B —phr). 859 at.

8.60. —;— (15—161n 2). 8.61. a2 (n—1). 8.62. % (b2—a?)(n-2). @ [epefitu

K MOJIAPHBIM KOOpAHHaTaM. 8.63. -‘11— a2 (8—rm). 8.64. (m—1) a?, ® IlepeiiTu K
NOAAPHEIM KOOpAuHaTaM. 8.65. a2/210. ® CrenaTe 3aMeHy IepeMeHHBIX:

x=rcos? @, y=rsin?@ (0<(p<%> 8.66. 2c’b ‘e Ilepeiitu K«

0606iUIeHHBIM NMOJSAPHBIM KOOpAHHAaTaM. 8.67. —(bﬁl4—a5/‘)(n3’4-—m'/4).

@ =P —aY
® Chenatb 3ameHy HepeMeHHbix: yP=ux, y=vx. 8.69. 4_ at.

8.70. 8Y 2a2. 8.71. 2V 2np2. 8.72. %ﬁ’az 8.73. g V 2a2. 8.74. 1642,
8.75. dna® (2— V' 3).  8.76. %(27—51/—5). 8.77.  2u%(n—2).
8.78. na® (VY 2+In(1+V2). 8.79. n/6. 8.80. 3V Znat
8.81. 2at(n+4—4y) 2). 8.82. 16 252, 8.8s. —;-as(z»—}fi). ® Hrrer-

® Caenartb 3aMeHy NepeMeHHBIX: y2 =ux, vy? =

3
pupoBaTh B  miaockocTH  Oyz. 8.84. 16/15. 8.85. a%2.
8.86. -§—na3(3—1f_2). 8.87. nabc‘(l—ei). 8.88. %:‘na" (2—v).
2

8.89. —3—nabc {2—¥ 2. 8.90. %ln 3. ® CpenaTb 3aMeHy mepeMellHbIX
d.—_xy, y2=uvx. 891. 9/8. ® Cpenars 3aMeNy MEpeMEHHBIX U = Ky,
v=y/x. 8.92. l:ruSRz. 8.93. M, =i a®, M, =inaa 8.94. ;:%a,

3 8
a a b 141a
_ . - B . —_—._.1281
y—m. 8.98. 1,;—1/12, ly-—7/l2. 8.99. x-—y-m.



21 49 35 abd 3
8.100, [ =75mat, Iy =zmat, Ip = Prat. 8.101. 1x=nT' ly_—_"‘; ,

b 26 61 -
10:—:.-“—-‘41— (02+b2). 8.102. a) ’1'0—504; 6) 105 at. ® ]x=_a=55 (x+a)? dx dy.
G

ka® 3 7

8.103. ],,=—5, 1y=2—0ka5, 10=% ka5, rme k—xosddunuent
nponopunoHanbHoctH.  £.104.  mat/8.  8.105. ]x=m—_lsémaﬂ
2a -} sin 2a 1
1y=_+—16—— at. 8.106. 5y (f=1) (Rz—R1). ® Q=y(ta—1) X
4ah?
X | xy | dx dy. 8.107. - ® E=SS (2x+y) dx dy.
6 6
12-2x 12=2x=3y
6 3 %
8.108. {ax ( aw ( rw s 2e
) 0 0
“ —Var=x2 c"/l-x—:- ‘Z:
g0 (ax  ( w { f v, 2)de
- b —_—
a __Vag_xl _c-/l_i;_-z:
2 2V™T V(@Ex=p92
8.110. S dx S dy S fx, u 2)da.
0 —2Vx  =VEx=p2
1 Vi-x* 1

st (o ( a § fe v 2
-1 VDR Verg
§.112, 1/6. 8.113. 81/4. 8.114. a%/12, 8.115. a*/8. 8.116. 1/96.
mat 19

. 4 3 4
&117. 4/15. 8.118. —za%h. 8.119. ——. 8.120. . 8121 a¥/10.

8.122. 115 nah. 8.123. %Gn. 8.124. nat stn’%'—. 8.125. 1/105. 8.126. Grig®.
‘3

nR3 5 nat 8 i/s
8.127. T2—(2_V2). 8.128. 7. 8.129. o aR7?. 8.130. 3
3 /32v . .
8.131. et ® [lepefiTH X UHUAHBADHYECKHM KOOpPJMREaTaM.
8.132. a%/45. @ Fepeiitu K cdepnueckuM KoopiauHaram. 8.133. n2abc/4.

® [lepeiith K 06oGuICHHBIM cdepHyeCKHM KoopIHHataM ne dop-
mysam: x==arcos@cos B, y=brsingcos®, z=ersin6. Ilpu stom

I =abcr?cos® (r;_»O, 0<op< 2m, —%<0<%) . 8.134, !‘—?-na".
® TJlepefiTh K UIHAMHJPWUECKHM. KoopauHataM. 8.135. ma%3. @

Iepelith K edepnuecknM KoopjnnaraM. 8,136, M =% Tyea3, ch:;%‘\’o-
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1
8.137. M=% nyo R2H, 'ch':'%’h 8.138. M=—-sWoa, Yep=T5"™o-
9
a0 Vo 8
8.141. M:%H2Y0R3, Yep {36“?“ 8.142, (0, ia, ih).

8.139. M=§§lﬂ?oa3» Yep= 8.140. M —-"‘VOR H, ?cp—lss""‘

5% 1
3. 2 2 3
8.143. (0,—-7—b,7h). 8.144. (0, 0, —3-17') 8.]45.(0, 0, 51 )

2 2
8.146. (o, 0, %R). 8.147. O-yabh (-“—-;--”—). 8.148. - myHRL,

4 s _2mya®h | 1/
8.149. T;nyoR.S.ISO Vo ( -+ ——l).‘Hbromo

Hosotm nomenyuasom tena T B Touke My (%o, Yo, 2y) Ha3biBaeTcs HHTErpai

U =S\SS-\;(;, Y, z)dxd—fdz’, rae y(x, y, 2)—MNJIOTHOCTb Tea,
T

=V G T U TGz Hueew U—y ([
T

-—V _dxdydz . TMepefifteM K UMAHHADHYECKHM KOOPAUHATAM:
Veipta

PRy
L Vii—z#
5 A
rdrdedz rdr 2nyath
U= 4 =2y \ dg \ 4 =
VSSS Yy rryzt S ‘PS z J Vrrda? Yoi—at
2nykH —
:»'(ln( +]/——1). ps.lsl.V;;f—_i_éi(VH?-kRz—H),me

k—nocTosiHHAst 3aKOHAa THArOTEHHA. ‘ anHle BepurMHy KOHYyCa 3a
HA4ano KoopnuHat, a ero ocb—3a OCb 0z, NMOJIYYHM ypaBHeHHe KOHycCa

2y 2R
B BHlle x4 y2= £ & BesienctBie cuMMETpUH pe3yJbTHPYIOLAN CUAA
npuTsiKeHHst GyNeT HanpaBieHa BIOAb ocH Oz W BHIPA3HTCH WHTETPAnoM

Ff,'r:kySS‘S zdxdydz kySSS (x.zdxdydz . [lepefizeM Kk LH-
'-,’.

P yt425*?
R H
JHHADHYCCKHM  KOOpAHHATAM: ,=kyS de Srd/ S _zdz
N L
—_r
R
_ 2mykH : 8 R |
_m(]fﬁz_{_m_ﬂ). » 8.152. -l—svha . 8.153. merR‘.

8.154. 1/4. 8.155. m/2. 8.156. 4m. 8.157. 1. 8.158. Pacxoautcs.

8.159. Cxopurcs npu @ > 1. 8.160. 4. 8.161. % n. 8.162. n/2. 8.163. Cxo-

antes npu oa<l. ® Hsonuposare npamyio y=x y3KOH NONOCKOH M
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1 X—8
_dxdy . dy
TIONIOKHTD SS G—y)e —ali’mo\gdx OS =g’ 8.164. Cxoaurcs npu

o < 3/2.
8.165. 15/4. 8.166. 3/7. 8.167. f(x,). 8.168. %ln(l—}-yz).

8.160. Ztlsinyq +y)—

l 3 . 2
sin —1). 8179, 2ye™ Y —e~Y —
vty = yy—1 Y e

yt 14
- S eV dy. 8.171. S (x (x—y) cos xy —sin xy) dx. 8.172. x (2—34?) X
v, 0

’ , 1
Xf("y)-f-yzf (f)-l—xzy(l—y?)f (x9). 8.14. E'=—r (E—F),
F! m ik ® TIlpn Boiuucaennn F'  nokasate,  uTo
/s ll /2 .
S (1—k2 sma(P)-a/z dp = T S (1—k2 smaq,)l/z dp, Rast uero uc-
b 0

. - 1
monb30BaTh  caefyiowiee  Tomaectso: (1 —k2sind @)~/ = 7 X

X (L —#&? sin® ) -

k2 sin? @)~ 173),
8.175. ar"ctg% . 8.l76.—; In2. 8.178. F(y) cxoIuTCS HePABHOMEpHO Ha

[%1, Y2], ecnu 3TOT HHTEr paJl CXOJUTCA MPH MP6OM & € [¢1, Ya), HO cywecTByer

e > 0 rakoe, yto ana moboro B > a wafigetcs y=y (B) € [y1, Y], &an
+®

{ re par
B

Intca uepaBHoMepHo. 8.181. Cxonurcsi pasHOMepHo. 8.182.. Cxomutcs
pasHomepHo. 8.183. Cxonurcs HepasiomepHo. 8.184. CxoauTtes paBHOMepHO.
8.185. Cxomurca  nepaBHomepHo. 8.186. Cxoaurcs  paBHOMEpHO.

KOTOPOTO =e. 8.179. Cxonurcst pasHomepro. 8.180. Cxo-

8.188. E—ln B g8 arotgﬁ—arotg—. 8.190. aratg %—

8.191. In(14a). 8.192. —é— ]/% e—TV_: ® [lponuddepenuuponars

8
aa T2y

8.103. = In (a4 V TFak). 8104, n(yY T—a?—1).

—o?
8.195. nlnilg—l—i .

MHTErPa/ MO Napamerpy Y ‘M PellHTh ypaBHeHHe —= F.

303



I'JIABA 9

9.4. y(Injl—x2]4+1)=1. 9.5. y(l4+x)=1. 9.6, y=2—3cosx.

9.7.f (x, y) = O,—<O max,a—->0 min. 9.8. a—-—l—f(x,y)df i

a) y+x3—|-3x2—0 6) y_ln(x—}—]/x2+4)—ln" 9.9. x’—i—y—xy:

9.10. xy'+y=0. 9.11. y =ythux 9.12.  2xyy' =x*-+y2.
r__ ! _ e~ 2,

9.13. yy' =x. 914, xy'42y=0. 9.15. y R 9.22. y

—x2=C. 9.23. y*+x*—3x=0C. 9.24. y2-Lx2=C. 9.25. y=Cx2
9.26. y=C(x+}+1)e=~*. 9.27. arctgy—arcsinx=C; x= £ I.
9.28. eX+e-v=C. 9.29. ysiny 4 cosy-—xcos x-|sinx=C.

9.30. arcfg!/‘l";- In(14-x2)=C. 9.31. y=CeV1-%*; x=4 1. 9.32. y=

=CV TFe**. 9.33. (1+eX)2tgy=C. 9.34. ef— L2y In| 14y |—

2
y—1? 9\ ,—arcsin x -
—Fo——=C, y=—1. 035 y=C(I+x)e .9.36. Vy 4

+x(—Inx=C, y=0. '9.37. tgiii’—x=c, x4y=@kt+D)n

ke z. 9.38. 4x+2y41==Ce?. 9.39. ?larcfg Ax+y-1)—x=C.

9.40, <2x+C)(tg7(y_x—1)—1)=1, y—x—1=3 4%, k€ 2.

g —
9.41. 4y—6x—7=Ce=2%.9.42,31n ;’/;”___—ﬁ__il—f—?1=3{‘/4x_y+l+

|/4x-—y+1—2
+ x+C, 4x—y-+9=0, 4x—y—7=0. 9.43. x2—y2=1,
.44, %(x’—i—y“)—}—lnl%l:l. 9.45. y=sinx. 9.46. y=
=—+xV 2In|x|+C.- 9.47. y=2x(arclg Cx+4nk), y=(2k41)nx,

k€ Z.9.48. x> —2xy—y?=C. 9.49. arcslni———l—- l/x‘—y’——ln[xl*c,

y=+ x. 9.50. x¢¥/*=C, x=0. 9.51. ey/x-;cy, y=0.9.52. e—¢~¥/* =Cy.
9.63. ln-y—’—2arotg (In}x|4C), y=x**" k€ 7. 9.54. y—xarcsinCx,

y= knx,ke Z \{0}. 9.55. y=xsin(ln|x|4+C), y=+ x. 9.56. y=
=C(P—), y=%x 951. P=x+Cr @ +4x"), y=— /4 y.

9.68. x?—xyt+y*+x—y=C. 9.59. xty—1=C(y--2)? y=—2
9.60. x+2y+3lnlx—]—y—2|=C, x+y=2. 9.61. y+42=
—arctg?ﬁ
x=-3 ) y+x . C
= Ce 9.62. sin? H _C( -1). 9.63. l"x_,}_3 =T

9.64. y=wxel-%. 9.65. Injy|-}-2V x/y=2. 9.66. y:%(x’-—l).

3 .
9.67.y=e""’((3+%). 9.68. y=x2-}-Cx® 9.69. y:==sinx-}C cos x.
9.70, y=(x-}C) (1+x%. 9.71. y:Ce‘“—}—%e’”. 9.72. y=xInx -}
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+%. 9.73. g=(x+|)2(ex+C) 9.74. x=Cy+%y3. y=0. © 3a-
x—I—y

nucatbh ypaBHEHHE B BHAE y OHO JIMHERHO OTHOCHTENBHO X H

dy
Z—:. 9.75. x—arctgy—l-}-Ce'“c'gy 9.76. y=xsin x}-Cx. 9.77. y=
=ex(C-+1In|x]). 9.78. y=x(Ce=*—1). 9.79. x=Cy--In?y, y=0.

9.80. y=(x+1) (x—arctg x4 C). 9.81. x =Cy—+ 1%, y=0. 9.82. siny=
= Ce=%*+4x—1. ® [lonoxutp siny=z. 9.83. y=sinx. 9.84. y—=e?s—

—e"—l——l—-x—{—%. 9.85. x:y]ny—}——l—. 9.86. y=e‘2x2( +—x’> ,

y="~0. 9.87. y= C— , y=0. 9.88. y_(cosxl/C 3tgx) , y=0.
sin x

V 2cosx+C ] )
dx x%cos y-}+sin 2y s .2 =
X = 9.91. yi=x ——H—CVIx —I1 .

9.92. xy (C—In? y)=1. 9.93. x% (C—cos y)=y, y=0. 9.94. y>=1/(3—2ecosx),
9.95. x2=1/(y43y?). 9.96. x2{xy+y®=C. 9.97. 5x%y— 8xy-|—x+3y—

2 <2
9.98. x%--3x2y—2xy?— P =C. 9.99. xy——-}+—=C. 9.100. ==, —
+-3x2y—2xy Yy x—l—y y—l-y,

9.89. y= , y=0. 9.90. x2=Ce*"Y 2 (sin y+1). ® 3anucars

ypasHeHHe B BHAE

—2y=C. 9.101. Vx2—y’+xy—l=c. 9.102. x*4-ge—%¥=C.
9.103. x¥4-yex 'y =C. 9.104. x%cos® y4-y>*=C. 9.105. x sin y-}y cos x 4
-Hnl%l:C. 9.106. Best maockocts Oxy. 9.107. y # x. 9.108. y #

2"“":: 9.109. x> 4% 9.110. y=0. 9.11. y=1. 9.112. y——x.

0."3. y=x¥4. 9.114. x=2p+46p*4C, y=p:+4p® y=0 (ocoGoe
pewenne). 9.115. x=2V pr+ 1—In(14+V p*F1)+Inp+C, y=
=pV 14p% y=0 (oco6oe pemenne). 9.116. x=eP4-C, y=(p—1)er.

9.117. y=Cx—|-?(C2—x’), y=—x* (ocoGoe peuenue). 9.118. i =

= pP—p+2, y=7 3 p ——+C 9.119. x=pcos p, y=p?caos p—psinp—
—cos p+4-C. 9I20 x= 2p»—lnp, y=p2—p+C. 9.121. x=Cy-4C",
x=—%y’ (ocoGoe pewenue). 9.122, y=— Cx’—{-gé, y= 1+ x {ocoGue

2
c 2 2C 3 _ |
pewernus). 9.123. x=F—;,. y—7—;i' 9.124. x_—p-—7+

4 r ., Cp? . 0
+([Tp)_=' y=—="p +Il——-7)§' y=0, y=x-+41 (ocobuie pemienus).

9.125. x=Cp—Inp—2, y—_-%Cp‘—p. 9.126. y=Cx—%. yi=—A4x

(ocoboe pewenue). 9.127. y=Cx+C+VC, y=— (ocoboe pe-

1
4 (x+4+1)
wenue). 9.128. y=Cx—eC, y=x (In x—1) (oco6oe pewense). 9.129, y==
= CxcosC, y=xarcsin x4-} 1—x% (ocoGoe pewenue). 9.139. Jli-
ueiinoe; y=uv. 9.131. OfHoponuoe; y=ux. 9.132. C pasjensoupmMacs
*
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nepemMcrumMn.  9.133. Ypasuenre Eepnynan; y=uv. 9.134. Jluneiince
OTHOCHTENRHO X; x=uv. 9.135. Y paBnenne B noJnuix Zndgepennnanax.
9.136. Onnopoprioe; x==uy. 9.137. Ypasuenne Bepuyamn oTHOCHTCABHO
x; x=uv. 9.138. IlpuBonsguieecs K ypaBHEHMIO C pasiensiolmluMucs re-
pemenurMu; u=y—x. 9.139. Jlnneiinoe; y==wuv. 9.140. ¥ papnenne Eep-

wyaan; y—uv. 9.141. y=x?—24Ce™ 2. 9.142. In IyH'%:C, y=0.

9.1_43.ix2c052y—}-x=0. 9.144. y= , y=0. 9.145, y=

1
2 (x+C)cosx
= /Crax—3s. 9.146. x=—3 y1+-Cs®, y=0.9.147. In |x |+e"V=C,

x=0. 6.148. 14 p2=C(1—x?), x=41. 9.149. x*—x%y2}y*=C.
9.150. y=1/(1-+Inx-+Cx), y=0(x > 0). 9.151. (Bx+2y— 1)(x— 1) =C.

9.152. arctg_i.zm V @ Fg-+C. 9.153.  2ycos x4 cos 2x=C.
9.154. x?-}-xIny—cosy=C. 8.165. y=Cx—InC, y=1-}1n x (ocoGoe
pemenne).  9.156. x=1/(Ce™¥"/2 42— y?). 9.157. ~1n|x|_cos-i-=c.
9.168. [ey=ux?InCx. 9.159. x=Cy? —y?(y+1)e-vy; y=0.

9.160. x 1-F y2—sin y=C. ® 3anucaTs ypasHenne B BHAE %—}-l—_'l'/%—‘- =
€54 9.161. x-Farctg L=C; x=0. 9.162.y=(—6ﬂi‘i’ﬂ~—,

VI L
—clg x) ; y=0. 9.163. y:C“-}-Cx—x—, y=~—% (ocoCoe pemelne).
9:164. (x+4°)°=C (®—x); x=y°. ® Tonoxnte y=2Y3, 9.165. y=
=dIn|2—1] 0.166. 1) y*=4x 2) mP=4. 0.167. y=-_{_—x—j_—].

0.168. (x+C)2+y2=0a2 9.169. = 4 2a (x-}C). 9.170. y=2ch -;—
0.171 P =x?/(x*+3). 6.172. y2=6x1+9. 8.173. 1) =4 (x—1),

- 2 2 .
g9 & ';‘) +E=1. 2. y‘:%x. 9.175. == 2692, 9,176, x2}y?=2y.

9.177. x=y@+Iny). 0.178. yr=2x+1—e2.  9.179. y=-‘—_]¢——x2.

9.180. x=;!;(-}/——y). 9.181. y=x}/5x2—»l.. 9.182. r——.cp—}—%.

9.183. 2x2-+ 352 =C2, 9.184, x?} 2y2=C2. 9.185. y=C/r2. 9.186. x-|-
+ y*=C. 9.187. T=a-}(Ty—a)e k. 0.188. Yepes 40 mun,
9.189. ©==5.(3/5)"/13% (06/c); uepes 6 mun 18 c. ® Ypapuenne umecr
BRA ‘z——(%z——kw. 9.180. Yepes 1575 aer. 9.191. 3a 6 mun 5 c. ® ¥Ypas:
Henne umeer BuA wu (h) dt =— S (h)dh, rre w—paomanb OTBEPCTHA,
v (h) — CROpOCTL HCTEUENNs BOALL, fi— ypoBenb XuaKocTH, S (h) — naoulans
nonepeynoro ceyenusn [cocyixa, f—papems. 9.192. 0,0878. ® Ypasnenne
umeer Bnj dQ =— kQdh. 9.193. =~50c; ~15m. 9.194, 1 = 0,00]]c. ®

Y paBHenne nMeeT BUL m g%’:— kv?, 0.195, 0,5kr. 9.196. a) 56,5r;
6) 7,84 u. 9.197. 0,06%. ®;Y papnenne nmeer BuA (0,01 x— 0,0004) 1500 df=

=—160800-0,01 dx, rne x—oGvemnass noas (B %) YrJeKncaAoTs B Bo3-
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: . E : "
ayxe B MomeHT Bpemenu f. 9.198. l=m (Rsinmt—me0§ ot
Ry
+ Loe L ) .

0.199. ¢ < x%. 9.200. > 0. 9.207. y=0. 9.208. (lﬂ;y) R,

II2
9.209. +y—0 9 210. y'''=0. 9.211. y-(C;-{—aro.tgx)x—an1+x’+02.

9.212, y=§—-sin x-+Cix+C,. 9.213. y=?ln]x]+Clx3+C2x?'+Gsx+C4.
9.214, y=_:—;-x2 Injx] + %-x‘“’—l— C1x%34-Cyx4-Cs. 9.215. ny:Cix—

2 . ..
—In|Cix+1HCyy y=5+C, y=C. 0216 y=Citg (Cre+Cy),

9Cyx+Cy=1In éy:gil §(C—x=1, y=C. 9.217. y=Cislnx-t.
+Cz—x—Lsin2x. 9.218. y=Cyx?+Cytex (x—1). 9.219. 4Cyy =

2
= 44 (Cix+Cy)%.  9.220. y=x-|—C11n[yl+C2, y=C. 9.221, y=
! . ;
=Clar°tg C‘[:V'{"Cg, y= 2C x+c |+C2v y_C_7
9.222. Cly= (clx2+1)amtgc1x—clx+c,, 2= knx’-l—C (e=0, %1,

2, ...). 9.223. y=% C"‘“( ——l-\-l-cz, y——+c 9.224. y =
1

=—'-.+ciln| x|+ Ca. 9.225. y=Cy (x V' @1 —1In | x+ V @=1 |)ar4

+C3, y=Cy (x ¥V T—xE+arcsin x)+x24-Cy. 9.226. y=C; (x—e=%)Cy.
9.227. 2y= Cl cos 2x+(14-2Cy) x2+Cox+-Cs.  9.228. ,2y=Cyx® —
— 2CY (x4-Cy) In | x4-Cy |[4-Cax4-C5. 9.229. y= s'—(x'{ Cy) In| H‘CIH'
+ Cax, y=Cyx+Cy.  9.230, x= 2Clp—lr1 |p|+C2  y=Cip2—p;

y=Ce=*;  y=C. 9.231. x=4 3 (V y— 201)]/ V §+C14-Cs.
9.232. V Ci®+1/Ci=Cq & x. 9.233.  Cly-+ 1= ch(Cyx+Cy),

Cly—[_sm (C1x+4-Cy), 2y=(x+C)?, y=0. 9.234. Iny=Cytg (Clx+C2)’
In Iln y—Ci l——%’ﬂc‘i Cy (C—x) Iny=1, y=C. 9.235. ctg y=Cs+-Cyx.

1 i I 3 1 62 i N
9.236. y—l+m . 9.237. y..-ﬁ(x“—i—Sx )+ Cyx In | x|+C2x+Cs.
9.238, =" +Cur-Cy. 9.239. y=.Clx+%. 9.240. y=Cz(xeC"
—CiAeG"‘) 4-Cj. 9.241, y="Coxe~Ci/*. ® YpapneHHe OJHOPOAHO OTHO-
1

L(x=+C,) 32
cutensio y, y', y" 9.242, y=Cse? 9.243. y2=Cyx34C57

- = — X -] =_£ 2 5
6.244, y= cos*(x-i—C i . 9.245, y=(x—2) e¥-}-x4-3.9.246. y In? x4~
3

+ 5= 2x+— 9.2417, y_—xZsz—?? 9.248. y=2Inix41|—
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—x+1.9.249, y=—1In|x—1]. 9.250.

n|tg (%4.%) |=2(x + 1.

9.251. y=tgx, —m/2 < x < m/2. 9.252. y=¢12, 9.253, B—x)y* =

=8(x-}+2). 9.254. y=1-}sinx. 9.255. y=Il—e¥, y=—Il4e"%,

9.256. y=1—x. 9.257. x=CieP—2p—2, y=Cy(p—1er—p2+C,.
1 3 t 3

0258 x= Lt Lt 20y, y = Can 0250, x— (ot DGy

y=p%P+Cy.  9.260. x=3Cip*+In|p|+Cs y=2C1p°+p; y=C.

1
9.261. y= + Incosx. 9.262. a) Y=g ch (Cix+Cy) nmpn y” > 0
1

6) (‘x-{-Cz)z—!—y’:Cf mpn ¥ < 0. 9.263. a) 4(C1.‘/_‘1)=C§ (x-C,)?
npn ¥’ > 0; 0) x=%(t——sin 1)4C,, y_—(l—cos ) npu y <O,

( Y . 2 !
° Ci—v dy BLIYHCJAHTBL C NOMOLLBIO MOACTAHOBKH ¥ =Cy sin 5
1—

rjic a:i. 9.266. v =
q98

9.264. y-ach( P ) 9.265. e cosxja’

_ ‘/i “,<VkF ;), x=—-lnch< VEE t). 9.267. 1,80 e,
k m k

16,6 M/c. @ Mcnoab3cBate OTBETHl K 3ajaue 9.2()6, nojioxxus P =mg.

m &
9.268. BPEMﬂ NoABEMA Tn = k—n; arc.tg Ug VE ; BbICOTa nojn,.

(. kv '
ema hm°”=%ln<]+m_lz>; CKOpOCTb cnycka Vep =1, 1/ mg :

mg+kug
— S _
BpEMA CIYCKa Tc,,:% V ki In % 9.269. 1,75 c;
- cn

16,3 m/c. @ HcmoarsoBate oTBeTnl K 33naue 9.268. 9.270. x =
=. _]/xﬁ+—-’f-§t2. 9.271. x= 1/,“,__;2 T=x2 m
mXxg mxo k

9.272. x=— 2 + S ;2 ((t)) dt;x=—-?-l--lg-((l—al)ln(l—at)-i-al),

x(10)=0,54 kM, x (30)=5,65 KM, x (50) = 18,44 xm.
2R

9.273. 2ng ( V RUE=R)+5- arcsin (1 = )+ : )

9.274. ~ 116 u, @ McnonbsoBath oTseT Kk 3ajaue 9.273. 9.275. ~ 11,18 km/c.

I [ x \1*k 1 x \!-k ka
1252 51

L _i Ext_x_ 5B : —_ bl

=‘u. <1, 9.277. Eiy— 1 ( 1 6 - 96 ): bl!/max— 384 °
13

° Ely”=—g-(4—~—x2), rie E—wmoayas IOura, /—MOMEHT HHEPUHH

HOMNEPEuHOro ceyenns OGankW oTHOCHTEALHQ ech Ox. 9.278, Ely.=
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Fiz  qb® Fx3 gxt FI3 g4 Fi3 o gn

=(=+% )T ST = Elvme=—Ty
2

° Ely"=—Fx—ix— rae E—wmoayns IOsira, /—MOMeHT HHepuay

2
HOMEPEYHOro ceyeHHst 6ajKd OTHOcHTeNbHO ocu Ox. 9.279. F=3/gql.

q(l—x? F(l—x)* q(—xt
e Ely=F(l—x)———5—, Ely= — +
2 6 24
2 3 3 4
+ (%—q_ﬁl-) i + ‘;ig , rae E—wopyas IOura, [—wmoment

HHEPUHH nonepeqﬂoro ceueHust GasKH OTHOCHTeILHO ocH Ox. 9.281, y =

= Clesx"i‘czex- 9.282, y= Cle3x+ C2e-—x. 9.283. y= C1 cCos x +

4C X 9984, y=C; (—é—xln :ii‘l —l)-|—C2x. 9.285. y—Cyx+
—l— . 9.286. JInneitno He3aBucuma. 9.287. Jlumeiino 3aBucuMa.

9.288. JIHHeuHo He3zaBUCHMa. 9.289. JluneiiHo 3aBucuma. 9.290. Jluuedino
He3aBucuMa. 9.291. JluneiiHo He3aBHCHMA. 9.292, JIuHEHO He3aBHCHMA.

9.293. Jluneiino 3aBucuma. 9.294. JluueitHo 3aBucHma. 9.295. Jlumeituo
He3aBucuma. 9.296. y'-y’' =0. 9.297. y"—4y’+45y=0. 9.298. y" —

——-%y'-l—i—fy=0. 9.299, ¢y’’’ —y"=0.9.300. y*’' +y’ =0. 9.301. ¢y"’' —

—y"=0. 9.302. y" —8y'-15y=0. 9.303. y'"'—2y |}y —2y=0.

9.304. « V13 pasencrsa W (xo) =0 caenyer, uto omHOpoZHas cucTeMa

JIHHEHHBIX A/Nre6pPanyecKHX YPaBHEHHH C HEH3BECTHBIMH Of, &g, +.s, Gy
o1Y1 (%) + ®aY2 (%0) + 4+« -+ @n¥p (x0) =0,

a1 (%) -+ oy (o) 4. - . -0ty (%) =0, (%
4 9 @ 0 0 0 T 0 9 2 % 0 » ® ® & 3 @ 2 LR N ] s ® &
a1y =D (xg) F0aa ™ =D (xo) 4 . v . F- a7 =D (x0) =0
L
HMEeT TaKoe pelieHHe as, a;, «ee, Op, 4TO HE BCE o DPaBHH HYAW.

OynKuus  (x) = a1y (9 @ath (9+ - - -+ 0nn (1) ABARETCR peiment-
eM [aHHOrO JIMHEHOro OJHOPOJHOrO ypDaBHeHHS M, KaK 3TO crenyer us
paBeHcTB (), ynoanemopﬂer HaYaJbHBIM YCJIOBHAM ¥ (%) =0, y' (xp) =
=0, ..., ¥~V (x)=0. Ho TakuM e HayaJbHLIM YCJIOBHSM yAOBACT-
Bopaer H GyHKuus y=0, Toxe SBJAIOWAACHK pelleHHeM JAHHOTO Ypas-
Henus (pyHKuus y==0 ecTb pelieHHe JIIOGOrO JIHHEHHOTO OLHOPOLHOTO
RuddepeHLHaABLHOrO ypaBHeH:s). OTCI04a HA OCHOBAaHHH TeopeMbl Kowu
o cym,ecrsoaax—mu M EIMHCTBEHHOCTH DElICHHS 3aKJIOYaeM, YTO Uy Yy *x)+

+a,,y,, (x) =0 Ha (a, b), T. e. cucTeMa QYHKUAA Yy (X), -+ .y Yp (®)
Jmneﬁuo 3aBHcHMa Ha (a, b). Ho toraa Bponckuan W (x) stoff cucrems
paBeH Hymo BCIOAY Ha (a, b), uto Hu Tpe6oBajoCL [AOKa3ath. P

Y yi (%) Y2 (x) e Yn (%)

9.305. y AR Y Yn (x) =0. ¢ Bcakoe pemenue
B U G I C IR Al )

Y HCKOMOTO }panﬂeﬂm BMECTE C cbyﬂxumum yi (%), y, ®)y oo Inin)

o6pasyer JuHEHHO 3aBuUCHMYIO cuctemy. 9.306. y=e* 42 cos x+3smx
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9.307. -y — e |- 263% 4. 3635, 9.308. y=Clt3+C2‘x4'+%x. 9.309. y=

= Cie?*+Cysinx+Cgcos xF-e3%,  0.310. y=Cye¥}Cox—xi—1.
9.311. y=Cjcos x+Cyx cos x—sinx cos x. 9.312, y=Cjed*} C,e* -}-

-} 5x}+6—e?*, 9.313. y=C;+C,ysin x+Cacosx+% e* —sin 2.

9.314. y=er* (14-(1—k) x). 9.315. i —y' —6y =0, y.=Cye5% + Coe=2%.
9.316. y'—2 +y=0, y=(Ci+Cox)es. 9.317. y'—6y'413y=0,
y=(C1¢08 2x+ Cy sin 2x) €55, 9.318. y'*'—6y"-} 124’ —8y=0, y=
=(Ci+Cox+Cor?) ™. 9.319.  y'"' =8y} 16y'=0, y=C,+

F (CoF+Cox)er5. 9.321, y=Cpe1=Y3) ¥ Ce1+V) X g g9, 4o
=e~-3% (Cyr cos 2x- C, sin 2x). 9.323. y=e3% (Cy+Cyx). 90.324, y=

= C1e3%} Cpe™ 43, 9.325. y=e* (Cl cos ?-]-40, sin 7). 9.326, y =

= =¥ (C, 4+ Cox).  9.327.  y=Cye* 2% (C, cos 3x—+Cs sin 3x).
9.928. y-==Cjcos x}Cysinx4Cgcos ¥ 3x+Cysin YV 3x. 9.329. p==
= Cj+Cyx+4 (C3+Cyx) e—~*. 9.330. Yy=Ci~+ Cyx+} Cge* - Cie—*.
8.331. y=Cjcosx+4Cysinx+x (Czcos x4 Cysinx). 9.332. y=(Ci--
4 Gox) e2% |- (C3 - Cyx) e—2%.  9.333. y=Cy-+C, cos 2x-+-Cysin 2x 4=
4 x(Cycos 2x+Cy sin 2x). 9.334. y=Ci-} Cox-} Cax®}-€3% (C4 4 Cyx).
9,336, y=(Ci+Cyx) €*+(C3+Cyx) c0s x4 (C5-} Cox) sin x. 9.336. j =
= €5+ Cox+ Cax?+ Cyx¥+e—% (Cy+Cex). 9.337. y=e*. 9.338, y=
=(7T—3x)eX~3 8.339. y=2-4e~*. 90.340. y=shx. ¢ Hauaabhue
yenosust; y (0)=0, ¥’ (0)=1. 9.841, y’=-§i e"——-—;— %, 0.342, y=
=€~ %+ Coe=3%} (g~ ¥}~ 3%)In(ex4-1). 9.343. y=(C;—In|sin x|) cos 2x4-

+ (Cg—-x—“%' Ctg x)Siﬂ 2. 9.344, y= (Cl—l— Cox 4 V4 —a? -

+xarcsin%)e". 9.3485. (Cl—l-sz-}—— x21n x—-g- x"’)e"’".

9.346. (Ax®-} Bxa%) ef%. 9.347. x(Acosdx-+Bsindx). 9.348, Ax-|-
-} B cos 8x-}-C sin 8x. 9.349.  (Ax--B) sin 2x-} (Cx--D) cos 2x.
9.350; (Ax® Bx) ¢4%. 9.351. Ax3} Bx®+Cx. 9.382. e¥ (Ax+ B) cos 2x +
~+(Cx+D) sin 2x). 9.353. xe?* ((Ax?+Bx+-C) cos 3x+(Dx?+Ex+F) sin3x).

9.354. y=Cle"+(C, -—%) ~%. 9.365. y=Cjchx- i—Cashx-i-xS;x .
0.350. y=Cien+Coemtx— g o™t _(E+§6) e™%.9.357. y=Ce? +

-+ Cyed +-—é— (5 cos 3x—sin 3x). 9.358. y= (Ci-} Cyx)em* 4

43— p2
+ m’—n?) :::,’z :;;mn 0S¥ 9.359. y=(C1+Cox)em*+ 21—ch"05 mx.

9.360. y=Cjcos x| Cq sin x} x (x sin x4-cos x). 9.361. y=Cjcos 2x -}
o+ €, sth 244 -g (I+xsin2e). 9382 y=Cie*®  Cpe~ /350

812



9.363. y=Cle'2"+Cge‘3x—|-—;—e"‘—i—x,e."x. 9.364. y=Cji} Cye3* }-
+%e3"’+2x+3x’. 9.365. y=cl~+czx+_(__cs+x)e-x+x3—"3x2.
9.366. y—= (‘CI‘-]rsz—}-\Caxz —i—fg-)e"‘ 9.367. y=Cij}Cyx+Cgcos x -}
F €y sin x+’;—22(x’-}—2x——]2). 9.368. y=C1e¥-}Coe~*-}Cgcos x +
+C, sin x—l——-g- (x—3) ex—-}sm . 9.369. y=C1+ Cox+ Cox? 4 Cox® +-
24--]—( 4x+05)e”. 9.370. y=e2¥-Y 2%} e—1. 9.371. y

=e¥—e~%-}x2. 9.372. y=—f{-+zcos 2x—[_—% s sin 2x. 9.373, y=2cos.x—
—b5sin x4 2%, 9.374. y=2xe*. 9.375. y=cos x| 2sin x-}- =¥ —3e¥ |
-+ 2xe*. 9.376. y=e* ((2x—n—1) sin. x—m cos x). 9.377. y=Cy cos In | x|+
+ C,sinln| x]. 9.378. y=Cjicos (2In|x|)+Cysin(2In}x )+ 2x.

9.379. y=cix3+-%-_21nx+-é-.» 9.380. y=Ci-+Cox?+Cyrh.
9.381. y=Ci-CoIn|x|+Cox® 9.382. y=(2x+1) (Ci++Cyln|20411).

9.383. y= o ]271 -sh x. 9.384, y-% 9.385. _——gsa(:— (eAHHCTBEH-

noe pemenne). 9.386. Her pewennii. 9.387, (x—2)%}-5?=5. 9.388. y =

e—e~* X
=} —sin x—cos x. 9.389. y= | pr.) 9.390. y=§—--x‘+x?lnx.

9.30), x=e~o! (acos Bt—}-aag-v" sin ﬁt), rae a:%' =

]/———a"‘ Y YpaBHeHue HME€eT BHA M ——o- dt“ —}-A 7 +kx 0
0.392, x—=e-0! (ach ﬂf—’—aa_'_vo sh ﬂz‘) rae a_..__ ,p= V 2+_ _

ﬂ
. Y paBHenue imeeT BHA mmg—_kx A-—— 9.393. a) r=achaot}

2
6) r=Ksh' of. ¢ Ypamlenne HMEET BHA %:m’r. 0.394, r=

—_-ae,»—u«w(;,-hmV’l—H}Lé t—}-T_lpﬁshmVl—Hﬂt . 9.305. T =
W
3 — . d’s g
—I(O+V80)~3 c. @ Ypabuenne nmeeT BMA — o —-o-§=
g at 9

=-g— , TAC S—TyTb, TpONJeHBHI 8a Bpems ! KOHIOM oONYyCKalomelics

yacTy Henm 9.396. x= 2g sin 301;?3&)‘?51“ ]/gt (cN{). ® Ecan x

dﬂ
OTCUWTHIBATh OT NOJIOXEHHS HOKOfA rpy3a, To 4 _-4g—-k ot x—y—10),
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FAE Xo— PacCTOAHHE TOYKH NOKOA IPy3a OT HayafbHOM TOUKM mMOABECA
npyxuHsl, [ — 1JIMHa l'[py)KHHbI B COCTOSIHHH TOKOSA, NMOSTOMY Kk (xo—)=4g

H, CAEIOBaTEJbHO, 4W=—k(x —y), rae k=4g, g=981 cm/ct
--Rz‘ E / 1 T _Rr,
9.397, i=e ° - (Lm——) cos 5t
Lm——l.-)z—I—Rz& Ceo LC™ 4L
Co
R’f 1 1 - I R? E
2\m+LCm)1/ T T L_(,‘—ZT?t)-{—(__L ) +sz
LC™ 4t Co
X((CL(:J_L(D) cosmlJ~R'sinmt). ® JluddepeHnuanpbHoe ypaBHeHue
d%i 1 de E
wenu: Ldﬂ +R dt+C =5 9.398. z_itsin VLCt « Hneen

de . LT
E-—-Emcos of. dubdepeHunanpHoe ypaBHEHHE Lenu: Lm—i—-—é—t_

= E® cos of. deuee peleHue coomercmyromero OJHOPOAHOrO Yy paBHe-

V_._ t4Cy sin —— V__

HEOJHOPOIHOTO yPABHEHHS HMEET BHA =1 (A cos ol - B sin o). Torzla

& a2
—dT_t( Ao sin ot - Bo cos of) - A cos of -}- B sin of, G =

= { (— Ao? cos of — Bo? sin f)+ (—240 sin t--2Bw cos f). IToxcras-

uust: iy =Cj CO5 —— ¢t. YacTHoe perueHHe JHHEHHOro

%ﬁ H YYHTHIBAfl, 4TO Lm’—%:O,
noayyum ToxaectBo L (—2Aoe sin of+2Bw'cos of) = Ew® cos ®f, oTkyaa

AMA B ypaBHeHWE BLIDANKEHHA [ H

- t .
A=0, B=2_L . CnegoBatesbHO, = ?L- t sin 71,_? . O6uwee peuerue:
t. Boluucans d——

1
V_ t-- 2L t sin —— V_ i
t+4-

{=Cjycos

1
—= t—I'-Cz sin ——
YV LC
Cy 1 Cs 1 E 1
=————s5in cos — (- — [C0S ——
YV LC VLc VLc V' LC _{QLV'LC Y'Lc
+ E sin V._t U UCMOJIB3YS HayajbHbie YCaOBHA, HalifeM Ci=C,=0.
/ E 1
Hckomoe yactHoe peueHHe: [=——fsin ———{. 9.399. i=
P 2L Vit >
— 25[' cos 1P sin cot-]—£ t cos (0f4-).
9.400. x*4-y2 =22 —22(y—xy'), x+-yy' =22’ —2'(y—xy’). 9.401. yy’ 4~

+ 22" =0, y® 4 2x22’ =x%2'%. 9.402. Q‘=d7.‘/_2__ﬂ“_§' 9.403.‘1—;:




dz i _du_ dv _j—fy- 90.412, Ci®=2+Cy, 4=

(C1+Co—x)3

2(C2—-x) '

9 (Ca—x x=1In|C(C1t4-Cy) |, y-—-]nlCa(Cll‘-’-

+c,)|._c], 2=(Cy-F1)1+Cy.  9.416, x2+y2422=Cry, 2=Cyp.

9.417. x=0Cyl, y=CgeT—}-52-_ . 8.418. z—2y=Cj, 2V z—x—y-+y=0C,.
1

= C1 (20 +Cy). 9.413. x2=12-Cy, y2 =12 C,. 9.414, 2=
.(_ql_:_cﬁ_ﬂ 9.415.

1 -Cy»

.G ¢
2

2=CpeC:i%; y=x—e%, 2=e~*%. 0.421. z=Cyy, y3=§—é—}—C3; z=y,
1

0.419. x%= C1e¥ | Coe=2t, y2=C1e® — Coe— 2, 0.420. y=x-}

yv= 3xz—}-l 9.422, a) la; 6) xer. ® Coo-mowe}me ¢t x, y)=

SIBJISIETCS NEPBLIM 1BHTEr PajioM CHCTGM}_] xt—fl (t % Y, yi=F (t X, 4)
TOTA4 W TOJbKO TOTAa, KOTAA —}—fl(t X, ¥) —H2 , x, y)—=0 :
9.423, 202y =2} (y—1)2. 9424 2y3+3y(x2—1)—8 0. 9425 y=
=x(1+InVTx]). 9426. (y—x2+s2=1 0.427. y=Cu'*¥3
4Cxt VT, 2=V 31024V D) 427V 2710, (2—V D). 9.428. y=
= CiCax, 2=20+ . sd20. x=Cu+ 2, y:—Clt—l-gt?.

9.430. x=% , Y= Clef—gz— 9.431. x = Cel J Cqoe?t, y=C1el4-2C 0%,

9.432. x=23C.e2t -} Coe¥t, y=C1e% - Coet; x=3e, y=e?t. 9.433. x =
= ¢% (Cy cos 2¢ 4 Cysin 2t) y=edt ((Ci—C,) sin 2t— (Ci+Cy) cos 21);
xi=e5 (cos 2f —sin 2f), y=2¢%sin 2¢. 9.434, x=e—% (Cycos 31

€y sin 31), y=—é— e=2 ((4C;—3C;) cos 3t+ (3Ci+4C,) sin 31).
9.435. x—(2Cif+2Cs+1)e~t, y=(Cii+Ca)et. 0.436. x—(Cyl +
4 €;5) e, y=(—Clt+?i—Cg e~3l, x=2fe~3, y=(1—2f)e-3,

9.437. x=Clef+e"/2<C, cos 1/23 t-+Cgsin V;3 t), y=0Cet -}

-i——;—el""“((cs ¥V 3—C,) cos V;3 t—(Ca ¥V 3+Cy)sin —V;S t), 2=
=Clet—|——;— e""'z<(C V—3'—C3)sinﬁ t—(Cng—I-Cg)COSLS— l) ;
x=y=z-=el. 9.438. x—Cle“—,—Cge =, y=Cie®J-Cee-1, 2=Cjie? —
--—(C2 -C3)e~t; x=e2l-Le—t, y=e2 —[—e" 2= et 9430, y =
==Cj- ‘-302€2t, J"—QC “-I—C;»,e ~t Z—C1+C o2t 2C3€-t 9.440. x =
=Cret |- Coe2t -Cye®,  y= Clet—}—QCaesf 2=2C et -}- Coe? - 2C4e8t,

2 t 1
9.441, x=2C132t+C2€-3t——3—t—'1—8, y=C1e21—|-3C C-u—ﬁ—l—Q.

9.442, x=(Cj cos t+C2 sin t—1) et, y=(C,sin t —Cycos f) et. 9.443, x =
(cf+c,t+ +—‘~—3et)e=t y_.(C & 2tcat +-——2et)eu
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9.444. x=Cycos t4-Cysint—1tcost, ~ y=(Cy—Cy)cos t—(Ci
+ C,) sin {4 £(cos t+sint)., 9.445. x=Cjcost+Cosint+4tgt, y=
= -—zCi sint4Cycost+4-2. 9.446. x=3 (Cle”—}—Cge_‘Zf)-}—C;,bcos, 2t -+
+4- Cysin 2¢, y=2 (C1et4Coe—2)—2(C5cos 2t C,sin2f). ® Hckars
peieilne cHcTeMsl B BHae x= Aek!, y=Bek!, 9.447. x=a(1—2-1%)/4,

y="3a(Il—2-1/4. '® Cucrema ZIupdepeHUHANbHEIX  yDABHEHHIt!
x="Fky (@—Xx—1y), g="Fy (@—%—1p). 9.448, x=a cosT/_’-e-_—_t,
m
wVm kx| kP e
= sin ——1; 5 -+—=-=1. ® [luddepenuunanphsie ypas-
V= Ny T g be v
HeHUSl [IBIKEHUS: fx = — k2x, mit}:—k?y. 9.449. Heyeroituuzo.
9.450. VYcrokuHBO. 9.451. Heycroituuo.  9.452. ACHMNTOTHYECKY
yCTOHUYHBO. 9.453. AcuMnTOTHueCKH YCTOHuMBO, ecan a < —1/2;
ycroituuso, ecan o =—I1/2, u Heycroituuso npu o > —1/2. 9.454. 2; =
= —gl_l-fi (tv 21+q)1 (t)' ceey Zn'{'(Pn (!)):F‘ Ur 21y eeey 'Zn)- i=
=1, 2, w..; n, ® [Ipeo6pa3osaTn cueremy (l) K .HOBBLIM NepeMEHHBIM,
nosaras z;=x;—¢;, i=1, 2, ..., n. 9.455. Touka mokoss x;=0 (i=

=1, 2, ..., n) cucremsl xuddepeHuUHaNbHEIX YypaBHEHHH YycToftuuBa,
ecau fax atoboro g > 0 wmaiigercst § (g) > 0 Takoe, uTO W3 HEpaBeHCTBA

n n
X« (to)y < 8% (e) caenyer D i (f) < & npn Beex {=> . Ecn, kpome
i=1 i=1
n
TOr0, BLIMOJNHEHO COOTHOLEHHE , lim Z x (£)=0, TO TOYka moKoA
>+ ® i

cucTeMbl aCHMNTOTHueCKH yctofiumBa. Touka nokos Heycroiluusa, ecau
Haiijytcest e > 0 u HoMep i ‘rakue, uTo npu Jobom 8 > 0 u3 mepaserncraa
| x: () | < 8 caenyer | x; (£) | > e ans wekotoporo £ > ¢,. 9.456. Heycroi-
unpblit pokyc. 9.457. Cenno. 9.458. Heycroituusniii ‘hokyc. 9.459. Ycroit-
yupblil y3ea. 9.460. Ycroitunseiit ysen. 9.461. Ycroftunseli y3en. '9.462; Hu
npn xakux a. 9.463. |a|=2. 9.464. a < 0, |a|=|B|—cayuait 601s-
WOr0 OTPHUATEAbHOrQ, TPEHUS», TOUYKA. MOKOS — HEeYCTOMuMBKHI. . yaen;
o< 0; o] < |B | —cayuait coTpHUATENLHOrO TPeHHA», TOWKA [OKOS —
neycrofuusnifl okyc; =0, Touka nokos ycrojluuBa—uentp; a > 0,
|| < | B]; Touka nokos —ycroitunsklit poxyc; a >0, |a|=|f|,.con-
POTHBJICHHE Cpeilbl BEJUKO, TPUKA MOKOSN— YCTOHUHBHIA y3eq. ® 3ame-
HHTb YypaBHEHWe SKBHBAJEHTHOH HODMANbHOH CHCTEMOH x=y, -y =
= —20y—fp2x. 9.465. ® FIcnoab3oBath 3anKCh "YACTHOTO perlenns
OFHOPOJHOH CHCTEMBI' IIPH PAS/MHYHEIX SHAYEHHAX XapaKTePHCTHUECKOro
Kopus. 9.466. Heycrofiuusa. 9.467. Ycroiiuusa. 9.468. V = x?-4-42; ycroii-
yuBa. 9.469. V =x2--y?; Heycrofiuusa. 9.470. V =x*--y*, ycrouuusa.
9.471. V =x%-- y?; neycroituupa. 9.472. V = 2x24-y2; ycroityusa. 9.473. V=
=y?—2/,x?, HeycrohyuBa. 9.474. VYcroiuusa. 9.475. Heycroituusa.
9.476. Heycroitunsa. 9.477. VYcroityusa. 9.478. Ycroitunpa. 9.479. He-
ycToltuuBa. 9.480. V =3x2-4-4y%, acamMOTOTHYECKU YyCTOHuuBA.
9.481.1). y(1)=1,3280. 9.482. y (0,6) =4,4823.. 9.483. y (0,3) =0,0451.
9.484. y(2)=—0,8407. 9.485. y(1)=0,7899. 9.486. y(1)=0,3305.
9.487. y(1)=0,3635. 9.488. y(2)=3,4547. 9.489. y(1)=3,7190.
9.490. y(2)=2,3683. 9.491. y(0,1)=0,1057. 9.492. y(0,5)=0,0461.

. ) B orserax g sagavam 9.481—9.499, 4" taie 9.506—9.511 npn-
BELCHEl SHAYCHHF WCKOMOTO DEUlEHHS B KOHLE 3a4aHHOrO Otpeska.
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9.493. y(2)=4,2489. 9.494.

9.496. y (0,5)=0,6842,

9.499. y (2) =—0,7895.
9.500.

SUBROUTINE EULER(F,X0;

+Y0,H,N,Y)

DIMENSION Y (N)

H3 =Hxx3

X=X0—H

U=Y0

K=0
3 X=X-+H

FUNC=F (X,U)

Y1=U-}H«FUNC

1 Y2=U-4(FUNC+HF(X,Y1))+H/2.

9.501.

SUBROUTINE RK(F,X0,Y0,H,

+N,Y,EPS)
DIMENSION Y(N)
M=1
KIND =0
~«PO 1 1=1,N
1 Y(1)=0
2 X=X0
U=Y0
DO 4 J=1,N
DO 3 K=1,M
Ql =F(X,U)sH
Q2=F(X+H/2 JU4Q1/2.)+H
Q3 =F(X-+H/2.,U+4-Q2/2.)+H
Q4=F(X+H,U+Q3)sH
9.502.
SUBROUTINE MILN(F, X0,
+H,N,Y EP sk
DIMENSION Y (N)
N1=N—4
EPS=0,
X=X0
Fl1=F(X+HY( 22)
F2 F(X 2.4H (3;;
F(X 3.+H,Y(4
DO NI
YW =Y (K)4~2.sF1 —F2 4

y (0,4) =0,4647.
9.497. p(1)=0,4388.

9.495. 4 (0,1)=0,1098.
9.498,” y (1)=0,3679.

»

IF(ABS(¥Y2—Y1).LT.H3) GO
+TO 2

Yi=Y2

GO TO 1
2 K=K+-1

Y(K)=Y2

U=Y2

IF(K.LT. \N) 60 103

RETURN

END

DY = (Q1 +2:Q2+2+Q34Q4)/6.
U:U(;?_D'*i #Q2+2+Q3+Q4)/

3 X= /i(—fs-l‘l
A=AB ((U Y (J))/18.
Yaye )/1B.)
1F(A. GT EPS) KIND=1
4 CONTINUE
IF(KIND.EQ.1) GO TO b
RETURN
5 H=H/2.
M= M2,
KIND =0
GO TO 2
END

*2.5F3)+4:H/3,
Y(K4) = Y(K+9)F (F2-+
*4.#F3 4 F(X 4 4.H,YW)sH/3.
A= ABS(Y W — Y(K |- 4))/29.
11:2}35 AMAXI](A,EPS)
F2= F3
F3=Y (K-}4)
1 X=X-+H
RETURN
END

9.503. B 3ananne ans OBM BXOAMT TPH NpPOrpaMMHLIX €INHHHEL

a) moan o
SUBROUTI

amMMa

E EULER(F,X0,YO,H,N,Y)

Lno;mporpamma DynKnMs (1( sapaue 9.492)

_ CTION F(X

F 2*X*Y+X*X

‘RETURN

END
... B) OCHOBHasi MpoOTpaMMé
EXTERNAL F
DIMENSION Y(20),A(40)

CALIL, EULER(E , , .,0.025,20,Y)
CALL EULER(F,0.0.,0.0125,40,A)
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B=0
DO 1 K=1,20

C=ABS(Y(K) — A(2+K —1))/7.

1 B=AMAXI(B,C)
WRITE (3,2) A,B

+[IOFTPEINHOCTD = ’,
STOP
END

9.504. 3ananue pas DBM k 3anaue 9.498:

a) mopnporpamma

SUBROUTINE RK(F,XO0,YO0,

+H,N,Y EPS)

6) Mo nporpanma-QyH KLU

FUNCTION F(X,Y)
F=Y+Y+EXP(X)—2.xY
RETURN

END

B) OCHOBHAfl IIPOTpaMMa
EXTERNAL F
DIMENSION Y(10)

2 FORMAT (5(1H ,8F12.6),”

10.8)

CALL RK(F,0.,1.,0.1,10,Y,

#1E—4)
WRITE 3,1) Y

1 FORMAT (lH ,5F15.6)

STOP
END

9.505, Bananue gas IBM K 3agauve 9.499:

a) mOANporpamma

SUBROUTINE MILN(F,X0,H,N,Y,EPS)

6) mojamnporpamMma-byHKIHSA

FUNCTION F(X,Y)
F=1./(Y+Y —X)
RETURN

END

B) OCHOBHas nporpamma

EXTERNAL F
DIMENSION Y(21)

DATA Y(1)/0.63212/,Y(2)/0. 652562/,Y(3)/0 677129/, Y(4)/0.705863/

CALL MILN(F,1.,0.05,21,Y,EPS)

WRITE (3,1) Y,EPS

I FORMAT (3(I1H ,7F12.6),! TIOTPEIUHOCTb = ‘,F8.6)
STOP
END
9.508. y(2) =0,25, z (2) =0,375. 9.507. 1/()= 261, z(l)=
9.508. y (0, 3)_1 505, z (0,3) =0,577. 9.509. y (0,3) = 0,638, z (0,3)=

0.510. y (1)=1,359. 9.511.

9.512.
SUBROUTINE RKD(F,

«FI,X0,Y0,20,H,N,Y,Z EPS)

DIMENSION Y(N),Z(N)
KIND =0

M=1

DO I I=I,N

'Z&[ )=0.

2 X= xo
U=Y0
V=Z0
DO 4 J IN
DO 3 K=IM
QIY=F(X,U,V)sH
leam(x V)*H
Q2Y =F(X--H/2.,U+-
«Q1V/2.,V+Q1Z/2.)4H

07w F1(X4-H,2.,U
1Y/2. \}+QIZ[2 )*;f
318

y(2) =—1,833.

Q3Y=F(X--H/2.,U4-
%Q2Y/2.,V4+Q2Z/2.)+H
Q3Z=FI(X-4-H/2..U4
#*Q2Y/2.,V+Q2Z/2.)+H
Q4Y=F(X+-H,U4-
*Q3Y,V+4-Q32)+H
Q4Z=FI(X +H,U+
+Q3Y,V1-Q32)+H
DY —(Q1Y -+ 2+Q2Y -
+2¢Q3Y +-Q4Y)/6.
DZ=(Q1Z+4-2+Q2Z+~
+2xQ3Z+4-Q4Z)/6.
U=U+{DY
V=V+DZ
3 X=X-+H
A=ABS((U—-Y(J))/15.)
B=ABS((V—Z(J))/15.)
Y(J)=U

Z()=V

2,346.
1,568.



1F(A.GT.EPS.OR.B.GT. 5 H=H/2

+EPS) KIND=1 M=M:2

4 CONTINUE KIND=0
IF(KIND.EQ.1) GO TO 5 GO TO 2
RETURN END

9.513. 3ananve ans OBM x sanauve 9.509:
8) NOANpOrpamMma i
SUBROUTINE RKD(F,FI], X0,Y0,20,H,N,Y,Z,EPS)
6) moanporpaMMa-GyHKUNS
FUNCTION F(X,Y,Z)
F=EXP(—1Ls(Y#2-+Z432))+2.4X
RETURN
END
B) noanporpamma-QyHKuNs
FUNCTION FI(X,Y,2)
Fl=2.5Y++2+Z
RETURN
END
r) OCHOBHas Nporpamma
EXTERNAL F,FI
DIMENSION Y (20),Z(20)
CALL RKD(F,FI,0.,0.5,1.,0.1,20,Y,Z,1E—4)
WRITE 3,1) Y,Z
1 FORMAT (1H ,10F10.4)
STOP
END
9.514. y;=2,953, p,=4,375, p3=6,359. 9.515. y;=1,926, o=
=2,593, " 3=3,333, y4=4,148, y;=5,037, yg=6. 9.516. y;=0,874,
y¥.=0,743, y3=0,611, y,=0,482, y;=0,362, y,=0,258, Y,==0,161,
Ys=0,087, y,=0,033. 9.517. y;=2,019, p,=3,956, y3=>5,720, y,=
=7212, y;=8,316, y,=8,908, y,=8,855, yz=8,044, y,=6413,
Y10=3,998. 9.518. py;=1,17, y,=1,31, yz=1,42, y,=1,50, yz=1,64,
Ye=1,66, ¥;=1,63, ys=1,68, p,=1,49. 90.519. y=2, y;=2,273,
Y9=2,674, y3==3,185, y,=3,796.
" 9.620. 3ananue ana DBM x samaue 9.518;
a) NOANPOrpamMma
SUBROUTINE EXCLUS(A,B,N)

6) ocHoBlIasi nporpamma
DIMENSION A(11,11),B(11) WRITE (3,2) B
READ (1,I) AB 2 FORMAT (' /,9F8.3)
1 FORMAT (9F8.4) STOP
CALL EXCLUS(A,B,11) END
TJABA 10

10.1, Jluuun yposHs — napaboan y?=C—x. 10.2. Jjliuun ypoBHS—
rpnep6oar  xy=C (npy C==0—COBOKYNHOCTb KOOPJAHHATHHIX oOcei).
10,3, Jlunun ypoBua—npamele y=Cx. 10.4. TloBepxHOCTH YpOBHA—na-
pajneabuble NJA0CKOCTH x-F-y-2==C. 10.5. IToBepXHOCTH Y pOBUSA — OAHO-
HOJIOCTIBIE M ABYNOJOCTHHIE THIEPEONOUIL  xE--y2—2z%»= L C2 (ripn
Ce=0—xkonyc x2-}y2—2%=-0). 10.6. [ToBepxnocTH ypoBHS— NapaGo-
Jaoupbl BpameHus x2-Fyf=2-1-C, 10.7. T'IlepnoBepxuoCTH ypOBHA—YeThI-
pexMepHHe NapaJielbible NJIOCKOCTH Xgi-+Xo-Fx3-f-x;==C. 10.8, TIunep-
TOREPXIOCTH  YPOBHA = METBIpeXMEPHHE ~Cibephi *1 -+ X b+ d=C
10,9, Oxpysmnocrn x3-}y2=(% 10.10, I'nnep6onnt xy=C (npn C=0 —
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COBOKYNIOCTb KoopaumaTtheix oceff). 10.11. IlapaGoast y2=2(x+4C).
x 2z

10.12. Ipsamere _127!111_=7' 10.14. JluHuM nepeceyeHus rumepGoaHYeC-

KHX LNWIMHAPOB y2—x2=Cj C TaKHMH Ke LHJIHHApaMH 22—x2=C,.

10.15. OKpyXHOCTH, SBJIAIOILIHECS JIMHHAMYU TepeceueHnst coep x2+-

+y2—{—zz=0f ¢ miaocKkocTAMH x—+y—+2=C,. 10.16. [IpsiMbie ueTbipexmep-

HOTO IPOCTPAHCTBA, MEepNeHiHKyJspHLe K och Oxg H ee mepeceKatomue:

AKX 1007, x=cost, y=sint, z=bi. 10.18. %_
4

— ?=1, ;—-{—5?,:4. 10.19. a) KoHHuecKue MOBEPXHOCTH C BepLIHHAMH

B HayaJie KOODZMHAT, HaNpaBJSIOLHMU KOTODBIX CJYXKAT 3alaHHbE 3aMK-
HyTbie KpDHBbIC; 6) TOPOHAaJbHLIE MOBEPXHOCTH, OOpPa30BaHHBIE OKDPYXK-
HOCTSIMM C LIEHTPAMH Ha mNpAMOR X=y=2, JeXalUMH B. IUIOCKOCTAX
x—{—y—}—z:C, CEYEHHAMH KOTOPBIX CJIYXKAT 3aJaHHble 3aMKHYTble KpHBGHIC.

xi+-yj+z& r
1024, —=——22"""" 10.25. —. 10.26. a@. 10.27. a(b, r
lrl | R Ir @ 0+

+b(a, r). 10.28. 2\al2r—2(a, r)a. 10.31. 13/5. 10.32. 4/} 5.
10.33. 14/3. 10.34. l/|r|%. 10.35. 6/V a®Fb>{c® 10.36. cosqp=

— ou - 1 1
—=—4/V 41. 10.37. — =2 6, n=——(2{+j+%&). 10.38. ——X
vV o vV 7 = (2] +R) e

X (2+3j—2k). 1039, P (3, 3, —3). 10.45. xy=C. 19.46. 2 —y*=Cy,
v a ] C N ’ ’ / 4. x’—z’:C,.
y=L1x,
10.47. {z: o
048, V1 040 V550 0 g5t 2w

- at o !_ . "a“Vl_() 9 s
10.52. 3 [(1+44n?)%2 —1]. 10.53. % 5 10.54. —15 10.55. G_'ikﬂa -

— kay 3 Mme
10.56. 2kna V2a. 10.57. kmna2. 10.58. 5 10.59 ——m.

10.60. ar?. 10.61. —4-ﬁr‘. 10.62. ¥ 3/360. 10.63. 2} 2 n/3. 10.64. 4x.

10.65. %—na‘*. 10.66. ’ﬁtﬁi 10.68. _k’;"?'
x(ByY 3—1). 10.69. Q—ka 10.70. 2V By 2—In(1492)).
10.71. 7ab. 10.72. a) 2/3 6) 0,7; B) 07 0 1; 1 L. 10.73. 2nR%.
10.74. 91/60. 10.75. 2m%a®h. 10.76. il VT; g 2=R—x—y, 244+

+ (R—x—py)?=R?, HIIH X2t xy —}—yZ—R(x { y). Tonowum y=1Ix.

8ka

X

., R4+ R+ _5 R =

Toraa ;Meem. =1y YT ,2 =R e 2=
¢

=—1FFE 3unavenuio =0 coorsercreyer touka A (R, 0, 0), awa-

yenuaM { = 4 00 —Touka B (0, R, 0), anaueuwo f = —1—rouka C (0, 0, R).
OGxony B TONOMHUTEIbHOM HANpPaBJEHHU OTHOCHTEAbHO ocu 0z cOOTBET-
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crByer o6xox BCAB, t. o. naMenenne { or — oo uepes —I u0 g0+,

R (8420 R(2+1) R (1)
ﬂanee. dx——(l+t+ z)‘dt dy ‘—mdt dg == z—:_—t—mdt.

R? (14-2t4-3t24- 213 14) gt RYd
(T+i+2y AT

N L4ty _2R
4 2

24 1|+=  2nR2 2 —_1) 3
Xarotg 2| "= B 1077, 20at. 1078, (2V2 = )an

10.79. 2% 10.80. —4x. 10.81. —nr/2, 10.82. —1/3. 10.83. a3/6.
10.84. 2na, 10.85. 4HR3/16. 10.86. nR%/2. 10.87. nR2H/3.
10.88. tR2?H /4. 10.89. nR2H3/3. 10.90. nR*/8. 10.91. 0. 10.92. nR*,
10.93. — R%H/3. 10.94. 0.

10.95. x+y+z 10.96. — 2/(x4-y+2)3/3. 10.97. 14. 10.98. l.
10.99. 0. 10.100. 0. 10.101. 0. 10.103. @b. 10.104. 4<R?2. 10.105. —R3,
3aMKHYTH MOBEPXHOCTh, JOGABHB OCHOBaHHE MapaGOJIHUECKOro cemema
H BLIYECTh COOTBETCTBYIOLIYIO MY 4acTb NOTOKa. 10.106. Ecin a=a, i+~

+ayj, TO MOTOK BeKTOpa @& uepe3 ayry AB onpegenutcs dopmysnod
s (@, n)ds= S a, dx—ay dy. Teopema 'aycca—Octporpaackoro nns

AB iB s 3
a a
TVIOCKOTO MOJIST: f(a, n) ds=‘¢‘a,‘ dy—a, dx=55(a—: + .a_yﬂ>dxdy.
Q

6 7
10.107. faxdx+aydy—gf(ﬂ’_i;>dxdy (popmyna [puna). o

[MosnyuaeM gdx-txdy+ydz=

-® -—a0

[ToI0OXKHUTE B MpensIAy e tpopmyne (3anava 10.106) a;=a,, a,=—a,.
5
10.108. 83— 10.109. = . 10.110. x (22—y?) I4-y (x2—2%) j+2z (y2—x2)k.

2

10.111. %(i—-%)k 10113, —2yl4-2xj—2(3x+2y) k. 10.114. O.
10.115. rot v=2w0. @ Ckopocte © ToukH P (r),.Bpaitanieiics ¢ yrio-
BOf CKOPOCTbIO @ BOKPYT OCH, MPOXOASLEH 4Yepes Haualo KOOPAHHAT,
pasna [®, r]. 10.118. a) a®. e [Ilepeiitu k napameTpuueckoit ¢opwme,
MOJIOXKHB Y =={x; neme coome‘rcrayer usmenenue ¢t or 0 g0 - oo,
6)in?—£’— 10. llQ.—nR"’ 10.120. —-nR‘ 10.121. 63— 10.122. div(cu)=
===(c gradu), d1v(a, u)y=u dlva+(a grad u). 10.123. grad(a, ¢) =
= (¢, rota]+(c, v)a, grad (a, )=[b, rot al+[a, rot b]4-(b, v) a+
-|—(a, v) b. <« Haitzem npeaBaputensto [¢, fot @]. Hwmeem: [c,rot a]=

=[e, v, a]l=(a, o)v—(, V)a=v(a c)—(e ¢v)a OTcxoua

v (a, ¢)=[c, rotal+(c, v)a nanee, grad (a, b)=v (a, b)—f—v(b Q)
H MCIOJb3yeM Mpeabinywuit pesynsrar. P 10.124. div [a, c]=(c, rot a),
divla, b}j=(b, rota)—(a, roth). 10.125. rot (cu)=|gradu, c},
rot (au) =u rot a4 [grad «, aj, rot [a, b] = (b, V) a—(a, v) b+{-a div b—
—bdiva. e CM » pelieHde npumepa 5. lg (leﬁ )dxv glgd(ét— )Zu =
9% |, 0%u iva iva
ax“+6y2+0 5 graddiva=vy (v, @)= % i+ 3 J+

11 Ilox pen. A. B. Edumona, B, I1, [emunosnua 321



-[—ﬁ%‘zﬁ)—k, rotrota=|{v, [v, all=v (v, a)—vy?a =graddiva —

— via, via=viai+ via,j+viaek 10.127. 6r =6 (xi4yj--zk).
10.128. 0. 10.129. 4r=4 (x| yj-+2k). 10.130. udivgrado -+
+ 2 (gradu, gradv) 4- v divgradu. 10.131. grad div (uc)=(c, v) grad u,
grad div (ua)=u grad div a--div a grad u--[grad u, rot a}--(grad u, v)a-i-
~+ (a, v)gradu. 10.132. rot rot (uc)=(c, v)grad u—cy3u.

10.133. x'y—xy°+C. 10.134. 2)/ cos? x sin? y -+ sin? x cos? y 4 C.
10.135. xyz—-)—CQ—y—{—"—/—;——{—C. 10.136, %-}-%4-;4-0. ® 3a HaualbHYIO

Touky A npunats Toury (1, 1, 1) mam nobylo Apyryio TOuky, He Je-
N yz | xz2 xy

KAyl Ha ocsx Koopanuar. 10.137. -;;-}—;2-—?4—0. o CM. ykasa-

e X npepuayweit sanave. 10.138. < Ecan 6b Bo BCIORy HenmpephiBHOM

NOTENUMaNbHOM NOJIe MOTJH CYLIeCTBOBATh 34MKHYThle BEKTODHbLIE JIMHMM,

TO IHMPKYJAUMA NO TaKCH JMHKUH He Morja Obl ObHITb paBHOH Hyalo, Tax

Kak nponsBefenne (@, dr) Broab Bcell THHHH coXpaHAN0 6kl MOCTOAHHLIA

SHaK, B NOCSTOMY ‘45(0, dr) # 0. pp 10.139. Ocobasi Touka O (0, 0), un-

KOMyecKasl NOCTOfHHas paBHa 2m. 10.140. @ BasTe aBa MpPOH3BOJRHBIX
3aMKHYTBIX KOHTYpa, 06XOJslHX AaHHYI0 ocobyio Touky: AMA u BNB.
CoenuHETL TOukH M n N oTpeskoM npsAMOH H K CJIOXKHOMY KOHTYpY
AMNBNMA npumenntb topmyay Ipuna. 10.141. ® Hcnosb3osats npu
onpefieJleHHH NOTeHLHala NyTH, OOXOAAIIHE NO HECKOJbKY pas H B pas-
JHYHBIX HanpasjeHHAX ocobbie TOukH. 10.147. ® [IpumeHuTH Teopemy
Faycca— OcTporpaicKoro u yuecTb, YTO Ha GOKOBOi NMOBEPXHOCTH TPYGKH
(@, n)=0. 10.149. ® IIpumenutp Teopemy I'aycca—OcTporpaiackoro h
yuecTb, 4TO AAA TapMoHHueckux ¢yHRuu# vy2u=0. 10.150. Her.
10.151. Her. 10.152. Jla. 10.153. Toavko npu A--C=0. 10.154. Tonbko
eciu A+C=B4D=0. 10.165. a. 10.1566. TosbKo npu aj;}agse,-+-ass=0.
10.157. TonbKO €M ayjj+ Qjoa -+ @iss = Qjia - Az09 -+ Qoss = a153+ g9+

~+agss=0.
. i_y—yo_z—‘ZQ . . X—X, Yy __2—20‘
10.158. Jlunun x: T= "0 — 0 MWMHERYI—G—=T=—5=]

JMHUY 2: LO——=—O—=T. 10.159. Jlunuu r: o=q,, 2=2, (1yun,
ucxopsiune 13 Touek ocn Oz, nexaulde B FOPHSOHTaNbHBIX IJIOCKOCTSAX)}
JUHHH @ r=ry, 2=2, (OKPYXHOCTH C LleHTpamMH Ha ocH Oz paiuyca rg,
Jexalite B IJJOCKOCTAX 2==2g); JHHHH 2! r=rq, §=(, (NpsMble, Nna-
paanenbhbie ock 0z). 10.160. Jlnunu r: 6=0, p=¢, (1yun, ucxoasamue
¥3 Hauajna KOOpAHHAT); JMEHH 0: r=ry, Q=@ (OTYOKDYXHOCTH
pajHyca ry C LEHTPOM B Hayaje KOODAMHAT, JeXalllie B NOJYIIOCKO-
CTAX ==y, NPOXOAAWHKX uepe3 ocb 02z, T.e. Mepuauansl). JInuun @:
r==ry, 6=0, (OKPYXKHOCTH paauyca rosin@, ¢ uneurpoM Ha ocu Oz,
Jcxaiune B FOPH3OHTANbHLIX MJIOCKOCTAX, T.e. napauienn). 10.161. L =
=L,=L;==1. 10.162. L,=-L,=1, Lo=r. 10.163. L, =1, Ly==r,
Le=rsin0. 10.164. ds, =dx, ds, =dy, ds; =dz; do, =dy dz, doy, =dx dz,
do,=dx dy; dv=dx dy dz. 10.165. ds,=dr, ds_=r do, ds,=dz; do,=r d¢ dz,
de,=dr dz, doy=rdrde; dv=rdrdedz. 10.166. ds,=dr, dsy=r db,
ds,=rsin0dp; do,=rsin0d0dy, doy=rsin@drdg, do,=rdrdo;

dv=r?sin 0 dr d0 dg. 10.167, gfie,+%%e¢+% €.
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O(rgi>

10.168. -’-(-—67‘25--1-: g;‘;-{- -~ ,>. 10.169. -i-(a("”)-l-a""
-fr""‘). 10.170. (% %‘Z 6""’) e, (‘;‘i' fgf-)e +-
ORI MO DUk E

1 9 ([ , ou 1 0%
10.172. m(slnﬂ-{;(r E—)—’—a—é(Siﬂe 9>+_s—lﬁ0_(p§>°

1 d . d
10.173. “sind (slnea—(r a,)+ ’5@(“9 sin 9)—f-r—0¢—> .

1 1 Oa, 0
10.174. rsin e< e(aq)Siﬂe)—— a ) r+ (sinﬂ%—-&(m‘p))eﬂ —‘-
+1 (ar (rae)—a—"-’)em, 10.176. a) div e,=—17,rot e,=0;6) dive =0,
rotew—_:‘ir’-; B) dive, =0, rote,=0. 10.177. a) dive,=—2r-, rote, =0;
. ctg 0 ctg 0 1
6) diveg= ér—7 €.
10.178. a) u=Cy In r 4 C3; 6) u=Cy9 -+ Ca; B) u=Cy2-+C,. 10.179. a) u=
,=%+Cg; 6) u=Cylntg ‘g—+02; B) u=C,;@-{-C,. 10.180. u=r® sin 2¢ cos'20,

%9 . ; — —_
, rotee_——r—, B) dlve‘p_O, rote(p__

grad u=2r (sln 2¢ cos 202, —sin 2¢ sin 202, -[—-E(—)M e(p),

sin

V2u=2sin2¢ (1—2ctg?0). 10.181. u=rzsin2¢+rcos2¢, gradu =
= (zsin 2¢ - cos 2¢) e, 2 (2 cos 2¢ —sin 2(p)e¢+rsin 292, Vi =
= '?;“ 10.182. a—smee diva=0, rota:i(2cosee,—-sln939),
10.183. a=rz (e, —e,), diva=2z—r, rota_(r—l—z)e 10.184. grad u=

=f(e,=[ (r)T ) 2u—-—f"(r)—{—2f (). 10.185. grad u=['(r)e, =

0L, vu=p+L0. w0.ss gradu=Ie L,
2 6F 1 0%F | ctg® oF oF oF

viu 0r2+ cor T amt ,% 5 10-187. gradu="-e,+——e,
1 OF | O°F

2
V“—arz +r ¢3r+6z2 ’

FJIABA 11

11.1. Baytpenuocts Kpyra ¢ LEHTPOM B TOYKe 2, paguyca R; ogHo-
cBasna. 11.2. BHYTpeHHOCTb KOJIBLA MEXKAY OKPYXKHOCTAMHM pafuycos |
H 2 C LeHTPOM B TOUKe 2y = i; ABYCBA3HA. 11.3. BrewHocTs Kpyra panuyca 2
C UEHTPOM B TOYKe 2p=1( C BBIKOJOTOH GECKOHEYHO yJa/eHHOH TOYKOi;
ABycBsi3Ha. 11.4. BHYTpeHHOCTb TOPH3OHTANBHOH MOJOCH!, 3AKJIIOUEHHOK
mexay npsamsiMu y=—1/2 u y=0; oxxoceszua. 11.5. BHemwHocTs Kpyra
paguyca R ¢ LEHTpPOM B TOUKe Zj; OAHOCBA3HA. DecKoHeyHO yHaieHHan
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TOYKa 2= c0 NBJSETCS BHYTpelnelr Toukof stofi o6nactu. 11.6. Bnyr-
PEHHOCTh KPyra € BLIKOJOTHIM LEHTPOM Zo=— i paguyca 2; aByCcBs3Ha.
11.7. OTKpHTas NONYNJOCKOCTh, ONpefenseMass NpsAMoil Xx=1 u conep-
JKauan Havano xoopaunart. 11.8. BuyTpenHocTh Kpyra papuyca 2 c neh-
Tpom B Touke (2, 0); oxHocesizna. 11.9. Ilpamas x—y-1=0. ® 3anmu-

21 @+DE+) _ (24-1) (40

T T B Gty 1e—iP

2 2
3JI/MNICa %—}—%-:1. 1111, OxpyxHOCTh | 2 |=2, KpoMe TOuKH 2==—2i.

. 11.10. BHyTpeHHOCTB

llz.l2. :lacn NJIOCKOCTH, JieXKallasi CnpaBa OT JieBOH BeTBM TrHnep6oJnl
X y

9 16
Pe3aHHBLIM OTPESKOM, CoeanHsiomuM 3TH Toukd. 11.14. BuyrpenHocTb
oTpe3Ka, COeAHHAIOWero Toykn —i ¥ i. ® BocnoJb3oBaThCs paBeHCTBOM
arg(—2)=n-targz. 11.15. Rez>0, Imz>0. 11.16. Rez < 0.
11.17. |Rez| < 3. 1L.18. 2— (T i) |+ [2— B+ )] < 6. 11.19,.37/8 <
< arg(z—zg) < 5m/8. 11.20. u=2x*—2y2+ty, v=4xy+x. 11,21, u=

=1. 11.13. Ilpsamas, mpoxojsumias yepe3 TOYKHM 2j H 23, C BHI-

x—(1+y)?
=—-2xy—x, v=2—y+x2—y"‘. 11.22., u=——x—2+—(—l+—y)2, U=
___2x(+4vy) g y— Y = X
_——xz—_'_—ma—vn 11.23, u=—y xz_l_ya, U——X+x2+y2.

» 1
11.24. u=x2—y?, v=2xy—1. 11.25. u=m(2xy+y+x’-—y’+x+]),
1 1
= (2 — x4 y2—x—1). 11.27. 22} 2iz—1. 11.28, -
v 2(x_y)(xy+y x24y?—x—1) 7. 22} 2iz 11.28 z—{—z
11.29. _24z 3 11.31. Jlio6as o6aacTb, Jexamas BHYTPH Yria ¢ Bep-
22—z
wunoli B Hauane KOOPAMHAT M pacTBopa He Gosee m/n. 11.32. JhoGas
06aacTh, Jexauas B nojoce, NapanjelbHOH AEHCTBHTENbHOH OCH H M-
punoit ne Gonee 2:. 11.33. Jlio6as o6nacTb, Jexauas B noJoce, napai-
NE€NLHOH MUMMOI OCH M WwHpHHON He Goaee 2m/3. 11.34. Jhio6as obaacte,
nexaugas an6o BHYTpU epunuuboro kxpyra (]z| < 1), au6o BHe ero

1 1
(lz| > 1). ® Pagencrso 2,-'—}-2—=22-|—-z— NpH 21 # 23 BO3MOXKHO TOJNBKO
1 2

B cayvae, Korja z,=%—. 11.35. 3i. 11.36. —i/2. 11.37. —%-}-% i.

1
%-"% i. 11.39. Ocb Ox oro6paxaercsi B OKPyMHOCTE u3-}0v2=1,

Ocv Oy orobpaxaercs Ha ocb Ou. Ilpu sToM TOouka 2=1{ nepexoant
B TOYKY W=00, @ TOUKa Z2==00 —B Touky w=1. 11.40. Ilpsmas x=C
oTo6pamaercsi B mapabony v2=4C?(C?—u); oOKpyxHocTb |z|=R —
B OKPYXHOCTb |w]= R?, TNPOXOANMYIO IBaXKAbl; JyY argz=o.—B JayY
argw=2a; noaykpyr |z|<r, Imz >0—s kpyr |w| < r? ¢ paspesom
RO OTPe3KY NOJOKNTENbHOH peidicTBuTenpHOll ocH. 11.41. Touxu,
Jemamue Ha npamoil x=C, 3anuchBalOTCA B Buae 2=C-} iy, a noromy
W= 1 __¢ i
T Ctiy Cyr Cty?
1 7
u? 4 vt=———=— . CnepoBaresbHo, 06pa3oM npamoii x=C apasercs
+v'=1g TE=C ! 0, 06p ) C

11.38.

, c _ y
.OTCIORS u-——m, U—-—m,
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OKpYXHOCTb Ul v2—=2-=0, O6pasoM eXpyKHOCTH |2z|=R sBasercs
p

1
OKPYMXHOCTH lez_ﬁ' Jlyu argz=a, 1.e. ayu (0, w.el®) oroGpa-
sHTCH B HAymuit 3 Geckoneunocts ayu (0, co.e—i®). Ioaykpyr |z| < r,
Imz >0, OTOGpaSHTCH B HHXHIOW' TIONYIJIOCKOCTb C BHIPE3aHHBLIM IIOJY-

KPYroM |w|<—r., Imw< 0. p 11,42, wo=_v_;—(l—l/'2‘+i),
w=Y21-v2+),  w=— 204V I+, w=

=L/;2-(1—V'—2-—I). 11.43. wy= H“f'_ . Wf—(l-—K—-)(l—l)

11.48. wy=V 241V 2 (cos%-}-tsm%i) w,,_—V2+V2(cos—
+isin %)s gr=n—arctg (V' 2—1); w=V2—V2 (cos%?+
+isin%3),w,=—-V2—-}/"§(_cos +tsin , pe=arctg(y 2-+1).

11.45. wj=0, w,=141, ws--—(l+t) 1146 2(pt-kn), kEZ.
11.47. 3¢-}-2kn, k€ Z. 11.48, -—(\p+2n(n+3k)). n=0, 1, 2, k€z,

7sin @ 14rcos¢ P
sinPp=—————t | cosPp=m———t——t— | 11.49. L
M Vifrtorcosg ¥ V14 +2rcosg 2T
rsing

+n@n-42k), n=0,1, R€Z, sinyp=

y COSY\ ==
YV b4 r3—T16rcos ¢ 3y
rcosg—8 11.50. ¥ n(n428), n=0, 1, % in g
= . Y. y H=Y, L, Z, sin\=
YV 64 Fr2—16rcos @ PR € v
'r? sin 2¢ cos ¢ r%cos 29 —4
% 16 rA—8r2 cos 2¢p V16+r‘—8r2 cos 2¢

3r sin @
. %), n=0, 1, kE€Z, sinp=
2R, n €2z, siny V 9r3sin? g4 (r2—2—71 cos )%’

P
5L 2

2 _2—rco
cos Y= ri—2—rc0sg . 11.53. Rew=e'—* cos y,

V 9% sin? ¢ (r>— 2—7 co0s )2
Imw=—e=%siny. 11.54. Rew=e"~1=0 cos2x(1—y), Imw=—
=== gin 2x (1—y). 11.65. Rew=sinxch(l—y), Imw=
=-—¢0s x sh (1—yp). 11,56, Rew)—shxcos (y+2), Im wzzcl;lxsm (y+2)

sin 2 (14- 2y
W57 Rew= o2+’ | U~ GyTcst(Fa"
X

Xx
Y gty o Y
ol Imw=—3 sin I

11.62. ch 1 cos 1 —ish1sinl. 11.63. cos 1. 11.64, —sh 2 cos 14-ieh 2sin 1.

11.65, (2k+1)ni, E€Z. 11.68, %t. 11,67, (2k+—:—) n, REZ.

11.58, Rew=38"*+¥"cos
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11.68. {cth . 11.69. 0. 11.70. Arcsin 2= — I Ln (iz4- ¥ T—2?), Arcsin (=

=2n—iln (Y 2—1), k€Z. .71, A‘“‘“'“‘%L" llill;
Arctg—g—=’m+l§ln2- kEZ. 11.72. Ashe=Ln(z4 ¥V 28F1),

Arshi=(2k+-£—>ui. kEZ. 11.73. Archz=Ln(z+y 22—1),

Arch (—1) == (2k+ 1) 1, REZ. 1174.Arthz_.31.n‘+z Arth (1—i)=

--i-ln5+?arotg2+(k—|——2—)ni, kEZ. 1T, |w|=7, argw=
3n o — 1
=g 11.76. |w|=n?, argw 0. 1177, |w|=§-(3+cosln4),

argw==0. 11.78. |wl=thl=m, argw=0. 11.79. (cosIn2 4

+isinin2)e-n, n€z. 11.80. £*F peg.

1
FY T ¥ 4
11.81. e( v) (cosﬁ—;-zsm'-“-?) kEZ. 11.82. & Tkt DL

tgt g2k
kEyg.11.83, Sem e u( (ln5—arctg )—l—tsln(lnf:—-arctg ; ))

tg — + (ak
k€z. 1184 —5e o re @ “’“(cos (ln 5 — arctg %) +
37T
-5 M
+isln(ln5—-arctg-;—)), kcz. 1.8 e ¢ U g

11.86. ¢ “”"’(‘;3-{— ) rET. 11.87. z=i(2+2 ).kez.

11.88. x=20, 11.89., z=1+1i. 11.90. z=x-2kn, kE Z. . f(2) ue-
npepuBia B D, ecin ve > 0 y2E€D 36=28(e, 2) > 0 ((| Azl < S A z+-
+Az€D)=b|f(z+Az)—f(z)[<e) 11.92. —2i. 1193 1. 11.94. .
.95, 144, 11.100. f(0)=0. 11.101. f(0)=0. 11.102. f(0)=
ll -103. llm f(z) He cymecrsyer. 11.105. He auddepenuupyema Hu B

oaHORt TOuke. ® Ahm0 2—; He cywectByer. 11.108. He puddeperuupyema

Ax . 1
Hu B OfxHOM Touke. ® [Ipu Ay =kAx umeem lim = lim ———
. pu 2y Az—>0 Ax-{—sz Ax—~0 1 iR’
T. e. npefen He cywmecrsyer. 11.107. [uddepenuupyeMa To/NbKO
B Touke z==0, 11.108. Huddepenunpyema ToI6KO B TOuKe 2z=0.
11:109. He xuddepexuupyema Hu B OfHOR Touke. «f B Touke z=0

lim ___lz+Az|—|z|_ m 821
Az—+0 Aaz—+0 Az

. |z+Az]—
10, o6osHauad, |z|=r, Az=Ape’®, nmeem = zAlz el

———mHe cywecrsyer. Ecim xe 2z #0,
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( ]/1+ p(xcoscp-}—ysxncp)+<—A7e)2—l)

. Orciona  Hafi-

Ape'®
A Ap\?

w Y 25 (F) )

JEM Apl_ﬂgo Ao = mpn =0 =
2

" ,(1/1_*_2%‘3!/_}_(%9) —l)# iy n
im = ==,
s Ap - TpR =7 Takum
obpasom, lim lz+4z]—|z]| He cyuectsyer. P 11.110. Ouddepennu-

Az—> 0 Az

pyeMa Toabko B Touke z=1. 11.111. ® HcnosbsoBaTe npasuaa nug-
(depeHHpPOBaHUA CJOXHOH (YHKUMH JBYX TNe€PeMeHHbIX u (X, y) =
=y (r cos q>, rsing), v(x, y)y=v(rcosg, rsing) u yciaopua (l):

9u 6u +au % —-gv-cos iaisin % iU——-—@-rsln +
o ox or Toy or oy PP S® o9 _ax on¢
du 1 v
-l-a;-r oS Q, T. € F-=—-- rh AHajoruuHo npoBepsieTCsi BTOpPOE H3
pasenct (2). Ilns nonyyenns paseHcTB (4) caepyer BBIPa3HThb g;- H %
or odr O¢ p
yepe3 NPOM3BOAHLE NO 7 B ¢, TPOH3BOJHbIE nosy-

Ox’ dy’ ox’ Oy
218 q—arctg ; i
unTe #3 pasercts =) x2J 3, g=arc g M NOACTaBHTH WalifeH-

neie Bupaxenus B (3). 1L112. (%) =3¢%2. 11.113. (shz)’ =cha.
11.114. (2")'=nz"-1! (xpove ToukH 2z=0 npH oOTpHUATEJLHLIX n).

’
11.115. (cos2)' =—sinz. 11.116. (In (2?))' =2/z. 11.117. (sin%) =
%cos%. 11.118. ® Bocnoas3osatscst ycaopusiMp Kowu — Pumana.
11.121. Bcs naocKocTb, KpoMe TOuEK 2=(k—ij%) n, REZ; (lga)y =

1
T cos?z

. 11,122, Bes naockocTk; f'(2)=e—% (1—2). 11.123, Bes

(1—22)cosz—2 (14-2?)sinz
T2 '

11.124. Bca niockocTs, Kpome Touek 2y =2mvi, vE Z; ' (2) = —

NJIOCKOCTh, KpoMe ToueK 2, 3= £ §; [/ (2) =

2¢?
@ =1
11.125. Bcs DAOCKOCTb, KPOME TOYEK 2y == —g-v, VEZ; [’ (2) =cos 2.

e(z

11.126. Bcsa naockocts, kpome Toukn 2=0; f'(2)= D . 11,127, Bes

IVIOCKOCTb, Kpome ToueR 2p=nki, k€ Z; [ (z)=—-’Fl,—;. 11,128, Bes
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NAOCKOCTb, KPOME TOUeK z,,-z(k-{-%) n, REZ [ (z)':'l——_-slln_ﬁi'

@y 1op, 1 o =3ty —
1180, Au=35 7 5rtirgpr - 1131 Au==0, v(x, 4)=3xty

-— C, = iy Ci=284-Ci. 11.132. Av=0, ’ =
-?y;’j;osy-}f—(cz‘? f((z);igg‘Zlc—os‘y+zi;{1_nyl)+c=2e’+g. 11.135‘.(&5;0.

v(x, ) =—x2+42+C, f(2) = —i (x—y2+2ixy)+-3+ Ci = —iz®+-8+-Ci.
11134, Av=0, u(x, y)=-21- In (x*+ 4% +C, f(z)=%ln (= -l™ +

+idrctg %—l—C:uln]zH- fargz4-C=Inz4C. 11.135. Au==0, v(x, y)=

xs_i!{yg 42c4C,  f(2) =‘$TT—% — 9y 4 ix+-Ci= %4_2;,4_ cl.

11.136. Au=0, v (x, y)=,—--%—(x’—yz)+2xy+,0, f(z)=z’«—7l 2*-Cix=

2—
2

-_l 2
—--2—2 +C.

11.138. k=4, p=n/4. 11.139. k=2, p=1/2. 11.140. k=6, p =n/2.
1.141. 2=3, ¢=0. 11.142. k=1, ¢=0. 11.143. k=2, @p=m/2.
11.144. Cxxumaercs obaactb |z| > 1, a pacraruBaetcs obaacte |z] < 1.
11.145. Cxkumaercss nosynsockocts Re z < 1, a pacrarusaerca moaymnoc-
Koctb Rez > 1. 11.148. Cxxumaercs o6aacte |2-+1| > 1, a pacrarusaerca
o6aacts |24 1| < 1. 11.147. Cxknumaercad BHyTpeHHOCTb Kpyra |[z-41|<
< -1/2, a pacTAruBaeTcA BHEWHOCTb 3TOoro Kpyra. 11.148. [z—1|=1/2.

11.149, 'z—-;—‘=1/2. 11.150. |z+4{|=V 2. 1151 |z|=1/V 3.

11152, {z|Im (1—i)z=0}, T. e. npsmas y==x. 11.153, {z|Im(1+ )X
X(i-+2)=0}, 1. e. npamas x-4-y-+1=0. ® Hcnonbsosars paBeHcTBO

==

Lagct, 1137 Av=0, u(x, y)=—;—(x’—y.’)+c, &)=

arg —2arg ({-}-2) =0 u cooTHOwWeHHE —-%:afg (—1—9.

—{  3n
(i+2?% 2 4
11.154. Jlys 0 < x <400, g=—1/2. 11.155. Jlys | < x < 400, y=0.
11.156. Otobpaxenne Kondopmuo. 11.157. Otobpaenue He KOHHOPMHO.
11.158. Oto6paxenne Kokipopmuo. 11.159. OtoGpakeHue KOH(POPMHO.
11.160. Orto6paxenue He KoHpopmHo. 11.162. zp=—1, a=0, k=2,

. ;4 i 1 n i1
11.163. 2y =2(1+4-i), a=3, k=1. 11.164. zo=—~7——2~ctg-8—, o=

k=1. 11.165. [Ipn a # 1 zo-——-lf—_a. a=arga, k=|a|. 11.166. ITps-

maa v=-—3, 11.167. Tlpamas u—2v=0. 11.168. Oxpyxuocts u®
4 v?—u—uv=0. 11.169. Oxkpyxuocts  u?+4v2+42u--20+41=0.

171 w=i2=5 172, w=ED2=8 4y y73, 03024
z—1 z 4z—5—3i
- —A2
11.174. 21 2= a_di V;c(a 9" -4bo ; 2y2=2, npu (a—d)24-4bc=0.

BeckoHeyHO ypRaneHHas TOYKA SBAAETCA HEMOABHXXHOA TONBKO IIpH
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¢=0, v. e, paa auuefivofi pyHkuuu. 11.175. a) —;—(l—(-l); 0) 4-
® Towka I1+4-¢ u wuewtp kpyra i Jjexar Ha mpAmMOH y==l

: ) 142, 81 —2i |
(176, &) 0, _, y=—t— O) w|,=1_,‘_ = LT a=g
0=m. 11.178. a=0, ez—%. 1.179. a=2,, e=-2£. 11.181. o =1,
0=0. 11.182. =2, e=37". 11.183. a=z, O=m. 11.184. E =

={w||lw|< 1, Imw< 0} (HHXHAS nOAYOKpYKHOCTb). 11.185. E'=
={ “ —'(—-’5 )l>-V—g, lm.w<0} (puc. 106). @ Jlyy

)

0.< £ <} o npeoGpasyerca Bo BHEIHOCTh OTpeska O« u << 1, npHuem
TOYKH BepxHelk mnoaymiockocT#t (2) OTOOpaMaiOTCA B TOUKH HIKHEH
noaymiaockoctd (w). IlpamMas y—x=0 oT0oGpa)aercs B OKDYMKHOCTb

Puc. 106

— 14 —i - 1 1
W—Tw+—2-w—0, T. €. B OKDYXHOCTB \w—(7——§l |=

Y32 11 1 :
=g~ C LEHTPOM B TOUKE wo——2——?t. 11.188. E= wl 7<lw—l|<

<1, —%< arg (w—l)<0}. ® Okpyxuocts |2z|=1 orob6pamaercs

) w)
\

ey

Puc. 107

B OKPYXHOCTh |w—1|=1, OKpyx)HOCTb |2|=2—B OKpyXHOCTH | —
—1 |=—2—, orpe3ok 1<Cx<{2—B oTpe3ok —2-<u<2, a npamas
y=x—3 npamyio «4-v=1(puc. 107). 11.187, E={w|Imw >0, Rew>0}.
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1 1 3 1 n
11.188. E={w”w——§|<§, lw——4—|>—z—} . 11.189. Ez{wl—T<

1
< al‘gw< '—4-'

r? r 1
2| Z—I—m <q—7m( ™r <k
11.190. D=<{ {z]| Rez < 1/2} npu r=1,

r? r
{zl r"‘——ll>r3—l} npu r> 1,

« Tockonvky |[w]| < r, To H3 cooTHoweHns w(l—2z)=2 nomyuaem
|z} < r|l—2z|. BosBoas o6Ge yacTH STOrO HepaBeHCTBAa B KBaApar, 8as

nulIeM NOJyueHHOe HepaBeHCTBO B Buie 22 < 7% (1—2) (1—2), oTKyxa
nojyiaem

(r*—VYzz—r2(242)4r2 > 0. )
Ecan r < 1, To n3 (%) MmeeM
zz—}— 7 2+ 2) < — (%)

- ] 4
Ho 2zt — l 3 (z+z)-—(z+ T— ) (z+ ILrﬂ )—— (lLr’P .
Hanee, TaK Kak T ,s)a'l" l—r’ a r :2)3 , TO H3 (w) nonyuaem

|z+ 1272 ,2< ( l—’-ra )’, T. e D=-{zl 2-}-l <——5}

(BHYTpEHHOCTb Kpyra). AHaJOTHYUHO B cayuae 7 > 1 naiigem 2z —

@+D) > ——ey 1. e SN N

- | B B e ey = —
r? r? 2

— AT CnenoparensHo, D={z|- ——— >

> (sHemnocTh Kpyra). Haxoneu, ecan r=1, To H3 (+) noay-

r2—1
uaem z+42z<1, T e D:—.{z-] Rez<%—} (nosaynaockocts). P
11191, w=— (z—:‘;a ,zl~-;—-—i'/23, 23=—+lV3 11192, w=
w4

=% 2% e wes () 10t we— () 10105, 0

/s 3 /T\2

_—.(fﬁ:i-lﬁ)’. 1,19, w=— ”"l"'/4 .ILI97. we
24—16 / 3

—- ii_@:_"_)s =_(22_+_K_3;F_")”“ 1 -
(z—V‘—i . 11198, w o 1.199. w=—
(—2’—ﬂ—§i'—‘-) 11.200. w=—(M+—i)a 11201, w
22— 3+i 22—y 3—il/"
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z41 . z—1—i z1 R
= ‘/7.—_——;. 11.202, w== 1/§+2—l-—2~' 11.203. w= .‘/:R'n

11.204. w=} 22+ hi, 11.205. Kax BuyTpenHocTs kpyra !z| < R npu
R < 1, tak u BHemHocTh Kpyra [2| > R npm R > 1 orto6passtca Ha

u? N v? 1

f =1. 11.206. [Lroc-
Cre L) T(g_I)
T\Rtr) 7\%x
KOCTBb ¢ pa3pe3om mno orpesky [— 1, 5/4]. 11.207. TTrockocTs ¢ paspesom
no ayyam (— oo, —5/4], [1, 4 ). 11.208. Onun u3 orsetoB: W =

3 1 1 V 3 | 1)3

=_8-(z+7)—T+ (-8— (f+7)—7) — 1 (npuuem BHGHpaeTcs
Ta BerBb, KoTOpag Touky 2z==0 mnepeBOAHT BO BHYTPEHHOCTb Kpyra

1 1 3wy —1 3
o< D). o =g (47 ), m=22"0 e, oo+

BHEIHOCTb 9JIJIHNCA

—ee. 2
+Vw§—l, W =wowgowgowi. 11.209. wa%(:—{-%—). ® [Ipous-
BeCTH npeoGpa3oBaHHe NOAOOUA wj== % U AJA OTOOpaMKeHHA W, ==
8 1
=3 w1~+a}—_ Opoc/ieAnTh 3a npeo6Gpa3oBaHHEM TrPaHHUM 06JaCTH.
1

11.210. w=a—_:_b(z+ VZ8=c), rae e=V a?—b% @ [Ipoussoza

npeoGpa3oBaHHe MOAOOHA W =-£- u onpeieaas R u3 ycnosuft
1 1\ a 1 I\_ b 3
'§'(R+?)—?' 7([2-—?)—-&-, HaxoauMm w,=w1+l' w;—1

R Wy=—p- Ws. 11.211. E={w|Imw < 0}. 11.212. E={w|Rew > 0}.

11.213. E ={w||w|> 1, wgE(l, + »)}. 11.214. E={w| lw]>1,0<argw<

< % . 11.216. E={w|1 < |w| <e, Imw > 0}. 11.216. Ecan w=pe'®,

10 npsiMast x=C OTOGpa)aercsi B OKPYKHOCTb p =eC, npoxonumyro Gece
KOHEYHOE€ 4HCJIO pa3, a npaMasa y=C—sB ayd =C. 11.217. E={w|0<
< Imw<n} 11.218. E={w|Rew< 0, 0< Imw< n}. 11.219. £ =
={w|Rew <0, 0 < Imw < 2n}. 11.220. E={w|0 < Imw < 2, w #%
# u—+in pas u > 0} 11.221. E={w|Imw < 0}. < [1pescraButs cos z=

=§-(e“+e"") B BHIE KOMIO3HIHH OTOOpaXKeHUR wj==(2, wy=e¥,

2

waal (w,—}-msz) (puc. 108). P 11.222, [Tpameie x==C npeo6pasymorcs
ur | ot 2 C 1 o-C)3 2 2
B SJUIHICHI -a—a—{——l;;—l, rie a ==T(e +e~C)¥=(chC)?, b=

uﬂ
costC

==1. 11228, Tak kax 06sacTe D COZEPIKUT TOUKK C CHMMETDHY-

=71‘-(ec—e'c)’=(shC)’, a mnpameie y=C—B runep6oJs

v
sin® C
HBIMH MHMMBIMH YaCTIMH, TO 00JIacTh 8HaueHH#i E uMeeT gBa npooGpasa:
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KaXJaeth us npamoyroabinkos Di={z|—n< Rez<n, —h<Imz<0} n
Dy={2{—n < Rez < m, 0 € Im 2 < h} 0106pasntcs Ha HUKHIOW NOJOBH-

u? v?

(¢ 4-e—h)? %_(eh._e-h)a

HY BHYTPEHHOCTH 3JIIMICA =1, v< 0.

1
3

(wy)

Puc. 108

11.224. —14-2i. 11.225. — ‘/2'—3 (2-43i). 11.229. @ Ouennts

uuTerpanbnyo cymmy (1) u, yyuthsas, 4to | Az | << Asp, nepeiitu K npe-
neay npu max Asp — 0. 11,230, —4-}-/n. 11,231, -3-+2i. 11.232. L.

3
—(%+ 43!) i, 11.233.‘31—0—% 11.234. —2. 11.235. (2sin1—e) -
+i(1—2cos 1). 11.236..  — i (14-€%). 11.237. .—9399.
1y3 chl . -
1128,  —— (14sh 1) 11.239, mag (P —4)—4nd).
101 (—1)!n8 __15 . Bl 2304
11.240. —m—— (l:—ﬂ +21'U). 11.241. _T—E— i
11.242._~1—‘§1. 11.244. ‘ﬂ:f’-(— YV 340). 11.245. V21—V 3+0).
:.t_i p— — +1 23‘[1
11.246. e 11.247, 2. 11248, (—l)r+i 7
11.249. ¢ (¢ cos 8—cos 1)-}-ie (¢ sin 8—sin 1).  11.250. (cos %—ch % —
9 3 . 9 .3 1 1 .
—cos -ch ?)-}-l (ssth 5 —sing Sh?) . 11.251, (2cos I—sin1)+-
+i@3shl1—2chl). 11.252, —In} sh?1}-cos 1-4-iarctg (tg 1.th I).
11.253. (z—zp)" dz= 0 mpu n#—l, .o poussectn
l2-Z¢1=R 2ni npn n=-1l, '
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3ameny nepeue.uuoﬂ-_z—za=Re’.e. 11.254, S (2—2¢)" dz =

f2=24|=R
0< arg (z—2,)<n

i npn n=—1I,
0 npu n=2k+1, k€EZ, k#—1 3 . 3n
= 9R2k+1 or ’ 11,255, (Q—TshT>_
————— npu n=2k.
21

3n
—i (e 2 —1) 11.256. %i(l«—}-lik), k€Z. ® B xauectBe nytu Hnre-

I'PHPOBaHHS B3ATh YaCTh OK PYKHOCTH z=—‘;—+—;— ¢'® 60 npn G<g<<n/2,
au6o npn —3n/2<<@p=<<0 u 106aBuTh 0G0 WHCNO ©OBOPOTOB.
11.257. a) 0; 6) — 8ni. 11.268. a) 2ni; 6) 0. 11.259. a) 0; 6) m;.8) — 7.
11.260. a) mi; 6) 2mi. 11.261. 0. 11.262. 0. 11.263. m. 11.264. 0.

11.265. a):i;l‘; 6) —%; 5) 0. 11.266. —mshl. 11.267. 2mi.

i . - - n? . i
11.268. —-—B—n(n+2)lf2. 11.260. 7 shl. 11.270. a%. 11.271. 0,

11.273. ® Paccmorpers QyHKIHIO (p(:):le)-.
FJABA 12
3 6Ge—e?—1
12.1.11/4. 12.2. 23/45. 12.3. 1/2. 12.4. 1}/1 1?5 7 Be—1) 3—9)
-n n
® Hcnonb3oBate ¢opmyany Diiiiepa cos in=2 2+e . 12,6, 141,

12.19. Pacxoantcs. 12.20. Cxomntcsa. 12.21. Cxoautca. 12.22. Cxopnres.
12.23. Pacxoputcs. 12.24. Pacxomntcs. 12.25. Cxozpmrcsa. 12.26. Cxo-
antca. 12.27. Pacxoaurcs. 12.28. Cxomurcs. 12.29. Cxoaurcs. 12.30. Cxo-
antca. 12,31, Cxoaurcs. 12.32. Pacxoautes. 12.33. Cxoaurcs.
12.84. Cxoxnutcsi. 12.35. Pacxopurcs. 12.36. Cxoaurca. 12.37. Cxonures.
12.38. Cxoaurca a6comotHo. 12.39. Cxomutca abcomoTHo. 12.40. -Cxo-
gntes. 12,41, Pacxoautca. 12.42. Pacxoaurcs. 12.43. Cxoawures.
12.44. Cxognurcs. 12.46. Cxomnrcsi. 12.46. Cxoxurcs. 12.47. Cxoantest
abcomotHo. 12.48. Cxoaurtcsa abcomotno. 12.49. Cxoputca. 12.50. Pac-
xomntea. 12.61. Pacxoaurcs. 12.52. Cxoaurcs. 12.53. Cxopurcs.
12.54. Cxoaurca. 12.56. Cxomurcs. 12.66. Cxopurcs. 12.57. Pacxoautes.
12.568. Cxomurcs. 12.59. Cxonurca. 12.60. Cxonurca. 12.61. Cxoaurcs.
12.62. Cxoautcsa. 12.63. Cxoputcsi. 12.64. Cxonurcsa. 12.65. Cxomurcs.
12.66. Pacxoautcs. 12.67. Cxonutcs. 12.68. Cxonutcsa. 12.69. Cxoaurcs.
12.70. Pacxoantes. 12.71. Pacxoxurca. 12.72. Pacxoaurcs. @ u, , 1/u,>1.
12.73. Cxopnresn. 12.74. Cxopurcs. 12.75. Pacxoautcsa. 12,76. Cxoanres.
12.77. Pacxonnrca. 12.78. Pacxopurcsi. 12.79. Cxozurcs. 12.80. Cxo-
amrcs. 12.81, Cxonmtcs. 12.82. Pacxopurcs. 12,83, Pacxozmmrcs.
12.84. Cxoautcs a6comortno. 12.86. Pacxomurcs. 12.86. Cxozutcs
a6comorHo. 12.87. Eciu p > 1, To pAX CXONMTCA NPH BCeX o, a ecau
p < 1, 1o pacxoautcs. Ecaim p=1, 10 pan cxoautcs npu o > 1 u pac-
xoxurca npn a<C 1. 12.88. Ecau p > 1, To paa cxoautcss npu JoCoix
an P, aean p< 1, 1o pacxoantes. Ecan p=1, To psaa cxoautes npu
o> 1 umobuix B ¥ pacxomures npu o < 1. Ecan xe p=a=1, 1o
pancxonutea npu B > 1 n pacxoantes npu f < 1. 12,90, Cxonures yc.ioB-
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Ho. 12.91. Cxoautcs a6contotHo. 12.92, Pacxoautcs. 12.93. Cxogurcst abco-
motHo. 12.94. Pacxoautcs. 12.95. Cxoautca ycnaosHo. 12.98. Cxogurcs
a6comoTHo. 12.97. Cxoautcsi a6comotHo. 12.98. Cxoautcsi a6COMIOTHO
npu o > 1, ycaoBio—npu 0 < a<<l u pacxogurca npu a<<0.
12.99. AGcomotrHo cxonutcsi. 12.100. YcnosHo cxoautcs. 12.101. A6co-
JUOTHO CXOAMTCH mpu Bcex a €R. 12.102, Pacxoaurcs. 12.103. Cxoautcs
ycaosuo. 12.104. Cxoautcs a6conmoTHo. 12.105. CxXoAuTCH YCJAOBHO.
® PaccMOTpeTb YacTHUHBIE CYMMbI C HOMepaMH 87, B KOTOPHIX CrpyMTH-
posaTb uJieHwl ¢ Homepamu 8k--1 u 8k+5, 8k-1-2 u 8446, 8k+3 u
8k 7. Y6egutocs B cymecTBoBaHHM mpeiena lim Sg,. [anee, Kak u
n-—+oo

NpH I0Ka3aTeNbCTBe NpH3HaKa JIefiGHHLa, BOCIIONBL30BATLCH COOTHOLUEHHEM
lim %sin n—:-zo. 12.106. Cxoputca ycaosHo. 12.107. Pacxoautcs.
n-» oo

12.108. AG6comotHo cxomutcsi. 12.109. Pacxoxutcsi. 12.110. Pacxogurcs.
® PaccMOTpeTb YaCTHYHBIE CyMMbl C yeTHniMH Homepamu. 12.111. Cxo-
autcs ycqaoHo. 12,112, Cxoautcs aGcosiotHo. 12, ll3 Pacxonures.

12.114. ® Bocnonb3oBarbC  HepaBeHCTBOM |a-: b|< (la|2+106]?.
12,115. Cxonurcs. < Ouenum c,. Mmeem

kd

1
cn—Zkz gt 2 FEES

n n
1 5 1 { ~ Ay A
<gFT 2[ ?-F(—,;T 2 9% g—f"_n_"
n 2
k= T]” 2

Honyqenuue cjaraemele  fIBJIAIOTCHA qjileHaMd  CXOAAMXCH psaAos
®

Ag EV— u A,Z n—l,. P 12.116. Cxoautci. ® [laa oueHku
n-—- n=1

(—=1)r-r+1 .
Cp= E k ) BOCMOJIL30BAaTLCA Pa3jomeHHeM ApPOGH HA mpo-

Tr—kFD)
L _ 1
Fa—hT D GIDE G 1)2(?+m) o ok
n

8aTs, uTO 4HC/AA b,=(—1)"+1

crefiiue

1 Z 1
—5 MOHOTOHHO yO6wBalOT Mo
Ry y
aGcoJnoTHO# BeaHuuue. 12.117. Pacxoputca. ® Bocmnoas3oBarscs pasio-
weHneMm ApOGH H3 npelbifylueil 3afgaud Ha MPOCTEHIIHE U OUEHUTH YJIEHbI
n

1 1 1
d,."—"m kgl?- cHu3y. 12.118. Pacxonurca. ® C,,=’zzlm >
. =
> 4 mpH n>=2,

12.124. (0, --o); abcomortHo cxoautca mpu xE(l, - o).
12.126. R; cxoaumocts Bciofy aGcosiornas. 12.126. Pacxoautca BO
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Bcex Toukax. 12.127. RN\ {—3}; cxomnmocTs Bclofy aGcosoThas.
12.128. (— o, —1); cxonumocTh Belony abcomordasn. 12.129. (—1, —1/2]Y
U@1/2, 1); cxoauwrcs aGcomotHo npu  x€(—1, —1/2)y(1/2, 1).
12.130. [0, +oo%U{kn[k=—l, —2, ...}; cxonumocTh BCioAy abcoaoT-
nas. 12.131. (—2, 2); cxoanmocTb BeloRy abeomotHasn. 12.132. (0, 4=c0);
cXOfHMOCTb Belony abcoqiornas. 12.133. [l/e, e); cxopurcs aGcomoTHO
npu  xE&(l/e, e). 12,134, |z2—2|> L. 12.135. |z++1|> 1.
12.136.  |2—3i]| >Va 12.137. TTonynnockoctsb Rez >0.
12.138. {z | —n/4 < argz < n/4 n 3n/4 < argz < 5m/4}. 12.139. Rez < 0.
12.140, Rez > 1. ® Cpasnute Bupaxenue |(—1)?n=?| c unenom n=rp
pana Oupuxae. 12.141. Imz > 0. ® Bocnoab3osaTbcsl T€M, YTO Apo6Ho-

. i02—2
auneiinas GyHKuHus w=¢% 220 0TO6paxaeT BepXHIOI NOJYNJIOCKOCTb
Z2—2
BO BHYTPEHHOCTb €AMHHuHOre Kpyra. 12,142, [2]| > 1. @ Ilpu |a| > 1

dyHRuIHES w=e'®

-12—_—‘_1— oTO0OparkaeT BHELIHOCTb €AMHHYHOrO Kpyra (| 2| > 1)
—az

Ha BHyTpenHocTh (w| < 1). 12.143. |2/(1—2)]1 < 1, 1. e. Rez < 1/2.
® Cwm. 3agauy 11.190. 12,144, Cxonurcs npu x€ (0, 4 ), pasHomepno
cxonutest npH xE[a, ~-o0) Aas moboro a > 0. 12.145. Cxomutcs npm
X€ (—o0, —3)U[—1, -+ ), paBrOMEpRO CXOAHTCH NPH X € (—o0, —3—8] Y
Ul—1, ) aas mo6oro § > 0. 12.146. PaBHOMepHO CXOAMTCA Ha BCed
ocH. 12.147. Cxoautcss Ha BCell OCH, KpoMe Touek x=—I1, —2, ...
CxopuTcss paBHOMEDHO Ha MHOMKECTBeE,. NOJYYaloleMCcs H3 OCH nocje yaia-
nenus uuteppano (— Op—k, —k+8k), REN, rne 8 u 8 cxoab
yrogHo Main. 12,148, Rez<<0; ;cXOMMMOCTE BCIOAY PpaBHOMEpHasl.
12.149. |2—1| < 1; cxonumocTs Bcloay paBHomepnas. 12.150. Cxoputes
npu Rez > 1, pasHomepHo cxomutes npn Rez=a > 1. 12.151. Cxo-
JAMTCS BHe Kpyra |2-}-2] > 1, paBHOMEPHO CXOAHTCA BHe JOGOro Kpyra

a0
2
12421=a > 1. 12,162, ® Buuncante R, (x)= E (I—I’-‘_x”)ﬂ H 1o-
=n+1

. k=
‘Ka3aTh, "4TO Un(i) R,(x)=1# R, (0)=0. 12.155. Psix cxoxurcs B o6nacry,
X

.cocTosilei M3 BHYTPEHHOCTH €JMHHYHOrO Kpyra |z| < 1, Touku z=1
W BHEWHOCTH €IHHHYHOro Kpyra |z| > 1, pAn paBHOMEDHO CXOAHTCH
B OGbEJHHEHHH SaMKHYTOro Kpyra |2|<< l—1vy B 3aMKHYyTO# BHewHOCTH
kpyra |z|=1406 ana mobux ¥, 6§ > 0. Cymma pana S(2)=
1/2 npun |2z]>1,
={ —1/2 npn |z| < 1, 12.169. ® Bocnonb3oBaThC yTBEPMKIAEHHEM
0 npnz=l.
3anaun 12.158.
12.162. Eean crenensofi paa (1) cxopurtcss B Touke 2=2; # 2;, TO
OH a6COMOTHO CXOANTCA B Kpyre | 2—2zy| < | 2j— 2, | H paBHOMEPHO CX0-
JAUTCH B JIOGOM 38MKHYTOM Kpyre | z2—z, | <7 < | 21— 2y |. Ecan pan (1)
PacXoiHTCA B TOUKE Z=2,, TO OH PAaCXOAMTCH M BHe Kpyra |z—z,| >
> |23—2|. 12.163. ® JIns poxasaTeNbCTBAa YTBepxAeHHH a) M 6) Boce
nonp30BaThc Teopemo AGens u Teopemofi Bedepwitpacca, a ansm zona-

8aTeJIbCTBA YTBEPXKAEHHA B)—TeopeMoil AGens, yTBepJAECHUEM 3ajiauu
n

12.168 u yseers, o Tm )/ 12l =T /Tca]. 12.164. © Boe.
n - n+1 5w

NONL3GBATLCA yTBEpxAenHeM 6) sanaun 12.163. 12.165. Cxoxnutca abeo-
JIOTHO H PaBHOMEPHO B o61acTh | 2— 1|« 2. 12,166, Cxoputcs a6comoTHO



] pasnoues)uo B obnact |2+ 1 | < 2. 12,167, AGCOMIOTHO CXOAUTCH, €CaH
Jz2--2{ < 1; pasHOmepHO cxomurcA, ecad |242|<<r < l. B toukax

== u x=—1 cxoaurca ycaosHo. Ha orpeske —3 < x <<{—1 cxoaurca
pasHomepHo. 12.168. AGcouaoTHO cxomutcs B obnacth | z—4 | < 1/2; pas-
HOMEPHO CXOAMTCA B oBnacti | 2—4 | &g 7 < 1/2. B Touke x=9/2 cxoputca
yc/I0BHO, B Touke 7/2 pacxomurcs. Ha mo6om orpeske 7/2 < reg x <5 9/2
cxoputcst pasHoMepHo. 12.169. Cxoputca a6coMoTHO B 061acTH | 2—2 |<g

< 1/V 2; paBiomepHO cxoputes B o6nacth [z2—2|<<r < 1/Y 2. B 1ou-
Kax 2 4 ——= pacxogutca. 12,170. Cxoputca a6comoTHO B o6aacTH

V2
1z—3| < V' 3; pasuomepuo cxomutca B obnactn |2—3|<r< V'3
B TOUKaX x=3 V 3 cxonutesi yC/IOBHO, W Ha oTpeske 3— Y 3<C x <<
<34V 3 — paBHoMepHo. 12.171. Cxogutcst aGcoMoTHO B 06aacTh | 2| <3,
PaBHOMEDHO CXOAHMTCA B 06JacTH |z |«<r < 3, B TouKe x=-—3 CXOAMTCH
YyCnQBHO, @ B Touke x=3 pacxopurcA. 12.172. Cxopurcsi a6COMOTHO
B obnactH | 2| < 1, cxoauTcs paBHOMEpHO B o6nacTh |z |<<r < 1, B TOY-
Kax x= 41 pacxoxurcs. 12.173. Cxopurcs a6cooTho B o6aacru | z--1|<

<V 2/3, cxonutca paBHoMepHO B obaactu |z 1|<sr <V 2/3, cxogurca

V2
3

12.174. Cxogurca afconioTHO B 06JacTH | 2| < 4, CXORHTCA paBHOMEpHO
B o6MacTd |z |<r < 4, B Toukax x= +4 pacxoaurca. 12.173. Cxoaurca
abcoumoTHO B obsacTd | 2| < 1. Cxomurcss paBHOMepHO B obyactd |2 | <<
<.r < 1; pacxogutcs Ha OKpyxHoctH |z |=1. 12.176. Cxogutca a6ca-
JUOTHO B 0o6aacTH |z| < l; cXOAHTCA paBHOMEpHO B o6siacTd |2 |<<r < 1;
pacxoaHTCs Ha OKpyxHocTd | 2 |=1. 12.177. Cxoxntca a6coOTHO BO Beel
RJIOCKOCTH, PaBHOMEPHO —B Ji060# orpaHuuenHo#t o6saactH. 12.178. Cxo--
antest abeooTHO B o6sactu | 2—1| < 8; cxomdrcst paBHOMEepHO B ofJsa-
cre |z2—1|<Cr < 8; B Toukax x=—7 u x=9 pacxogurcs. 12.179, Pac-
XOAMTCH BO BCEX TOYKAX, KPOMe TOuKH 2y ==(. 12,180. Cxopurca a6co-
MOTHO B o6aactH |2—3| < V'3, cxomures paBHOMEpHO B o06JactH

|z—3|<r< V 3, B Toukax x=3 + J 3 pacxoaurcs. 12.181. Cxo-
Autcs aBGCOMIOTHO BO BCeH MJIOCKOCTH, PAaBHOMEPHO—B JIOGOH orpanu-
yeHHOUit ob6saactu. 12.182. Cxogurcsa abcosmorio B oBsactd |[z—1] < 1;
CXORMTCSL paBHOMEepHO B obmactd |2—1[<Cr < 1; Ha OKpyxilocTH
z2—1|=1 pacxonurca. 12.183. Cxonurcs aGCONOTHO B O06JACTH
z—3| < 4; cxonutcst pasHOMepHO B obmactd |2—3 << r < 4; B Touke
x=17 CXOAMTCA YCJIOBHO, B TOouke X=—1 pacxozutca. Ha moGom o1-
peske —1 < I<< x<{7 cxoaurcsa paBHomepHo. 12.184. Cxopurca a6eo-
JIIOTHO BO BCEH IJIOCKOCTH, PaBHOMEPHO CXOAMTCA B JIOGOH OrpaHHUuCHHOM
o6aactu. 12,185. Cxonutcs a6CoMIOTHO B 06/1aCTH | 2 | < 2; CXOJMTCS paB-
HOMEpHO B 06/1aCTH |2 |<<r < 2. B Touke x=—2 pacxouutcsi, B TOUKE
x=2 cxonurca ycaosHo. Ha moGom orpeske —2 < /< x <2 cxojurcs
papiHomepHo. 12,186, Cxogurcss a6COMIOTHO M PaBHOMCPHO B 06./acTH
|z2]<<2. 12.187. Cxonurcsi a6comoTHO B obnact | z—2i| < 2, cxopatcs
paBHOMEpHO B ob6nacta |2z—2i|<<r < 2. 12.188. Cxoaurcsi a6CcoIOTHO
BO BCell MJIOCKOCTH, PaBHOMEPHO—B JI0G0H orpauuueHHOH 06JaCTH.

L
V2
12.190. Cxomutcsi aGCoOJIIOTHO BO BCeH IJIOCKOCTH, PaBHOMEPHO — B JIIOGVI
orpanndenHolt o6iactu. 12 191. Cxoputcs aGeomorHo B ofnactu |z—1|<
< 9/4; cxonuTcsi paBHOMEpHO B ofsactu |z—1|< s < 9/4; B TouKax

336

yCJIOBHO, B TOUKe ¥ =—1-

H PAaCXOAHUTCA B TOYKe x¥=—I +—K3—2— .

12.189. Cxozxutca aGCOJMIOTHO M PaBHOMEPHO B 05sacTH | 24-1| <<



x=—D5/4 u x=13/4 pacxopurca. 12,192, Cxogurcst a6co/oTHO B 06nia-
ctd | 2| < e; CXOAMTCA DaBHOMEPHO B OGJacTH |z|<r < e; B TO4KAK
vr= 4 e pacxomutcs. 12,193. CxoanTCs a6CONOTHO H PaBHOMEPHO B 06Jia-
et |z—3|<<1/V 2. 12.194. CxoanTcsi a6COMIOTHO M pPABHOMEPHO B
obracte |z4-3{<<1. 12.1956. Cxopurcst aGCOJNIOTHO H PABHOMEPHO
B 05/1ACTH |z—3|<]/2. 12.196. CxoauTcst aGCOJIIOTHO B 06.1aCTH
|z2-3| < 1; cxoantca pasHomepro B o6aact |23 |<Cr < 1; B Toukax
x=—2 u x=—4 pacxointcs. 12.197. Cxonurcsi alCOMIOTHO B 06J/acTu
|z| < 1; cxoanrea paBHOMepHO B objactH |z |<Cr < 1; pacxogutcs Ha
okpyxuoctt |z|=1t 12,198. Cxoamrcg TONIBKO B TOuKe 2=5.
12.199. Cxoautesi aGcoal0THO H paBHOmMepilo B obGaacTh |z|<C 1.
12.200. Cxozurcs a6conioTHO B obaactd | 2| < 1/2; cxomutest paBHOMepra
B ofactu |z|<<r < 1/2; pacxogutrcsi Ha OKpyMHOCTH [2|=1/2.
12.201. Cxogurcs a6comomo H paBHOMEPHO B obaactH |z—2|< 1.
12,202, Cxoaurcsi aGCoOMIOTHO H PAaBHOMEPHO B o(macru lz41|< 1.
w‘ i .z n(n+l) +1gn
— n - 5 (— , 2 2
12.207. ‘S"o"' (zIn 2", |2] < -0, 12.208. L 1) 2%
n= n=0

lz] <+ . 12.200. 14+ Z(—”"(sz;)r , 2] <40, 12,210, 24

u_l

-|--§-'-z'3+ 5-254-. nlzl < 7 . ® Paguyc CXOZUMOCTH 3TOro psAa onpe-

Henfercd nyTeM OPUMCHEHWUs CAGNCTSHA M3 ™ Teopemnl  Teitsopa.

2 1
12.211. l+%z’ -l—-z—z‘—i-..., lz[<-’-t—. 12.212. 2=y 23+—5£;z +

12| < % 12.213. x+z—3 B— 412 L, 2] < 4ol 12,214, [—224

22
+-—-—--~+(—1 +...,|z[<+oo 12.215. —2‘(—1)“1 ((2;)1,
n=1
4nan+1
12] <+ . 12.216. 2_( Iy 4,,+1 T2l <2 12.217. 2 (— 1 3:“. ,
n=0 =0
®
3 z N 2.5.8.. (3n—4)
lz] < T 12.218. 3— 57 l‘z =T n, |z] <27,
n=
1 1.3 @n—1) ,
12.219.-5( 3+2 T 4"“""“"’"“—,1'?37:—— ng..
N Tn1 3241 1y
|2} < 3. 12.220.2‘ CETE 2| z| < 2. o( 2)2 (32_[_1)(2_____2) .
n=0
- 1 - 9n-1(n+9)
12.221. Eo(1+(-1)~ 2+ 2n, [2] <. 12222, 20(_ e
n= n=

J21 < 4. 12.223. 2(2%1;". lz]<+w. 12,224, Z (=) (2n2¥x
n=0 n=0

12 TTon nex. A. B. Edamona. B. T1. Nemunonaua 837



M | e, 12228, 3 (1 e, (2] < o
N o, . — .
rEN)R — (2n+l)l
«® .
- g_])n+12n.f] 7 L. =l_
12.226. Zl 7 2", |z] < 5§ PPH X = CXORHTCH YCIOBHO.
n=
12.227. ln2+2 (—=1)n+1(14-2- n)__, lz] < 1; npr x=1 cxomutes
n=1

[ <
2n—1)! 2n+1
yenonro. 12.928. 2 Y, (—1)n%ll ;n+l 2] < linpax=#1

n=1
@
a6conoTHO cxoantesa. 12.229. Zo (—])' % }-l , 12l < 1; npu x=£1
n=

(@n—1)11 z2n+1

nl a1 2l < P =

cxoAuTCA yeJoBHO. 12.230. 2+2
:l

2n+ X

«®
=41  a6comorno  cxommtca.  12.231. Z (=ne 2",”(2"'_!_1 s

4 2
lzf<to. 12232, Z (=1 zn | 2] <+
2@ @at+ 1)
. S oy 2n-22n—1 zcosz—sinz__ (sinz\®
12.238. L(——])H'l(zn_}_l)!,lzl<-}-—oo. Q-—Z2——=<—z—-)o

® td
(2n—1) 2212 zsin z—l+cosz
Q n+1 - - —_—
12.234. 2— —Iyn TR 2] < +oo. ® = ~

- ('—_ﬁ> 12.235.  —78-159 (2 4)— 14 (2--4)3 - (2 + 4)8

t4
® ® 3i)n
12.236. D) (—1)n+1l(e—2)n, |z—2|< 1. 12.237. (1(2—3‘.)')
n=0 n=0 -
__3)2k
|z—3i| < |1—38i]==}10. 12.238. (z_3)_’ |]z=3] <
4k+1
k=0
"’_’1 ~nu=-1 —n=1 ]
12.239. ) (27#=1—3-n )(z+4)",|z+4|<2.l2.240.]+-§-(z—l)+
n=0
+>_2(—1)n+1 ,,n‘ )z—l)" |z—1] <1.12. 241.2‘1(—1)”1;4
n n=
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— 9\ -1
G et <t o= (7)) mam e

=0
@

|2] € + . 12.243. ez (—1)”%((z—l)”'-l—(z—l)"'“).]zl < o0,

n=0

et . sin 4 cos 4 .
12.244. ,"go(_l) ( T (A e e ()¢ +*) [2] <+co.

12.245. 3In2+ Y (=1 22D -§-. ® In (5243)=

n.-8n
n=1

3)tn

=In8+ln(l+%(z—l)). 12.246. In4+ Y (— 1+ (”‘4“ ,
n=1

l243] < 2. 12.247. |2] < 1; 2. 12.248. |241]< 13 22L,

(14-2)3 2?
12.249. [ 2—3| < I; —IﬂﬂT)-npuz # 3,0 npuz=3.12.250. | z| <|a|;
1 1
s L 12.251, |z| < I; I 12,253. ® IlpencraBus f(2) B Buse
o
pfAaa no cremeHsMm (z—a), T. €. B BHIe f(2)= Z ¢, (2—a)h, u3 Hemnpe-

n=0
PHIBHOCTH [ (2) B TOUKe z=a yGeiHTbCA B TOM, 4T0 Cq=~0. 310 O3Hauaer,

uro f(2) =(z2—a) i cp(z—a)"—r=(z—a) f1(2), tae fi(z)—anajuru-

qeckasi B Kpyre |z—a|<R byukuus H fy (25) =0, k=1, 2,...
Orciofia BLIBECTH 3aK.i0ueHHe, 4T0 ¢y =0 i 1. A. 12.254. Her. 12.255, f(=
= z/(z42). 12.256. f (2) =22. 12.257. g()=[(2)=1/(2—2) B obwWei
uacti Kpyros |z|< 2 u |z—i | < V5. 12.258. g(2) =f(2)=In(142)
B o6uieit yacTH KpyroB |z| <1 u |z2—1—=2i| <2V} 2.

12.259. 10000 npu x=1 uau 10 npu x———O,o 12.260. [Isa usena,

7t \4

ﬁ) =0,0000386 < 0,0001.
12.261. 0,0002. 12.262. |x| < 0,9067. 12.263. 0,002. 12.264. 1,6487.
12.265. 0,3679. 12.266. O, 5878 12.267. 0,2094. 12.268. 0,5403.
12.269. 0,8269. ® Yuuthsas, uto 1000 = 318. 3 141592641, 5707963 —
—0, 5971963 NPUBOJUM apryMeHT K Beauunte O 59719636[0 7t/4] n Ha-
XOAUM sin 1000 = sin (1,15707963 — 0 5971963) = cos 0,5971963.

12.270.8,0411. ® 3/ 520 =(5124-8)'/% =38 <1+‘§11>1”, 12.271. 3,8730.

npeaenpHas abcouoTHas NOr PeIHOCTDb & < =5 By (

e YB=yYI6—1=4 (1—%)”2 12.272. 5,1437. e /700 =
= (626 75)1/4 =5 (H—%) 1 12.273. 0,6931. ® Hcnoas3oBars pas-

12¢ 339



Jioxenne

@
+x__

n l—x—Q,Z

n=0

12.275. 0,9385. 12.276, 1,1752.

12.278.

FUNCTION S(Y,EPS)
PI=3.141593

P12 =1.570796

X=Y

FACT=1.

SX=1.

IF(X.LT.0) SX =—1.
X = ABS(X)
IF(X.LE.PI) GO TO 1
X1=X/PI

N=XI

IF(M.NE.0) FACT=—1,
X11=N

x2n+1 1

2n4-1

x= 12.274.  0,5236.

npu -3—

12,277, 1,1276.

X =X —X11sPI
]éF(XGTPI2)X =PI—X

SM=X

T=—1,

T=T-41.

A =2xT
=(A-2)0(0+3)

=S| SM

SM = SMx(—1.)#(X*X)/A
1F(ABS(SM).GT.EPS) GO
S=(S+SM)*SX+FACT
RETURN

END

GO TO 2

® Tak Kak sin x=sign(x)-sin|x], T0 moxHO cuntath, yro x=>0.
Aycrs x =nn+ x4, rae n=[x/xn] u x; € [0, m), Torra sin x =sin (n 4 x;) =
= c0s nin sin xy = (—1)” sin x;. Tlpn sToM, ecan x; €(n/2, A), TO noaa-

raem sin x=(—1)% sin (n—x;) = (—1)" sin x3, The x € (0, %).

12.279.

FUNCTION C(X,EPS)
P12=6.283185

Y = ABS(X)
JF(Y.LE.PI2) GO TO 1
N=Y/PI2

A=N

12.280.

FUNCTION E(Y,EPS)
REALs8 E1/2.7182818284500
+/,E2/0.3678794411714/,E3,E4
IX =X
X1—IX
X=X—XI
Ed4=1.
E=1.
B=ABS(X)
JX = IABS(IX)
1FJX.LT.1) GO TO 3
E3=El
IF(IX.LT.0) E3=E2

® Onenka ocTaTka:

IR, ] <
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Y.=Y—PI2sA-
1 Y=Y-+157079%

C=S(Y,EPS)

RETURN

END

DO 1=1,
1 E4=E4sE3.
EM=1.
T=0.
T=T41.
EM=EMxX/T
E—E--EM
EPSI = ABS(EM)+B/T
IF(EPS1.GT.EPS) GO TO 2
EM=EM4
E=E*EM
RETURN
END

JX

lx 'n+l
‘nin



Yucino eXe=el*1:e% | x1] < 1, rre el ==e-e...e npu [x] =0, l*! =

npu x < 0.
12,281,

FUNCTION BINOM
%(X,ALFA, EPT)
IF(ABS(X) GT.1) GO TO 2
BINOM =1.
B=1.
T =0.
1 A=ALFA-T
T=T4+1.
B =B#xA+X/T
BINOM = BINOM+B

® Ouenka ocrarka: | R, (x)[<l(f:)

12,282,
FUNCTION ALN(X,EPS)

FUNCTION ALNI(X,EPS)
IF(ABS(X) GE.l) GO TO 2

ALNI—X

i

S e...e
[x] pa3 ——
[x] pas

IF(B.GT.1) GO TO 1

EPS1 = ABS(B)/(1 —ABS(A)»
+ABS(X)/T)
IF(EPS1.GT.EPS) GO TO 1
RETURN

2 WRITE (3,3)
3 FORMAT (" PsAI PACXO
=[IUTCSI- ‘)
RETURN
END
1
X" .
A=(—1.)sXsA
ALN =ALN +A/T

IF(ABS(A/T).GT.EPS) GO TO 1
RETURN
END

B=A/(T241)
ALNI=ALN{+4
EPS! = ABS(B) / 1 —X
1F(EPSI.GT. EPS) GO

£y 1‘1}

~ RETURN
i T=T+l. 2 WRITE (3.3)
X2 = X##2 ,3 FORMAT (* ABS(X).GT.l /)
A=AxX2 RETURN
T2 =Tx2. END
® Ouenka ocraTka:
R | x Iin +1
RO < @
12.284., .
FUNCTION ARGCTG(X,EPS) ARCTG=ARCTG+4A/(T241.,)
IF(ABS(X).GT.l) GO TO 2 EPS1 =ABS(A++X2/(T243.))
T=0. IF(EPSI GT.EPS) GO TO 1
ARCTG=X RETURN
A=X 2 WRITE (3,3)
4 T=T+1. FORMAT ( ABS(X).GT.l )
X2 =(—1.)%X%%2 RETURN
= A#%X2 END
2 = T2,
12.288.
FUNCTION BO(Y,EPS) BO=1.
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T=0.
T =T41.

A*(-—l )*(X*X)/T*d
BO-— BO--A

IF(ABS(A).GT.EPS) GO TO 1
RETURN
END

12.286, Oxna M3 ABYX NOANPOrpaMm;

FUNCTION SH(X,EPS)

SH_(E(X EPS)— E((—1.}+X,EPS)) 2,

RETU
END

FUNCTIO\J SH(X,EPS)
=0.

SH 0

A=X

T=T+1.

T2="Ta2.

FA = (X#42)/T2%(T24-1.)
12.287.

FUNCTION CH(X,EPS)

SH=SH+A

A=AsFA

1F(FA.GT.1) GO TO 1
EPSI=A/(1—FA)
1F(EPS1.GT.EPS) GO TO 1
RETURN

END

CH_(E(X EPS)-+ E((—1.)+X,EPS))/2.

RETU
END

12.288. 3apnanune gas 3BM
K 3apaue 12.268:

a) noamporpamma’
FUNCTION S§(X,EPS)

6) noanporpaMma
FUNCTION C(X,EPS)

6) OCHOBHAsi Nporpamma

=C(1.,0.0001)
R1=COS(1.)
WRITE (3,1) R,R1
1 FORMAT (* COS1 , 2F8.4)
STOP

K 3ajaue 12.272:
a) nopnporpamma
FUNCTION BINOM(X,ALFA,

+EPS)

6) oCHOBHasi nporpamma
R = BINOM(0.12,0.25,0.0001)
R=5.4R
R1=SQRT{(700.)
R1=SQRT(R1)
WRITE (3.1)R,R1
FORMAT (* 700xx{1/4)=

2ND # ,2F8 4)
STOP
END
© on * 2n+1
et ( — S i —
12.289. 2 (=1 + 5o, 12,200, Z =D T TraTs

(2n+ 1)1 x3n+X

xin+1
12.291. 2( 1y W(Trﬁ—) 12.292. }_ ('l)"'———zn.nl(sn+l) .

n=0

-
12.203. 3 (—1)* 555
k=0

x2k+3

SN
12.296. 0,1991.

12.285. 0,2800.
12.299. 0,7714. 12.300. 0,9461.

»12.301.

FUNCTION SI(X,EPS)
SI=X
X2=XxX
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12.297.  0,4802,

T
1T

nO

2n+1
12.294. 2 (=1
n=0

@nFn @it
12.298. 0,6225,

T+I.



T2==Tw2.
SM = SMx(—1.)=X2/(T2 4
%2.)%(T24-3.)
A =SM/(T2+3.)
12.302.

FUNCTION ERF(X,EPS)
ERF=X
X2=XxX
AM=X
T=T 41
| T=T+H 1L
T2=T*2.
12.303.

FUNCTION BINT(X,S,
*ALFA,EPS)
XS = X#%S
BINT=X
B=X
ToT+1
T= .
TS='l:l;S+l.
C=XS+(ALFA1.—-T)/T
12.304.
FUNCTION ATG(X,EPS)
X2=(—1.)sX+X
A=X
ATG=X
T=0.
T=T41.
T2 = (T#2.4-1.)%%2
12,305,
FUNCTION ALIN(X,EPS)

ALIN =0,
T=0.

T=T+1,
T2=TsT
12,306,

3ananue gas IBM x 3anaqe
12.297:
a) OCHOBHAf Nporpamma
R =0.886227«ERF(0.5,0.0001)
WRITE (3.1) R
1 FORMAT (! /,F8.4)
STOP
END
6) nmoxnporpaMma-pyHKuus
FUNCTION ERF(X,EPS)

—

12,308, @ !

12,298:

i

SI=SI4-A
IF(ABS(A).GT.EPS) GO TO 1
RETURN

END

AM =AMi(—1.)+X2/T

A= AM/(T2—1)

ERF=ERF A
IF(ABS(A).GT.EPS) GO TO 1|
ERF = 1.(283794ERF
RETURN

END

B=BiC
A=C/TS

BINT = BINT - B/TS
IF(ABS(A).GT.I) GO TO t
A =B/(1.—A)
EPSI = ABS(A)
IF(EPSI.GT.EPS) GO TO 1
RETURN

END

A =AxX2

B=A/T2

ATG=ATG--B.

{QF(ABS(B) .GT.EPS) GO TO 1
ET

END

A=AsXx{—1.)

B=A/T2

ALIN=ALIN-B
1F(ABS(B).GT.EPS) GO TO 1
RETURN

END

3anaune aas IBM k sagaue

a) OCHOBHasi Mnporpamma
R =BINT(0.6,2.,0.333333,
%0.0001)
WRITE @3,1) R
FORMAT (! HWHTEIPAJ
»=',F8.4)
STOP
END
6) noanporpaMMa-hyHKuUHA
FUNCTION BINT(X,S,ALFA,
=EPS)

CFB@tetrD)@tetra

l(__'___
2\(@+h (@+rt)
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1
—_ . 12.309. . 12.308. 12.310. -
(a+k+l)(a+k—|—2)) 12.309. ® Cwm. aanauy 12.308. 12.310. ® Pas
JIOXKeHne B crenenHod psA ¢yuxumu In(14-x) npu x=1. 12.311. @
JIpXKeHue B creneHHoH psAx QyHRumu arctgx .mpn x=1. 12.312. Ia2.

12.313. 14 (2). 12.314. e—1. 12.315. -1— In2. 12.316, sin 1. 12.317, cos—‘%z-
e

1

12.318. ¢2. 12.319, 1,0767. @ 2 T

n=1

?; ] ?‘ '4
+)__‘ Ty 12920 4,3226. @ 3 sin2%=n2§ (2)_”7c(4)+

1 n=1

ST 7=t@—-L@+EO LB+

- 1
—+ (Sm —_— 2+3 —54—) 12,321. 0,5071. .21n3—+—2—=€(3)—
n=

® ] ) ® i ]
— 20 (6) 4 nz_l Yy 12:822.0,0039. @ ’; (= e =

1 I’ 3 1 9 1
=€(1 —g)to—5(1-F) o+ (1 —5)te—-
TN, i _ RS I
125 n_l(—l) Ty 1232901240 @ z‘l(—l) e
l 1 , 4 1 8 1 S
=51 2_73_ (1_—2-) L@+ (1_7) L@ —g ( 1—§) L@+
_1;)2—‘ (=11 n‘(3] e 12.324. Tlporpamma x sapaue 12.322
1 1 1
MEN0JIb30BaTh PABEHCTBO g_‘l (— D+ n TEn =7 ( 1 —?) L@ —

._.%(l———>§(3)+ (l_-;—)ca)_%i(—])"ﬂn_‘w;—-l-b)

n=1
npu a=>, b=3.>:

A=5, SM=1./(T++4+(A»T 4 B))
B=3. C=C-Ds+SM
EPS — 0.0002 1F(SM.GT.EPS) GO TO 1
S$=10.822467/A — B0.901543 S =S B+#3+C/A»*3

#/Axx2 -4 Ba#240.947033 /A #23 WRITE (3,2) S
D=1. 2 FORMAT (' CYMMA
€=0. *PSIJA =’F8.4)
T=0. STOP

1 T=T+1 END

D=D»(—1.)
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12325 y()=Y, ( 1.2.5.6...(4n+1)(4n+2) "

— (4n)!
.3.6. 4
} 2.3.6.7. (4(’13_4]-)21) (4n+-3) 4n+1)' x€R.  12.326. y(x) =
=Z (1~4-(75,;132r;,{-1))2 (3n4-4) x¥+3, xER. 12,327, y (1) =142 —
2 3 3
—"?_f”‘—__—_}-. "12.328, y(x)—-l—[—x—— o NN

. X0 X
12.329. g()=1+ 2]%3!-]——5!— 6! S e 12330, () =

®
- . m=1(m
2( l)m xim=1—p~ x’[Z' XER‘ 12.331. y (x)= Z?_(Tn(‘%rll)lx
m=1

XaIm+Y x€R. 12,332, y(A)=x- ;_2 2 (2(’;‘_;)1)“ w4l xER,

12.333. y (x)—-Cf +C,
MAETH ABE npouaaonbnme noc:'rommue, NIOSTOMY B3 paBeHCTB. 7 (74 1) ao=0

B (1) (r+2)a;=0 pubupaem r=—1, Toraa ay #0 H aj#0

. ® O(Cmee pelmeHHe AOJKHO COAEp-

12.334. y (x) =Cj cos V x+Cysin YV x. 12,837, 1 45 (x) = -,% sin-x,
I qj0.66)= —:-?; cos x. ® Hcnoavsopath papenctso I (n-l-%) =
(2';:};1) ) V' n. 12.388. y(x)=Cily(ax)+Cyl v (@x), ecan v—ne

nenoe wpedo B y (x)=Cy/, (ax)4CyN, (ax), ecan v=n—nenoe wncio;
12,339, y(x)=Cilo (23)-F CoNg (). 12.340. 3 (x)=Cxl 1,3 (2%) +
+Cal ~1/3(24). 12,341, y (x)=Cil5 (x V 3)+CaNa(x V 3). 12.342. y (=
= Cylys (3x)+Col —3s5 (3 x)

—2 2i

12,343, | 2—2| > |; -—3 12,344, |z+¢|>2(——)

<lz) <o ez, 12,46, 1< |2—i| <+ooj oy, 12347, 13K
<leFil< V2, 12348, 2<|z—2|<3. 12349, |z]|> lJe.

12350, jz+41]> k4. 12.36). 1/2<|z]< V3. 12.352, —z_l_,'—

12.345. 0 <

_Y e pemtp, 0<ia—1j< 2(—1)"+ s <

n=0
) 1
< }z—1] <. 12.363. Z - }z2|>1. ® Npongpectn sameny 2=1/q n
n=2
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@®
1 1 7/ 2—2\*
. — — 1)k
pasJoKHuTe Mo creneHsam 1. 12.354. 5e—9 % E (— 1) ( 5 )

(3
0<|z2—2|<5; 2(_1) (z—g’m,[z—zps 12,855, —

k=0

1 2+4-3\*% . 5R
_2_5;:_0(—5—) v 0<]243| <5 kz_:omm, |z2+3]| > 6.

1
T5( 3

-] -]
4 1
12,356, —) meg, l2l>20 12857 —o—p—2 2‘ (z—1D)*,

k=0
3
0<le—1]|<1; +22 = l),m,lz 1> 112,388, —5 +
oY (—e— =2, 0<|zo20<l; —p ot

k=0

o ®
o 1 1 > k
-I- 23 0((2_2)“—(2_ 2),“_1). |z—2] > 1. 12359, 22 s 7

1 <lz| <+ . ® [loce sameHsl 2= 1/n BOCNO/IBL30OBATBCA PABEHCTBOM

1y 1 1 1
(1.—") = =z’ 12.360. m—(T_I_—l),‘.Z#—l. 12.361. 2— 14

S (=Dt [N, f2—i
-|-k2=l - S l<lz] < +oo. 12,362 =0 Tzot( )
0<|z—i| < 2 12 (z"f)‘zﬂ,p —1i]> 2. 12,363, 2 (,-,,?:,

i kiR (z2— Q)k—1 .
2] > 1 12364, —ps— 82-——k—, 0<[2—i|< %
{Sl

I 2%

=g 2 GED (=D i, 2< el <t @ e

k=
1 8
=-?(Z’+l) . ﬂ.llﬂ BTOPOro pa3nioXXE€HHA BOCIIOJb30BAThLCH 3aMeHoi
1

RS k ‘
z_{=?. 12.365, -szo(—l) :;k 1<z <+ .o (Z'-I—l)’ =

l l t had n zln-a
=—§(z=+l)' i2.966. Y (—1) g O<lel<te.

n=0



L ]
-3
12.367. Y (=1 ggrs O<lzl<+o. 12368, 2 (— rx
n=0 n=0
w

1 1
XrE=gE O<lim2 <o 2. D) Sy

n=0
@

0<|z|<+ao.12.37o.2 = ,1, ———,0<| 2| <Foo. 12371, L(—l)"x
n=0 n=0

43n cos 1 4sinl 1

% (o v @) = g ) 0<le=2l<te.

12.372. 2(—])k(2_])k(1_2k+1) "z ” <l; Z(—l);k(fl—l)k'l‘

—1
2( )l)k .1<l2-ll<2 2_(2 l),,“.(1-}-2'6),”_1,>z>.

1 —)F@E—20) . 342 . -
12.373. sz ( ( (4)_§)/e+1.i) - (2_!_—’,'_)“1 )(z"'")k. lz—i] < V'5;

=0
1 2— — Dk (2—0)k —-
g((3+2z)lé,l‘ e 202 '(‘(4)——5)2&“')'"> Vi<

<ot | <V T L 3 (@420 @b 8= 3=20) (4= D)
k=1

1 — 1 — 1
S lz—i] > V17 12,374, 32 (—1)% 22k+1 (1-—4"“ )
k=0

—1)* 2 (—1)R 22k+1 \
lzl<L; (2‘ (22321 _2( 1R+1 )i I<lz|<2

k=0

@®

@®
1 1
2 (zml (1—4%),| 2] > 2. 12,375, — 2 zzk(l 4,¢+1),|z|<1;

k=0 k=0

& =
<E Z2RTT) +2 4n+1> I<lzl<2 3 n+1) v l2l>2.

k=0 k= k=
12.376. --1-|-zl2 3213-;- oy 1<|2] <+o. 12.377. ® Paccuor-

fm

(n—zp)"+1
In=-2/=p |
HoCTbl0 f(2), BHITeKawoueldl H3 CyUleCTBOBaHHsA HOpejena hm f ).

peTb vHTerpan d'l’] H BOCIIOJb30BATbCA OrpaHHYeH-

12.378. ® Hcnoab3oBathb c.nenyiomee yTBepXK/JeHHe: eclH g(2) —(z-—zo)”‘
X@ (), m=1, @(2)#0 B ¢ (2)—ananuTnueckass GyHKUHS B OKpeCT-
HOCTH TOUYKH 25, TO B HEKOTOPOH OKPECTHOCTH TOYKH 2o CNPaBELJHBO
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1
——#£0
@ (20)
12.379. ® [1poBecTH AOKAa3aTesbCTBO OT NMPOTHBHOLO, T. €. MPEeANIONOKHTb,

uto f(2) orpanuueHa B OKPECTHOCTH TOUYKH 2y M BLIBECTH H3 3TOr0 MNpej-
[OJIOKEHHST, 4TO zo-—yCTpauumaﬂ ocobas Touka. 12.380, @ Paccmorpets

pasnoxeHnue q)l(z)=bo+b1-(z—zo)+...; rie by=

pyukuuio @ (2)= f() ; JROKa3aTb, YTO Zp—CYIUECTBEHHO ocobas

Touka VIS ¢ (2), M BOCMOMBL30BAThCSl YTBepXieHueM 3ajauu 12.379.
e

12,381, 2 €,2" CXOJIUTCA BO BCeil NJIOCKOCTH, a PSR 2 Cp2" — BHE
n=1 n=-w

kpyra |z| > R. 12.382. Touku z3=e~"* n z,=e3"/4 _ nomocu

3-ro nopsiika. 12.383. Tourn z;, =0 u z,=— l—nomocm I-ro nopsazka,

a TOYKA 23 =1 —nouJoc 3-ro nopsjKa. 12.384. Touxu

zp=kn, kE€Z,—nomocet l-ro nopanka. 12.385. zp=—1—

noJIcC  MEpBOr0  MOPAAKA, 23 =2—TNOJMIOC  TPeTbero MopsjiKa,

2o =— [—noJoc nAtoro mopsaika. 12.386. 21 =0—noa0c BTOpPOre

nopymxa 2p=1+4kn, RE€ Z,—nomiocsl nepsoro mopsigka. 12.387. ®V=
= —|—roJoC TPeTLero MOpsiKa, 2g==2kmi, k€ 7,— Momocs mepsoro
nopanka. 12.388. z;=0 u 2,=m—yCTpaHHMbIe OCOGLIE TOUKH, 2p =g
=nk/2, k=41, —2, 43, ...,—IOMOCH NEPBOTO nogimxa. 12.389. zz==
= ;/4 —ycTpaHumas ocobast Touka, zp=um (4k-4-1)/4, k=41, +2,.:s,—
nositocel  mepBoro nopsiaka. 12.390. Touku 2p=mn(2k-4+1)/2, RE€EZ,—
nosiocel 2-ro nopsnka. 12,391, Touka zp=3i{—cymecTBeHHO o0CQGas.
12.392. Touka )= —2{ —cymecrBenHo ocobas. 12.393. Touku zp=1-

2
+m. k€ Z,—momocnl l-ro mopsaika, a Touka 2z=I—
npefeabHas ans nomocos. 12.394. B Touke z=1 ycrpaHnMas ocoGeH-
‘ : 2
HOCTb, & B TOYKaXx zk—l—{—i(—ﬁ_—l)-, -k€Z, — nomocst  1-ro

nopaaka. 12.395. B Touke 29=0- ycrpanumas 0co6enHoctsb. 12.396. B Tou-
ke 29=0—rnomoc 4-ro nopsaka. 12.397. B Toukax 2zp=In3+ 2kni,
k € 7,,— nonochl 1-ro nopsjka. 12.398. Hpasunbuan TOYKa.
12.399. Tloaioc 3-ro nopsika. 12.400. ITpaBuabHast Toyka (HyJab 3-ro
nopsnka). 12.401. Tlomoc 2-ro” mopsiaka. 12.402. CyuiecTBeHHO 0coGas
Touka. 12.403. CyuiectBenHo ocobast Touka. 12.404. Mosoc 2-ro mopsika.
12.405. Tlpasuibhas Touka. 12.406. ITpasuisHas Touka. 12.407. Cyutect-
BeUHO oco6as Touka.

=

28 .
'(’+1)="‘] !
BBIY [TZTZ_%—,-; -—i]=%[, 12.410, Bbxz [(z;_ml)T' 1]:-

_2@n—1)...(t+2) DS B
=01 P E1E 0] =—73z!

1 . 1
- [m, i2l]—3¢- 12.412. Bbxq[ = e,z) 0];.

1 1 . 1
.__—2-, BH‘I[Z(-T_-TZ), ki --W' k=j:l, ;i;2, cee

2 . 1
12.408. BblY [ zzi—; : 2]"---5. 12.409. BolY [

12,411, BBiu [



12418, o | — ()P ok | = (1) =, RE Z. 12.414,
1 6 V
sin 2——+=

2
sin 2z 7 4 sin 2z
BEN | o g | = T g—g B 11 ]l=
(2——) (z—1 (z——) (z—1)

4 sin sin 22 4 cos2
=g 12415 [W’ _1]__ o2,

e? 1 e? . ie3
12.416. B [m N 0] .—E- , BhIY [m 3 31] _-a_ ,
e? . ie=31 i 1
BLIY [m, —3i | =— Tl 12.417. BBy [tgz, (k-}-?)n =

Z 1, k€ 7. 12.418. B [ctg?z; ka]=0, k€ 7. 12.419. BEu °°z ;0J=
L s
‘——'——3. 12.420. Ebl'l[z hz—1: 0l=0, BbIY [-ﬂ;l]=l.

2 2(z—1) ° 22 (2—1)
12.420.  Bum [7@_}—72_)' oJ_l, BhY [_(-IW 1]=—_%,
BHIY [-2—(—]]—)- H —1J=—% . 12.422.  BuLM [-ﬁ; 0J=0,
BbI z212§ , ——1+;V3 ] 1+i61/3 ’ Bbm[ A ]=_%’
a‘bm-[ 2'125 ; _]*"IV? J l——iﬁ]fﬁ- . 12.423. Bum [%;
2]=—ll—?sin 8. 12424, 1. 12.425. 0. 12.426. 1. 12.427. —1.
12.428. 0. 12.429. ——%sh 3. @ Bocnoab3oBatbcs BTOpOI TeopeMoii O BLI-

werax. 12.430. 0. 12.431. n2% 12.432, —1. 12,433, de . 12.434. 2mi.

2ni 2ni

12.436. -5 12,436. ——3—sh3 ® Bocnoab3eBaThes nropoﬁ Teopemoii

0 BHYETAX M pe3yabTaToM 3ajaun 12.429. 12.437. (—1)"X
« n(n-t1)...2n—2) 2mi
(n—1)1 (b—a)?n-1 "
poli TeopeMoll O -BblueTax M CoOTHOWIEHMeM Bl [f (2); co]=0. 12.439. 2mi.
12.440. 0. 12.441. —4ni. 12,442, 2mi, n=1; 0, n=0, 2, 3,...

n+1
12.443. ———-. 12.444. 2(1 —e~1) mi. 12.445. 27i. 12.446. (cos 1 4

12.438. 0. ® Bocnoab30BaThest BTO-

(nF N1

—+ sin 14 (sin 1 —cos 1))%. 12.447. 0. 12.448. 0. 12.449. mi.

12.450. «——i’i——. 1245, —2td a5, 2D
Va—1 V@—op —a

12.453. 0. 12.454. = T (a—V =2 b?) . 12.455. mi. 12.456, Y 2
7 n(n+l)...(2n—2) n ! n

12457, o3 Y . 12.458, STITER 12.450. .
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FiA 4 b4 ne—*

12460, ——2. 12481 . 12462 [ 12,463, —2l—><
; B ViV T sint—cos L

X(in242cs2). 12460 e (V3 sin - —c0s - ) -

12.465. %e‘“b. 12.466. me=2 cos 2. 12.467. %(e‘l-[—e‘“). 12.468. X

X(e=34-e=3). 12.469, %—-e“’ 12.470. n 272_21 12.471. 2 kopus. ® p(if)

npu U3MeHeHHH f OT +-oo 0 —oo NMPHpAILEeHHS He mosyyaer. 12.472. 2 kop-
Ha. 12.473. 3 kopus. 12. 474 ® Bocnosas3oBaThcst TeM, 4To arg fg=

=arg [-4arg g u arg ( l+

werus He noay4aer, H6o

e ) apu o6xofe TOuKoA z KoHTypa L npupa-
P(n)
fFM) In
uun f(2)=ae2" n (p(z)—alz" l—|— .-a, na okpyxHocTH |z|=R
ROCTAaTOYHO GoJsblioro paauyca R. 12 476. a) B kpyre |z| < 1 OIlKH
Hyab; 6) B Koablie l<C|z| < 2 yerwipe Hyas. ® [losoxuts f(2)=

B ciyyae a) u f(z)=2> B cayuyae 6). 12.477. a) B Kpyre |z| < | omm
HyJab; 6) B Kosbue |<C|z| < 2 HyJeit Her; B) B Koable 2<C|z| < 3
JABa Hyas.

< 1. 12.475. ® Paccmotpers yHK-

12
5 f (x) cos inkx dx, a ans ue-
0

12.479. Oas uetholi: B, =0, ap=

NI.‘L

{/2
detiol: ap=0, Bp=— S f(x) sin
0

%2 S(n)_— (puc. 109). 12.481. f(x) =
m.—.
n kx

2”’”‘ dx (=0, 1, ...). 12.480. f (x) =

7
2 ; s(g-)=% (pre. 110).  12.482. f(x)=-2'-—
k=1
_4
I

o COS 5T (2m l) x 2
Z — ot S(M=1 (pue. 1l1). 12.483. —+
m=1

iy et ‘ ST W e}
+x L cos 2ky. 12.484, —3—-|—4 Z — — ¢os kx.

% (2k41) nx 2 4 cos 2kx
12.485. EL 2k+l sin = . 12.486. W‘RE‘_'

2 3 1n2knx 10 5
12.487. —;L . 12.488. (= —— 2

2sln ant ksin kx
l2.480.—T- , (—I)R—E,—:E,—, eciH a—He wejoe; sin ax, ecau

k=1
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Sy (z) =5y (#)

f(z)
Splx)
N~ L
5(x)
Puc. 109
Y
g
2
5, (@)
oy 7 i &
Sy(%) 7(x)
2 sjw
Puc. 110
Y
fz
1 SL (T,
*i 3
TSy
S, (2)= 5, (x)
) i X -
-7 /4 7 &
Pue. 111
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a€y7. 12 490.-2-1%(2“ +2 (—l)" acos kf).ecma a— He 1eaoe;
kal

' 12.491 2shan a (—1)k-1 ksin kx
cosax; ecau agZ. A0, —— 2‘1 =k
k=
12.492, Eo0an (1 y (—1yk 2508 kX 12.493. 3) —+2In2X
o S (w0 e
2 cos kr—1 knx 6) o \ 2cos kn—1 sin knx

] nto kit % Tno *
k=

1, 2 N [ cos(4k4-1)x cos(4k+3)x 4
‘2-494~a)§+;k§1)( &1 4k+f) EL

kn 1 4 1
2 —_——— Z —— _
¥sin 1 sin kx. 12.495. a). Pl 3 (2‘ 1)2 cos (2k 1) K.

ln2 2 k22 In2°

—1)R ® e
) = 2 (2(/‘241)1)2 (2k—|;l)nx 12.496. a)1+22 Igz_l_)l o8 hx—

k=2

1 16 - k 1, 4
— 5 COs X. 63 slnx——n—z =) sin 2kx. 12.497. a) 3-{—?){

cos stkx. 6) % 2 ( Ot + 2(=1—D) ) sin nkx.

F3n2
4 & 1—3(—1)*
12.498. a) n— ?L = €03 (2k—1) X.- ) L ————sinks,
k=0 k=1
12.499. a) i 3 cos(2k-—l)x 6) m‘-!- n2kx. 12,500 a)—2—t—)(
’ n 2 24 F Sinerx. 12,900, 8) =5
k=1 k=1
A V- (2k—1) 7w
—1)r+1 ___ e e
XZ( b cO) T A TIES T
k=1
l2 501, a)_ ; 6) = V2 ® PaccmoTpeTs psd B Touke xp=1/4.
12.502. n?/12. 12.503, n%/6. 12.504, ® YMHOXKHB H pasjienus 9, (x) Ha
" 2sin = sin il x
x 1 2 2
2sin—2-, nONy4uM & (%) = =
2(n+1)sin & k=0 2sin =
2 2
n
= — 1 P (cos kx—cos (k4 1) x) = ______cos(n+l)x =
4(nt1) sln’-2— k=0 4(n+1) sln'

852



s 2L, n oin 2n+l
= AT % . 12,505, 90 12.508, — f(x-l—t)—-dt_.
2 sin 3 ._n 2sm§-
7t 2n+-1
=lS(f(x+t)+f(x—f))51——-—2—-— d¢. 12.507. S f(x+1)
T 0 2sm7 w(n -H) ( +
sin2n+lt 9
—1)) ——=_dt.  12.508. % , 2z
4+ F(x—1)) 2sln’% « Yuutuisas, uro n(n+l)x
“sin’-n——,'_—lt
b §—-27-dt=l, MOXKeM 3anucarth
2sm"§
sin? n_-;—_l_
on ( ) —F =577 S(f(x+t)+f(x—i)—2f(x) mdt:
1 9 sin’n-glt _
=m§<f O+ =20 o dt
1 A sm"n-g1
e | F -0+ F (=) —2f (%) dt=1Ii+15.
m(nt-D 2sin? — 2

ITo sapaHHOMY € > 0 BoiGepeM 8 crosib MasbiM, 4TOOB maa 0<<f<O
BBINOJHAIOCH HepaBeHCTBO 1 fx4+-t)4-f (x—-t)—2f (x)] < e. Torna
n-;— l . sin2 11! n+ 1

sin? .
VAP= S dt=2. S dt <E,
n(n+l) T e L2 n(n-l—l) ) e L

Ilanee, B cuny Henpepusnocm [ (x) umeer mMecTo HepaBercTBO | f (x) | <<M
npu xE€[—m, m). HoaTOMy

JT
1 2t (e ot
”’l<n(n+l)§4M2(2 t)zdt—n-{-l <@Fp&"
2,1 )
T 2
Man? 1

8
Beibupas n croap GoJbMLUM, YTOGHI 5 » HAXOLHM | Is1<

e
<ef2, T e |o, Ff, )—f(x)| <e p. 12,509, f(x, y)=n2—28 X

» [ o
. sinmx sinny sin.mx sin ny N
X Y, = —2n YEML Y R 12510, f(x 9=
mux=l n=1 m, n=1 '
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@

” sin mx- % 2_‘ =D g ny- E (=nhmre o

mn
m,n=1

4 (=) any 16
Xsin mx sin ny. 12,511, f(x, y)=-§£[2- ——n—smT"l'Ex

N (_-])m+ n+1 . mny 7 25
X ¥ T —cosamxsin . 12512 f(x )= x

m, n=1
(._] m+1 (_])m+n+1
2‘ ) ————sin nmx-| 2 i sin sumx cos ny.
m=1 : m, n=1

12.513. % [sign (—a)—sign (1—b)] =25NVO=0) sy ais,

w
4nv Sm4n2vn - a
a 2 4n2v2 2q P 2n’

12.514. %[;]:h.“;‘ﬂ# 12.515. § [f]= a
NpHV=—.
Aa 2n
25m v 1 2n 1
12.516. § [[]=20" 4o 517. s}c[ 2+t2] Vza -0t

1
e=9a cos wt do. @ Ilas Buuucaenus . [0—2—}_? HCHIONL30BATh

°L,>'g

_L
T a

cootiowenne (x¥) u3 npuvepa 3 na c. 254, 12.518. &-Lﬁ}:

+ ®
/'
.Q_e-(')ﬂ, m: e-wasinw! do. ¢ HcnonbsoBats cooTnowenne

t 1 d 1 1
Ts ) =——%. A ,Tle HuTerpal §e R BHIMHCJICH B 3a)1a-

do
- _w? Lt _ ot
ye 12.517.12.519. §, [fe-1*]= @ . Lo = 2 S —9 e Y
. - 2 a(@4p’+0?
X sin wt do. 12.520. e—alll cosft]= = s
%c[ ﬁ ] T (a2+(ﬂ+w)2)(a2+ (ﬂ_w)a)
2a a4 f2-} w?
—alf) ==
e~111 cos Bt @TETo) (@B )LOS w! do.
12.522 S (vg) -——L sin? v, T, ~ L3 )= 2 in? uy, T,
. . = g k k—‘4T P(k lk'b 4377
0 npu k=4n,
D (vp) = % npu k = 4n, n€N  (puc. 112). 12.523. S (vp)=

sin 2nvy —i(1 —cos 2av k 2|sinav
- r—i1 D =t o e = | k|
TV 3 | vg|

W, TpH k=1, 2, -
={o "n]‘?’u =3, ® (Vpys) =D (vp) (puc. 113). 12,524, S(v) =
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, @ (vk) =



2

a
A
L—VR Tvk zuT/.
e ———————————] Ny o [T Q
- Y_M pe e — e ——
a
4 L - (S}
RS s S %
—— ————————— w
TN g
! N S
9 = *A ‘ *
A2 Y
— "rzu nuru ———]
L J
Sem—— nuz vn/.
—— "NI ”4/ S ——————
-l 1l el . -~ "~
. - S
QOGS S R~ o N
A~ ——
& -l

kr_ | A 1 S
TECEE CE
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114

Puc.

Puc. 113



_. sin 2nav __|sin2mav| . 0, ecan S (v)=0,
T pO) = alv| ! d}(v)'_{—n,ec.nu SW) <0

. 2 cos v 2 | cos v
(pc, ]14). 12.525. S(V)—m, p(\)-—-; -:4—\),‘1 1 (D(’V)::
P
Z
Fig
Y r \
g 3 5 £
D 2 2 4
g
R
{ |
' !
l :
}
J
)
}
}
}
‘ .
¥ i
} } i_
Pue. 115
i
! 7
/
A
b
] 7 2 v
Puc. 116 Puc. 117

' (puc. 115). ® [lpn Buiuucaennn nHTETpana

_ 0, ecan S(v) =0
T —a, ecom S(v) < 0

1/2
cos nle=3UVI d¢ pynrumo cos nf npeaeTabuTL no dopmyne dhaepa,
-1/2
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2 2
12.528, S (V) =S‘:‘Wf" - (v)=§%;2, @ (v)=0 (puc. 116). 12.527. S(v)=

__sind4nv4-i(cos 4nv—1) 2
= p , P (v)=,ﬂ—W | sin2nv|, @ (V) = —arg §(v)=

0, ecau v=0wu v=1/2, 1N\ .
{-—2nv; cmm0<v<l2 O <"+ 3 )‘q’ ™) (puc, 117),
1000 1 0 0 0)
1000—1 O o0 O
8 { g 0 0 1 8 0
0010 0 0—1 O
0001 O 0 0 1
0001 0 Q O —+I
(rooo 1 0 0 0
0100 O 8’- 0 0
100 8 —1 . 0 8
010 0 — 0
Vi=l0010 0 0 1,0
0001 0 0 0: ¢
0010 0. 0 —1 O
0001 0 0 0'—q%)
(L0000 1 0 O (]
0100 0 ¢4 O 0
0010 0 0 ¢* O
Wa= |9 001 0 0 O 8‘
3=11000—1 0 O -1
0100 0—g 0 0
0010 0 0—q O
0001 0 0 0 —*)
(%o %4 (R4 %)+ (%24 %o)
Xo—Xy (%0 —x4) + 2 (x3 —Xq)
xi+ x5 (Kot x)— (%34 xp)
ZWi= | ¥ %] -z (xp—%1) —q* (x2 —fe_) .
12.529. S PEAR (rd-x) 4 (ratar)
Xo—Xg (%1 —X5)+4° (x3 —%7)
X3+ % (xit-x5)— _ (xat: %)
X3—X1) (51— %5) —¢* (xs— 1) }

((od-xa4- K34 x)+( x4 x4+ x4+ x)
(¥o—xa+qxa—q%xe) - ( gxi— qx5 +q°xs — ¢°%7)
(Kot ¥s—= xa— xg)+(q2x1+q%x5 —q2x3—qPxy)
70 = | Fo—%a %2 +4%%e) + (@°x1 —q°%5 — qx3+ qx1) |
(to+xat+ x+ x)—( xi4 x5+ x3+ %)
(%9 — X2+ 9% —q2xg) — (qri — qx5 +-q3%3—§3x7)
?’0 +xa— x3— Xg) — (2% 4% —qPx3—qay)
Xo— %4 —q%%z+q%x6) — (¢°%1 —¢%%y — Gx3- qx7) )

12.530,

SUBROUTINE FASTFT +AA(L),BB(L)

%! N,L; [NDDA’B’AAIBB) IN EGER V
IMENSION 'A(L),B(L), M=1
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3 J=(2»M)sK-} V41
Y= (2us(M— 1))#K+ V41
C=23.141593+FLOAT(V)
#/(2+x(M—1))
iy g

7 =

GO TO 9

8 SI=—SIN(C)

9 CO=COS(C)

NI =26x(N— 1)1
IM=J+ 2ex(M—1)
AO0= A(NI)
BO=B(NI)

A= A(D+A0:CO+

BB(J)=B(I)—AOx+SI4-
*BO+CO

12.531.
SUBROUTINE F730(A,B)
DIMENSION A(128),B(128)
DO 1 I1=1,128
A(I)=25

1 B(1)=0.

RETURN
END

12.533.
SUBROUTINE F732(A,B)
DIMENSION A(128),B(128)
DO 11=1,128

=1
A(I)—T*(l28 —T)/32
1 B(l)=0.
RETURN
END

12.535.
SUBROUTINE F734(A,B)
DIMENSION
DO I 1=1,128
A)=1

12.536.
DIMENSION A(128),B(138),
*AT(128),BT(128),A1(128),
+B1(128),A2(128),B2(128)
CALL F734(A,B)
WRITE (3,10)

358

4 K

AA(IM)=A(l)—
ot
»A04SI — Bo(*gz—(l)-
V=V4I1
lF(VK 253(M—1)) 3,4,4

_I_
IF(K— 2**(1\1 M)) 2,5,5

5M=ML]I

1

1
1

DO 13 I=1,L

A(l) =AA(l)’

3 B(I)=BB(])
IFM—N) 1,1,6

6 IF(KIND) 10,10,12

0DO 11 I=1,L
AA(I)= AA(I)/L

1 BB(1)=BB(I)/L

2 RETURN
END

12.532.
SUBROUTINE F731(A,B)
DIMENSION A(128),B(128)
DO I 1=1,32

A(l)=0.

A(I+96)

DO 2 1_33 96
A(l)=20.

2B(1)=0

—

=a

RETURN
END

12.534.
SUBROUTINE F733(A,B)
DIMENSION A(128),B(128)
DO | 1=1,64
T=I
A()=T
A(14-64)=64,— T
B(I)=0.
B(164) =0,
RETURN
END

B(I)=0.
RETURN
END

10 FORMAT (30HO HMCXOLHAS
+NIOCJIEIOBATEJIbHOCTD )
WRITE (3,1) A,B

1 PORMAT ¢ 16F7.2)

DO 2 I=1,128
Al(l)= A(])



2 BI(I)=B(I) AI(I)= AT(D)

CALL FASTFT(7, 4 BI(I)=BT(l)
#128,0,A1,B1,AT,BT) CALL FASTFT g
WRITE (3,11) 128,1,A1,B1,A2,B
FORMAT (6H0 AN® ) WRITE (3,12) M
11 WRITE (3,1) AT,BT 12 FORMAT (' M= 4,16)
M=24 DO 7 I=1,128
5 CONTINUE Al(I)-A(I)—A?(I)
DO 6 I=1,M 7 BI(I)= B(I)— B2 )
AT(64—1) =0, WRITE (.1) AL
BT(64—1)=0. M=ML8
AT(64+1)=0. 1F(M — 40) 5,5,8
6 BT(64--1)=0. 8 STOP
DO 4 I=1,128 END
IJIABA 13

13.1. Ha; 3. 13.2. Her. 13.3. Oa; 0. 13.4, HNa; 0. 13.5. [a; O.
13.6. Ha; 0. 13.7. [Hda; 0. 13.8, Her. 13.0, %(l-}—e"al'—%"l’).

1 -2p__3p-2 -4 1 o
13.10. 5oy (2—2pe™?P —3e~*P e ) B e (-9 +

+L,(1—e"”). l3.l2.—p—2:—,—(p—l+e‘2ﬂ(p-|—l)). 13.13. -;—,(l—e"P._

-z p
—e~2p4-e-%P), 13.14, 2-1—1( “P")+p(p,+l) T (14-6~7)—

—%,— (1—e™"P). 13.15. ® Bocnons3sosatscs TeopeMolt n0A06HA.
1+ p? 4—4p+ p? 1
A7, . 13.18, ——+—~. 13,10, -.
13.17 ps 2p% (1—p) p+1 +p+2+ p
—4p®-8p* —4p1-2 pr-2 1/1
13.20. . 13.21, —————. 13.22, | ——
. P>+ 1) (4p%41) p(p’—la‘i) 2 )
Y (Zfos 2al3)2 sin 2a) ). 13_:2 m . 13.24. p‘+4
p*— P
18,28, g+ 1% 26, g+ 1327 G 1828, p‘+4
2 6 p
29, ———. 13.30. ——. 13.81, —P
B @=2F R
2 2p (pP*+-12) 2(pp+1)
13.32, . 13.33, — . 13.34, .
(p+1) (p*+2p+5) (2 —9)? (pP2+2p4-2)%
{2 ¢
2(p+1) 2 - ¢ )
35, 5. 1836, 5 ——\. @ = t.
13.35 PIFESIE P TESY Se tdi=e ° #t
2 1 1 1
37 55—« 1338, ———5——- . 13,39, — —1 —_—
13.37 ot (p?4-4) pi(p2—2p+42) ! " (l 0')

® Bocnonb3oBaThCl TeOpeMOA HHTErpUPOBAaHUR H3O0PaXeHHAA, a 3aTem
me'opemoﬁ HHTerpupOBaHUA  OpuruHasa. 13,40, %l’n (1+%),
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! g, 21! 1 g, B2tae?
13.41, —E]n —pé—i-. 13.42. z—p]n P ® Bocnonb3oBaThes Teo-

peMofi HHTErPHPOBAHHS NO NapaMeTpy, a 3aTeM TeOpeMO# HHTer pHpPOBaHHA
1, p—a 5

opuruHaia. 13.43. — In . 13.44. (p*4-4p3+42p2—3p) X (p) ~——.
P PR (p*+4p3-+2p%—3p) X (p) 7

: 2
13.48. (p3--6p?--p—2) X (p)—1. 13.46. (p*+5p—7) X (p)+-;—ap—a-
eP e~ pe!
18.47. —— . 13.48. ., 1349, &—— -, @ t—1) tet=
p—1 EFD G+ ® =D

14
—en (1—1) (t—1) et~ ¢t=1). 13.50. V2 'T"”+’.on(t—“)x

pi4-1 4
XSint—n(t——)V2 (sln(t——)+cos (t—-%) ) 13.51, %(I-—e-pf).
13.52, — (L—e-P“) e-T, 13.53. .T_"p_ﬂ e ——

-2 -2 1 e~P
13.54. ( —e 3)(1_ 6 2). 13.55. h(————.—)'.
=+1 P fp p(p—1)
1 2pBe—pn @, 0<<t<
19.86. o+ o 1357, < Monownu fo (i)—-{ ')' =
Torla fo)=1F(t)— n(f—f)f(f—l) (nockoneky [(t)=f({—1) mupn
t=1 B cuay nepunoanunoctn). Ilepexoas 'K nsoBpaxennsaM, OTCIOAa
1
naxopnM Fq (p)=F (p)—e~P'F (p), tae Fy (p)= S e—Pif (8) dt. Caenopa-
o

1
Fo (D) 1 j‘_ £ : 1—e-pr
, F(p)=——"2"l = Pi(@ydt. p13.68, ——=
Teavno, F (p) pp— 1-—e-P‘oe f (@) dt. p P (—erTy’
14-¢—pn h ., cp
13.89. i ﬁ'dh_ﬁ' 13.60, TES IOk 13.61, -;—th-f.
-
h he=pe h . ppe B
13.62. _c;i-———p(l—e'}’c) . 13.63. — th 2 13.64. )
w4 1—5)
cth pn 1 1 ' (p41)
13.65. T 13.66. =T 13.67, (p—a)“ﬂ( TG —
—1In (p—a)). 13.68. —?—4—%1-_(—%_—22 (y—nocrosnnas  dhuepa).

(p*+ BB+ ] (P*+pHh
vp+—2p- In (p*-+p?)+B arotg%

13.69. %_(P+5Q"“+(P—ﬂf)"“ 18.70. L (pEBIHI—(p—Piir

13.71! -

p4-p2 '
p arcie-g——ﬁv —-£ In (p%4-B*) w
18.72. T ﬁz . 1373, 2 €



13.74. tet. 13.76. %(e’”—e‘t). 13.76. e=% sht. 18.77, 1—e~t—fe-1,

13.78. t—sin 1. 13.79. % (1—e=2tcos t—4sin t). 13.80. —1- (ch 2¢—cos t).
1 1/, V3 1 Vé' ) -1
13.81, Ttsln 47, 13.82. -§< < t+l/ sin —— .
13.83. —;-sh {sint. 13.84, n (t—2) (t—2). 13.85. —2 n(t—2) (t—2)2e-<t-2>.
13.86. e2t+-n (t—1)+n (t—4)sin 3 (1—4). 13.87. cos 2¢—2n (1—1) X
@ @®

. 1271 t n
% ch 2 (f—1). 13.88. 2 (D" e + 1389 ?:_“0( D@

t @®
{2n+1 sht R
13.90. 2 BT S Tlar. 131 > @
n=0

13.92, efl., (2 Vt) ® [IpuMeHHTb TEOPEMY CMeIleHHs K OpHTHHaMy,
nosyyenHomy B npumepe 4 n3  § 2. 13.93. e-”(cosf—2smt)

Vo1 1 1 ”k
13.94. T eI —peosA—gsin2t.  13.95. Z

t .1
13.96. 3 (ch £—cos t)-—— (sht—sint). 13.97. '1'5 tcos t— 5osint -+

| ] 1 N tvVs
+5—03h 2t. 1‘3.98.§t(sh1——s}n 7). 13.99. 3 cht—}-? ch?cosT

L 3 R
13.100. -Et cost+-§ts1n 1. 13.101, 5 (e —e?). 13.102. {—2sht

+ tchi. 13.103. %(ch 2¢—ch 7). 13.104. -]]T)(ch’t—}-cos-t)—?l)- chicost.
13.105. x (f)=Cj cos 3t}-C, sin 3:-]—% sin 8¢ 13.108, x(f) =
C,+C,tf_}--!23.)e"“. 13.107. x (t)=cl»+( ¢ ) =3, 13.108. x(f)=
- c,+—;-) el Cae=2. 13.109, (t)=Ci+C,e"+%e—f (cos #—sin #).
1 _

13.110. .t(t)=e-"~<—‘-/l—§ slnt 1;-3 —cos ! Va)-}-e" 13111, x(f) =

1+t+‘72)e—t. 13.112, x(i)=§(e‘”—l)-—-§e‘3‘. 13113, x ()=
= -—(l—ef) cos t_—}-l (1-})-6¢t)sin ¢. 13.114. x (f)=cos o1 sln 2t —

8

—%cos 21. 13.115. x(i)-?—ssh 3t— ch3t—%-‘sh 1. 13.116. x (f)=3414

4
4 (1—2)et.  13.117. x(t)=7cht—%slnt. 13.118. x(t)_‘—e—t

13.119, x () =1—e~t—n(t—2) (1—e-1-2), 13.120. x(t)=—2-slnt+.
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'l“%"l(t—n)(t—n) sin (f—i). 13121, x () =ch {—1— %‘qu_[) "
X (ch(t—1—1). 13.122. g(¢)=2(smzé_%(,_”sm,,t~| +

+ 1 (t —2)'sin? t_;2 13.123.  YpasueHuio x\")faxin=b

eeotay-ix'+apx=1 [0pr HyNeBeIX H4yaJdbHBIX YCJAOBHAX COOT-

BeTCTBYET omepatopHoe ypasHenue L (p) Xj (p) =% , e Xi(p) = x; (4),
a L(p)=pt+ap"~t+...4ay-1p+ a,— XapaKTepuCTHUECKHIl MHOTO-

wien ypaBuenus. Otcrona L (p) Y pasHenuo

BZCN
W J-a V4 4a,_ X' +ax=[({) npn HyJeBHIX HayaJAbHBIX
YCJIOBHAAX COOTBETCTBYeT onepatopHoe ypasHenue L (p) X (p)=F (p), rae
X(p)=x(), aF(p=/[(). Otwona X (p)= L(p; =pX{(p) F (0).

C nomowpblo uHTerpasa [ioamens (cm. § 1, csoéictso 11) nosayuaem
t 1

t()=x (O)f(i)-l—g n@ft—T1dt= g (@) f(t—1)dv (rak kak
0 0

t
% (0)=0), mm x () =/ (0) x; () -+ Sf' (¥) x5 (t—7) dv. Pr 13,124, x ()=

—

0
(e'—l)_iat+l 1023 y3.125, x(l) = Lt —1— tety +

3 3
+shtln |+€ 13,126, ¥ ({)=e!—1—({41n2) (gt+1)+(et+l) n !+ 1).
r te -
13.127, x(f)=sln t(t-——'?: arctg <—V3£ )> +cos fln 2+;08! .

¢
13.128, x(t)=S e~=9" sin vdy (30T HHTErpal He BLIPAKAeTCA depes

0
semenrapHble QyHKLHu). 13.1229. x ({)=C1+-Cysin (4-Cycos (+4t, y ()=
= C4--Cy sin {—C, cos f+-t2— . 13,130, x=Cy+4Cysht4Cycht, y=

=Cy—Cysht—Cyeht4-ch{-}cost. 13.131, x({)=et, y()=—el.
13.132, x () =tcos !, y({)=—1¢sint. 13.133. x({)=sin {—cos t, y (f)=
=sin t+cust 13.134. x ({) =sln t+-sh ¢, y ({) = cos t--ch £. 13,135, x ({)=

—|-|-—-,y(t)_.t—el 13,136, x (f)=—sin {, y ({) = —cos ¢, z ({)=sin .
13,137, K x(1) = (14t —sin t—cos z)-2n(z_-’21)((z._%)_
—sin (t-——))-l-q(t — m)(—1 4 (t — n) 4-cos ({ —n) —sln ({ —)),

y() = (1 — ¢ 4 sint — cos f) — 2y t--;l) l-cos(t—% )+
+ n (¢ —m) (14 (¢ —n) —sin ({ — 1) — cos (¢ — m)). 13.138, x(f) =
=-‘-l-(ch:t+cost—2)—-q(l—n)(ch(t—n)+cos(t—n)—2)+
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+ % 7 (I — 2n) (ch ({ —2n) -} cos (I —2n) —2), y (?) =% (ch {—cos t) —
— v ({—m) (ch ({ — ) —cos ({—m)) + % 1 (!—2m) (ch ({—2m)—cos (t—2m)).

13.139. 2sint. 13.140. ch21——-;—sh 2t.  18.141, e, 13,142, cht.

. 1. I(l—a) to+b-1
. « ™= . .144. . 3.'45. 3 = B
13:143 Vi 13 TP TE@tp 1 2(x, yy=ycosx}

X
+ xsinx. 13:146. 2 (x, y)=—;—Ssha(x—t)f(t) di. 13.147. u(x, 1) =
0

=¢q(t—x V' LC)=Esino ({—xV LC), i (x, ) = V%q(i—xVﬁ):
=E ]/gsinm (t—xV'LC), t > xV LC.

« Tpennonaras, uto u(x, {) U i(x, {) 1 KX NPOH3BOAHbIE KaK (yHK-
UHH NepeMeHHOH ! ABNAIOTCS OPHrHHaNaMM, H o6osHauas U (x, p)=
=u(x ), I(x p)=i(x, ), nonyunM onepaTopHbie ybaBHEHHS

oU (x, p) _ ol x, p) __
T__Lpl (x, p), = CpU (x, p) e rpaHnuHbIMH

Eo
pPtoe?’
BOTO YPaBHEHHS M CUMTas p [apaMeTpoM, HaXOLHM

yeaosuamu g (H=U (0, p)=Q (p})= Hckmouas / (x, p) us nep-

U (x, p) _
- dx®
= LCp2U (x, p). Orciona U (x, p)=A(p)eP ViLicx + B (p)e~PVLCx
Hs ¢usnueckux coobpaxceHHil cjenyer, 410 NPH X —>-}- 0 pelieHune

U (x, p) orpannueno, a notomy npu Rep > 0 kospduunent npu nep-
BOM CJIaracMoM JAOJDKeH ObiTb paBeH HyJo, T. €. A (p)=0. Haaee, u3s

Eo

Eo VIC
—— = -pVLCx
ycaoeus U (0, p) e CJIefyeT, uTO l.i_(x, p) o +m2e ,
) L ou(x,p C Eo _pVICx
a torna /I (x, p)—_fﬁ—a—x— = TPt e Ipn-

MEHAA TeopemMy 3ana3ﬂblBaHH_ﬂ_, HaxoAHMM OTCIoAa HCKOMOe peu.leHHe. ’
13.148, u(x, 1)=Ee~"VICx (n (t—x VIC)—n (t—xVIC—1));

ix, 1) = V%Ee“vvﬁx (¢ —xV'LC) —n(t —x V' IC —1)).

VBt I (I @+D
13.149, ll’l——a—. 13.150. a—m (W—lna . @ Hcnoabso-

BaTb peleHHe 3apaun 13.67. 13.151. %e-at. 13.152, -—é-l/%

13.153. ]/% V=V a) . 8.5 V2 (Va—¥6). 13.155. YV 7 x

X(VB—V o) @ B sanaunoM HuTerpaje npeiBapHTeNbHO flOJOKHTH

x2=u. 13.156. 2. l/lm<>.e1v1——£—]——2 =tsh é; k=1. IlosTomy no gop-
=)
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® -]

+ +
""r ¢ 1 :

-~ S = S tsh Lagp = L
My J 1-e‘t 2 2 §

+ »
0o =2.p13.157. % . arctg %:arctg-—_l_—-—

1

1 1 .gint 1 . _,sint 1
. tg — z= —, arct =e~t— arct —___
AT Hoarcgp;nz 7 arcg;q_—l,_e - arctg —

—( te éil—?e 7)

—-aratg

;.—_'efg—i—;l-—t (no Teopeme cmeuenus). CienoBatensHo, arctg%_—_—f(t) =
ot —p—t
== 7 sinf}; k=1, Ilostomy mo d¢opmyne (9) S= S l - X
—e=
0

|4
ot —p—t
pie 7 sint dt = 7—- sinf{di. Ho

14e-t . 1
7 sln { = arotg 7—{-

-{-amtgp_k_l == F (p), F (0) = arotg (4 o) t-arotg 1 =%n. Caeposas
-+ ®
~t
TeanHo, N0 ¢opmyae (6) § -l-—l;te-sm tdt:g-n. p 13,188, %
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