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YaK 513

Fpadut ~cetn auuuil, CoeAMHAIOMHX 3aAaHHBIE TOY-
KH, — WIKPOKO HCNOJL3YIOTCA B pasHBIX pa3jenax Mate-
MaTHKH H B NPHJIOXKEHHSAX,

ApropoM kHHrH «[padll H MX NpHMeHEHHe» sBAAeTCA
BH/UILA HOPBEXCKHA anre6paucr Ofnerun Ope. Jas no-
HHMAaHHA KHHTH BIIOJIHE JOCTATOYHH MHMHHMAJbHHE npea-
BapHTeNbHBIE SHAHHA, NPAKTHYECKH He NpEBHIIAIOLIHE KYp-
ca MareMaTiHkn 7—8 KaaccoB cpeaHedl LIKOJH.

Kak npu u3yuenun moGoki KHMTH nO MarteMaTHKe,
OBJIajleHHe HOBBIMH MNOHATHAMH, KOHeyHo, norpeGyer ot
YHTaTeNd HEKOTOPHLIX YCHJAMA M M3BECTHOM HACTOAYHBOCTH.
OxHako 9TO JHIUB JOCTABHT YAOBOJLCTBHE MCTHHHOMY
JIOGHTENIO MaTeMaTHKH,

Pedakyus auteparype:
RO MaTemaTudeckum Hayxam



O71 pepaKktopa

HsnareanctBo «Mup» HauMHaeT BhINYcK noOnyaspHoi
cepun «CoBpeMeHnHass MaTemaThKa». KHHXKH 3TOl cepun
PacCYHTAHBI Ha TeX, KTO HHTEPecyeTci MaTeMaTHKOH H
XOYeT 3aHHMATBCA el0 CaMmocToATeabHO. CneuuanbHbiX
CBEJEHHR y yuTaTeJeH He npeanosaaraercs — AOCTAaTOYHO
3HAHUA Kypca MaTeMaTHKH 7—8 KjaccoB cpeiHelt LIKOJbL.

B nocnennue mecATHIeTHS MaTeMaTHKa 3HAYHTEALHO
H3mMennna cBoit 06ank. CosnanHue GbICTPOLEHACTBYIOIMHX
BBIYHC/IHTENbHBIX MALIHH I MOSBJEHHE HOBHIX MPHJOKe-
HHH MaTeMaTHKH (K S5KOHOMHKe, GHOJIOTMH, JHHTBHCTHKe
H Ap.) NpHBEJH K CMEIUEHHIO LeHTPOB HHTepecoB. Uubie
pasjenbl, paHee HHTepecOBaBLIHE JHIIb Y3KHE KpPYru
CMeUHaSHCTOB, CTAJdH OYeHb aKTYaJbHbIMH H MOITOMY L«
POKO nonyaspHeIMH. PoJb Apyrux pa3nenoB NOTYyCKHeaa.

STOT npouecc He MOr He OTPA3HTbCA H BO B3IAAaX HA
UIKOJBHYIO, TaK HA3blBAEMYIO «3JeMeHTapHYIO» MaTeMa«
THKY. [losBunach HeOGXOMHMOCTb H3MEHEHHS! LIKOJbHO~
ro Kypca MateMaTHKH, BBeJeHHs B HEro HOBBIX Pa3fiesioB.

Ceityac B psne ctpan — B ToM uncJae # y Hac B CoBer-
ckoM Colo3e — uer Goabluasi IKCIEPUMEHTANbHAA Pa-
6oTa no nepecTpoiike npenoaaBaHHs MaTeMaTHKH B KO-
Je. B nociennue roapl BO BceM MHpe BHIHEHILIHE yueHble
CTaJH BILIOTHYIK 3aHHMAaTbCH npo6nemamn LIKOJIBHOIo
o6pa3oBanus.

B nonyaspuyio cepuio «CoBpeMeHHass MaTemaTHKas
npeanoJaraetcs BKJIOYHTb NepeBOAbI JyylIHX 06pasuos
3apy6exHoil JMTepaTypsl MO MaTeMaTHKe AJs1 LIKOJbHII-
koB. OcoGoe BHHMaHHE GyAET yAEAEHO HOBHIM AJSI IIKObL
BOMPOCAM UM CBeXeMY OCBElllEHHIO MPUBLIYHLIX BONPOCOB,

Cepus oTkpbiBaeTCs nepeBoaMH HECKOJABKHX KHHT H3
amepukaHckoil «HoBoli MartemaTuuyeckoii O6HO/IHOTEKHS.



OT PEJAKTOPA

Cosnande 31oft «BHGAHOTEKH» — OJHO H3 rJABHBIX HAUH-~
HaHUH HCCJIE0BATENbCKON TPYNNLI MO IUKOJAbHOH MaTte-
matuke (School mathematics study group),cosganuon
AMepHKaHCKHM MAaTeMaTHUYECKHM OOIEeCTBOM H COCTOS-
med u3 kpynHefimmwmx yuennx. «HoBasa MateMarHueckas
6ubauoreka» noayuwna B CIIIA Becbma wupokoe pac-
NpOCTpaHeHHe,

ITepBasi kuura nonyasipolt cepuu «CoBpeMeHHass ma-
TEeMaTHKa» NPHHAIJIeXHT Nepy H3BECTHOO HOPBEXKCKOTO
maTemaTHka, HbiHe mpodeccopa Menbckoro ynusepcurera
B8 CIIA Oiictuna Ope!).

Yuenue o rpacax, T. €. O reoOMeTPHYECKHX CXeMax,
NpeNCTaBAAIOMHUX COOOM CHCTeMbl JIHHHH, COeAHHSIOLHX
KaKHe-TO 3aJaHHLIe TOUKH, OY€Hb NOAXOAHT JJIA H3JI0Xe-
HHUS HAYHHAIOIUHM, MOCKOJbKY OHO COEAHHSET GOJBLIYIO
reOMeTPHYECKYI0 HArJasJHOCTh C MaTeMaTHYeCKoH coaep-
KaTe/IbHOCThIO M C BO3MOXHOCTbIO 0GXOAHTbCA 6e3 rpo-
Mo3Koro annapara. Murepecia HcTopHs 3TOro CBOEOG«
Pa3HOro pasjena MaTeMaTHKH. 3apoKIeHUe.TEOPHH rpa-
o B XVIII Beke OuI0 CBA3aHO ¢ MATEMaTHYECKHMH
roJIOBOJIOMKAMH, U HOBOJIbHO AOJrO Ha yueHHe O rpagax
CMOTpPe/IH KaK Ha «Hecepbe3HYIO» TeMY, «NPHKJIaZHOe»
3HAYeHHe KOTOPOil MeJHKOM CBSI3aHO C MrPaMM M pa3BJe-
ueHussMH. B aroM orHoweHuu cynnGy Teopuu rpados
MOXKHO CPaBHHMTh C CY/b6OH TEOpHH BEpPOATHOCTEH, TaKke
nepBOHAYaJbHO paccMaTpuUBaBllefcsi JHLIL B CBSA3H C ee
«TIDHMEHEHHAMH» K a3apTHbiM urpaM. B nauane XX Beka
rpapnl nNpHB/JEKaJH BHHMaHHe TOMOJIOTOB— H B MepBOH
NOJIOBHHE Hallero BeKa TeOpHI0 rpadoB paccMaTpHBAJIH
KaK OJHY H3 IJIaB TOMNOJIOTHH — BeCbMa CJOXHOro pasje-
Jia COBPEMEHHOH MaTeMaTHKH, HHTepecylollero JHIIb y3-
Ku#t Kpyr CnemHaJsHcToB.

OpHako B JajbHefilleM BBISCHH/IOCH GoOJblIOe 3HAye-
HUe Teopuu TpadoB Ansi pellleHHs] MHOTHX BaXKHBIX BONPO-+
COB MpPAKTHKH, H3 YHCJIA KOTOPBIX 3/leCh JOCTATOYHO YIMO-
MAAHYTb, HaNpHUMep, O TAaK HAa3bBaeéMLIX «TPAHCIOPTHBIX

') Pyccrkomy uutaremo O.Ope HaBecTeH KaKk aBTOP yBJeKaTel/b-
Roit GrorpadHH 3HaMmeHuTOro Hopmexckoro mMatemarnka H, X. AGens
(Ope O. 3amenatemwumii Martematik Huawc Xewpuk AGeas, M.,
Dusmatrys, 1961),



OT PEJAKTOPA

3afauax» (3alauH O NAAaHHPOBAHHM HauGONee PAUHOHAND-
HOH CHCTeMb! MepPeBO3OK Ipy30B B TPaHCMOPTHON CeTH)
HWAH O 3ajauax, CBA3AHHBIX C 3JeKTPHUYECKHMH CETAMH.
Bce 310 BHI3Bano GypHbifi pocT OTHOCcAleNCs K TeOpHn
rpaoB nHTepaTyphl, CpeAn KOTOPOii 0c060 CaeAyeT OTMe-
THTb 06CcTOATeIbHYI0O MOHOrpaduio «Teopua rpados» aB-
TOpa Hactosuleit Khuru. Hacrosaumyio He6oabwylo KHHXK-
KY MOXHO paccMaTpHBATb KAaK alanTauHIO 3Toil Hayu-
HOil MoHOrpaduu Aas HAUYHHAIOUIHX.

Kunra Ope B ocHOBHOIT CBOeit 4acTH BrnojHe AOCTYNHa
yYalWHMCA CPeAHHX KAACcCOB CpelHefl WIKOALI; OHa MOXeT
6biTh C YCNEXOM HCMNOMb30BaHa B pa6oTe WKOMbHLIX MaTe-
MaTHYECKHX KPYXKKOB. 3JHauHTel1bHYI0 3acjyry aBTopa
COCTaBJseT yAauHbii noabop ynpaiuHeHuit — cosepiuen-
HO 3JIeMEHTaPHLIX, HO OIHOBPEMEHHO W AOCTaTOYHO HHTe-
pecHbiX; Mbl OYeHb PpeKoMeHJyeM uHTaTenlo He npenebpe-
raTb 3THMH ynpaXHeHHAMH. B Konlle KHHIH COZepPKHTCH
HeGONbIIOA CNHCOK AONONHHTEABLHON JAWTEpaTyph, Anf
PYCCKOTO M3/laHHA COCTaBJeHHHI1 3aH0BO. HemHorouuc-
JieHHble ROACTPOUHBIE NpHMeYaHHA NPHHALJNEXAT nepe-
BONYNKY H PeAaKTOPY KHMTIL.

H. M.ﬂeno.n






BesepeHHe

Ilepeas pa6ora no Teopuu rpacoB, NpHHAAJMENKAlUIAN
M3BECTHOMY LIBeHUAapCKoMy Matematuky JI. Jiinepy,
nosisusiacs B 1736 r. Buavase Teopust rpacdoB Ka3anack
JIOBOJILHO HEe3HAUYHTEJNbHbIM pa3je/]oM MaTeMaTHKH, Tak
Kak OHa HMMeJa JeJl0 B OCHOBHOM C MaTeéMaTHYeCKHMH
pa3sieueHusiMu U ronoBosoMkamu. OHako nanbHelllee
pPa3BHTHe MaTeMaTHKH H 0COGEHHO ee MpPHJICXKEHHH 12710
CHJIbHLIH TONYOK pa3BuUTHIO Teopud rpados. ¥Yxe B XIX
cToMeTHH rpadbl HCMOJAb30BANHCh NPH MOCTPOEHHII CXEM
3JIeKTPUYECKHX Lieneii H MOJIEKyJAspPHBIX cxeM. B Hacros-
liee BpEeMS MOXHO YKa3aTb M TJaBbl YHCTOH MareMa-
THKHM, HamnpuMep TEOpHs MaTEeMaTHYECKHX OTHOLIeHHi,
B KOTOPHIX TeopHust rpacdoB CaAyXKHT eCTeCTBEHHBIM aNma-
paToM; c ApPYroit CTOPOHBI, 3Ta TEOPHH HAaXOJIHT MHOTrO-
YyycJeHHble PUMEHEeHHs B Pa3HOOGPa3HbIX MPaKTHYECKUX
BONpoCax: IPH YCTaHOBJEHHH pPa3HOTO poOJa COOTBET-
CTBMH, NpPM pelteHHUH TPAHCMOPTHHIX 3ajady, 3ajau o
NOTOKAX B CerH He(1eMpoBOAOB M ROOOIE B TAK Ha3hIBAE-
MOM <«nporpaMMHpoBaHun». Teopust rpador Tenepb NPH-
MEHSIeTCA W B TaKUX 06/1acTAX, KaK 3KOHOMHKA, NMCHXO-
Jorug H Ouojorus. MaremaTHuecKHe pa3B/edyeHHs W
TOJIOBOJIOMKH TOX€ OCTaloTCs 4YacThio TeopHH rpacos,
0cO6EHHO €eC/IH OTHECTH K HHM 3HaMeHHTyI0 npobaemy
yeThipeX KPacOK, HHTPUTYIOLIYI0 MAaTEMaTHKOB H IO cefl
AeHb,



BBEJLEHHUE

B martemaTtuke Teopusa rpadoB paccMATpuBaeTcs Kax
OAHA M3 BeTBeldl TOMNOJIOTHH; HENOCPEACTBEHHOE OTHOIle-
HHME OHa HMeeT TaKkXe K aare6pe W K TEODHH YHCeJ.

B nocaeayiomiem M3J0XKeHHH Mbl BbIHYXJEHB Orpa-
HHYHTLCA JIHIIb HEKOTOPHLIMH MNPOCTEHLIHMH BONPOCaMH
Teopuu rpados; M BeIGpann ux TakuM 06pa3oM, 4ToGLi
JaThb HEKOTOPOe NpeACTaBJIeHHe, ¢ OJHOI CTOPOHHI, O Xa-
paKTepe MHCCJIeOBaHHH, KOTOPbie MOXKHO TMPOBOAHTL
¢ nomowbio rpagos, H, ¢ APYrod CTOPOHH, — O HEKOTO-
PbIX KOHKDETHBIX 3ajayaX, KOTOphle MOXKHO pelarsb
TakWiMH MetonaMi. K cuacTblo, npu 3T0M MOXHO o60ii-
THCh BeChbMa CKPOMHBIM MaTeMaTHYeCKMM annapaToM,
YTO Ae/]aeT y4yeHHe O rpadax BNOJHE AOCTYNHLIM AAS
HaYHHIOLIHX,



rnABA I

Yro Tanoe rpad?

§ 1. CnoprusHHe cOCTA3aHHR

INpeanonoxum, uro ¢yr6oabHas KoMaHza Baueil
WIKOJIBI y4acTByeT B COPEBHOBAHHAX M HrpaeT ¢ KOMaH-
npamu apyrux wikoa. Ilycts obuiee uHca0 KOMAaHA paBHO
wectH. Bawy komanzny o6osnauum Gyksoit A, a apyrue
koMauabl — Gyksamu B, C, D, E u F. Uepe3 HeckonbKo
Hedesab MOC/e Hauyaja COPEBHOBAaHHH OKaXKercs,, YTo He-
KOTOPble H3 KOMaHj Yy¥Xe ChIFpajdH APyr c APYroM, Ha-
npumMep
C’ D’ F'

'} E, Fo
, B,

E, F,
1] Dl F’

, B, D, E.

3710 MOXKHO H306pa3uTh NpH MNOMOIIK TaKOH reome-
TpHYecKoil cxeMbl. KaXayio KoMaHAy TNpeACTaBHM TOY-
KOH W/ MaJ/JIeHbKHM KPYXXOUKOM H COeJHHHM OTPEe3KOM
Te MapHl TOYeK, KOTOpbie COOTBETCTBYIOT KOMaHAaM, yke
urpasiium Apyr c¢ ApyroM. Toraa aas AaHHOro CMHMCKa
NPOBEAECHHLIX MCP MBI MOJAYYHM CXeMy, H300paXKeHHYiO
Ha puc. 1.

Cxema Takoro Buaa HasnBaercs rpadom. Oua
COCTOHT M3 HecKosbkux Touek A, B, C, D, E, F, ua3uiBae-
MHX BEepPIIHHAMH, H HECKOJBKHX COEAHHSIOIHX 3TH
TOYKH OTpe3KoB, Takux, kak AC uan EB, Ha3biBaeMbix
pe6pamu rpada.

THOO ™™
0o 0 60 060 o0 6
220

1t



TJIABA 1. UTO TAKOE TIPA®?

M3 puc. | BHIHO, UTO TOUKM HepeceyeHHs] HEKOTOPHIX
pebGep rpada MOryT He SBJATBCH €r0 BEPLUIMHAMH; 3TO
NPOHMCXOAUT NOTOMY, YTO Mbi M306pa3naM Haw rpad Ha

A
B

E D
Puc. 1

naockoctd. BoaMoxHo, y106Hee 6bl10 6Gbl npeACTaBAATh
cebe ero pe6pa HHTSMH, NPOXOASLIMMH APYr Haj APYroM

4 B

1 ¢

Puc 2

B IIDOCTPAHCTBE; BO BCSAKOM CJay4ae, npH u300parKeHHH
Ha IJIOCKOCTH BeplIMHbI rpaga Bo H30ekaHue MyTaHHILL
JOJIXXHB OTMeYaThCsl JAOCTATOYHO OTYETAMBO (HampuMmep,
KPyXOuKaM#u).

Kaxayio cOBOKYNMHOCTb Hrp Jio6Oro TypHHpPa MOXHO
npeacTaBHTh cooTBeTcTBYIOWNM rpadom. Haoboport, ecou

12



§ 2. HYJIb = I'PA® U MOJIHHIA TPA®

3anaH HekoTophlii rpad, T. e. ¢urypa, cocrosuias u3
TOYeK — BepIUHH, COCAHHEHHLIX NMPAMOJHHEAHBIMU OTpe3-
KaMH — pe6paMH, TO €ro MOXHO pacCMaTpHBaTh Kak
CXeMy Takoro coctsizaHus. B kauectBe npuMmepa pac<
cMOTpHM rpad, nsobpaxeHnbii Ha puc. 2. Ero moxHo
npeacraBasaTh ceGe Kak rpacg, cCOOTBETCTBYIOLIHHE coCTS-
3aHMI0 BOCbMH KOMaHA, rie KomaHaa A yXe wurpaaa
c xomannamu B, E, D, xomanna B urpana c 4, F, G, C
T O

Ynpaxuenus

l. Haueptute rpad nurp, CHrpanHHX K cepefHe Ce30Ha BawWHMH
$yT60ALHBMHE WH BOEAGONLHHIMH KOMaHAAMH,
2. lafte noJHMA CNHCOK MPOBEAGHHWX Wrp, COOTBETCTBYIOWHA

rpady pHc. 2.
3. Ckonibko peGep H CKOJIBKO BEPIIHH HMeIOT rpadu puc. 1 1 2?2

§ 2. Hyav-rpad u noannit rpad

CyluecTByIOT HEeKOTOpHIE CMeltHanbHble rpadbl, BCTpe-
yaloulHecss BO MHOTHX MPHJIOXKEHHSX TeOPHH rpados.
Bynem noka onsth paccMaTpuBaTh rpady Kak HaraAsaHYIo
CXeMy, HJIOCTPHPYIOILYIO XOJ CMOPTHBHBIX COCTSA3aHHIl.
Ho nauana ce3oHa, MoKa ele HHKaKHe WIPH He MpOBO-
AuwaHCb, Ha rpade HeT HuKakuX pebep. Takoi rpad co-
CTOHT H3 OJIHHX M30JHPDOBAHHLIX BEPUIHH, T. €
M3 BEepIUHH, He COeJHHeHHBIX HHKaKUMH pe6pamu. I'pad
TaKoro BHAa Mbl 6yaeM Ha3biBaTh HyJab-TFpacgom. Ha
puc. 3 mpuBeieHbl Takue rpadel Ans ClyyaeB, KOria
YHCJIO KOMaHA, HAM BepliHH, paBHo 1, 2, 3, 4 u 5. Omn
Hyas-rpagbl 06bluHO oGo3HaualoTcs cuMmBosamu Oy, O,
O; u 1. ., TaK uto O, — 370 Hy/Mb-rpad c 7 BepILHHAMH,
He WMelolHiA pebep.

Paccmotpum apyroit kpa#inuit cayuail. ITpeanosos
XKHM, YTO MO OKOHYAHHH Ce30HAa KaXNasd KOMaHaa Chi«
Tpajia 1o OAHOMY pa3sy ¢ KaXa0#l H3 OCTaJbHBIX KOMaHA.
Torna Ha coorsercTByiomieM rpade xaxdas napa sep-
WwHA Gyaer coennHeHa pe6poM. Takoh rpad HasmiBaeTCst
noaublM rpadom Ha puc. 4 nsobpaxkenbl nosHtle
rpadul ¢ yHcaoM BepiunH n=1, 2, 3, 4, 5. M o6o3nauaeM

13
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§ 3. USOMOPOHLIE I'PA®H

STH noJiHble rpadul coorBercTBenHO Yepes Uy, U,, U;, U,,
Us, Tak uto rpag U, cocTout u3 n BeplunH u pebep, co-
€HHAOWHX BCEBO3MOKHBIE NAPLI 3THX BEPIHH. DTOT rpath
MOXHO NpeacTaBaaTh ceGe KaK N-yroJbHHK, B KOTOPOM
npoBefeHH BCe JHAroHajH.

Hmes Hexotopwiit rpad, nanpumep rpadp G, usobpa-
XKeHHbIH Ha pHc. 1, MBI Bceraa MoxeMm NpPeBPaTHTL ero
B MOJHbIA rpad c TeMH e CaMbIMH BeplUHHaMH, 106a-
BHB HeaocTaloliue pe6pa (T. e. pe6pa, COOTBETCTBYIOLIHE
HrpaM, KoTopble TOJIbKO ellle 6yayT chirpanu). Ha pue. 5
Mbl chaenanad 3to aas rpada puc. 1 (ewe He cocrosBs-
IHecs Hrphl H306paXeHbl MYHKTHPOM).

MoxHO TakXKe OTAEAbHO HAYepTHTb rpad, cOOTBeT+
CTBYIOUIHH MOKa elle He CHIrPaHHbIM, OyAYLIHM Hrpam.
Has rpagua G npu 3TOM noayuutcs rpad, H306paKeHHbli
Ha puc. 6.

JToT HOBHIA rpad Mbl HasbiBaeM AONOJHEHHEM
rpada G; npuHaTo 0603HauaTh ero yepes G. Baas nonon-
Heide rpaga G, MW cHOBa noayuuM rpadp G. Pe6pa
oboux rpagos G u G BMecTe COCTAaBAAIOT MOAHbLIA rpad
C TeMH e BepIIHHAMH.

YnpaxHenus

I. Hauepture nonosuenwe rpaga, usoGpaxennoro Ha puc. 2.
2. Yemy paBHO 4HC/O peGep noaxoro rpada Un?

§ 3. Hsomopdunie rpapu

3amerum, uto rpa¢p G (puc. 1) moxHO u306paxaTh
no-pasHoMy.

Bo-nepsbix, coBceM He 06si3aTenbHO H300paxKaTh ero
pebpa npaMoixHeAHHMH. MH MoXeM nposecTH JGble
JMHHH, COEAMHAIOI(HE Te e caMble BEpIUMHBI, YTO H
paubuie. Tak, rpag G MOXKHO NpPEACTaBHTb B BHAE, H30-
OpakeHHOM Ha pHC. 7.

Bo-BTOpHIX, MH MOXeM MNPOH3BOJILHO pacnojararh
BepiLMHbl Ha mJaockoctH. Hanpumep, sepwunnl rpada G
MOXHO DacnoNoXHTh TaK, KaK NMOKa3aHO Ha puc. 8.

Ecan paccmarpusath TpH rpada, nso6paxenHble Ha
puc, 1, 7 u 8, kak rpadui, onuchBaloOUHe XOA CTOPTHB-



TJIABA 1. YTO TAKOE TPA®?

HOTO TYPHHDA, TO OHH GYAYT COLEPKATh B TOYHOCTH ORHY
H Ty Xe HH(QOPMAaLUI0 OTHOCUTENBHO TOrO, KAaKHE HMEHHO
KOMaHIbl yXe HrpaJM Apyr ¢ APYrOM; B HEKOTOPOM

A

Puc 7

CMBICTIe 3TO 00uK u TOT %Ce 2pagh. Mul Gylem rOBOPHTh,
4To ABa rpada — oGoznaunM ux Gy u G, — usomop@usl,

A

F
Puc 8

€CJIH OHH OTBeYaloT OZHOMY M TOMY e CIHMCKY IpOBe-
neHHbX urp. MueiMu caosamu, ecan rpadu G, u G n3o-
MOpP®HE], TO OHH MMEIOT OJHO M TO XKe HHCJIO BepluMH H



§ 3. LI3OMOPOHLIE TPA®H

Aas mo6biX ABYX BepwuH rpada G, ckaxem By n C,
coemmeﬂﬂblx pe6poM, COOTBETCTBYIOIIHE HM BepLIHHLE
C, rpada G; Toxe coeaHHEHB! peGpoM, H 06paTHO.

A
A
=

CoraacHo 3TOMy onpejeneHuio, Tpu rpada Ha puc. 1, 7
n 8 n3oMopdHbl (T. €. HMEIOT OfHO H TO XKe CTpoeHue),
XOTA OHH W BBINIAAAT no-pasHoMy. (Tepmun «uzomopd-

17

Puc 10

Pac. Il



I[JIABA 1. YTO TAKOE IPA®?

Hbl» YACTO HCNOJb3YeTCH B MaTeMaTHKE, OH COCTOHT M3
FPEYECKHX CJIOB 00; — DaBHbIH, OJMHAKOBbI W MOPQT —
Buz, opma.)

Hepeako rnpuxoautcs penats Bompoc o TOM,
SIBJAIOTCA JIH [ABa AaHHBIX rpada usomopdubiMu. UHorza
cpasy siCHO, uTo 370 He Tak. Hanpumep, rpadsi, nszobpa-
XeHHble Ha puc. 9, He MOryT GblTb H30MOP(HLIMH, MO-
TOMY YTO OHHM HMEIOT HeOJMHaKOBOe YHCJIO Bepwnd. He
MoryT ObiTh H3oMophHbLIMH H rpadul puc. 10, Tak Kak
Yy HHX HEOQHHaKoBoe uucio pelep.

Puc. I2

Oauako Ais TOro, uTOGhI NOKA3aTh, YTO He U3OMOPdHbI
rpagl, uzobpaxennwie Ha puc. 11, TpeGyerca yxe me-
cKonbKo Goslee TOHKOe paccyxpaeHue. Tak, MOXHO 3a-
METHTb, YTO Ha nepBOoM rpade HMeercs nocjenoBaTedb-
HOCTb W3 BOCbMH CMeXHbIX pebep (T. e. pe6Gep, nmomapHo
MMEIOILHX O6IUIYI0 BEePIUHHY):

(1,2), (23), (34), (4.8), (87), (7.6), (65), (51),

BO3BpalUAIOIIAfACA K HCXONHOH BeplliiHe, B TO BPEMS Kak
Ha BTOPOM rpae Takoil NOC/eJOBATENbHOCTH HeT, 3Ha-
YMT, KaK Obl Mbl HH OOO3HAUMJM BEPLIHHB BTOPOro
rpada, Mbl He CMOXeM [Js KaxAo#H napbl CoOeaHHEeHHBIX
pebpoM Bepwun oagHoro rpada ykasaTb BO BTOPOM CO-
OTBETCTBYWLIYI0O [apy BeplIHH, TOXe COeJHHEHHBIX
pe6pom.. (okaxute arol)

Ecan cpasy He Buamo, kak noka3sats, uTo aBa rpada
HEe H30MOPQHBL, TO BONMpPOC 06 HX H3OMOPHHOCTH MOKET
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§ 4, TJIOCKUE I'PAOH

OKa3aTbCs AOBOJBHO TPYAHHIM. B xayecTBe nphaMepa pac-
cMOTpHM JBa rpaha, n3o6pakeHHbIX Ha pHc. 12; stH
rpadnl Ha caMOM Jene H3O0MOP(QHBHIL.

YnpaxneHus

1. Tokaxure, uto rpadn, uloGpaxensbe na puc. 1, 2, 6, ne uso-
MOpGHB MexAay coboil.

2. YxkaxuTe ellle OAHY NPHUHHY, B CHAY KOTOpOl ABa rpada pHc. 11
He MOryT GLITb H30MOP(HBIMH.

3. OGo3HaubTe BeplIMHbB ABYX FpatoB puc. 12 TaK, 4T06H H3IOMOpd-
HOCTb 3THX rpadoB cTana oueBRIHOM,

§ 4. Naockne rpadu

JAna MHorux uedeli 6e3pasnnuyHO, KaK MMEHHO M30~
6paxkeH rpad, T. e. u3oMopdHbie rpadbl, 10CTaBJsOLWIHE
OJIHY M Ty Xe HH}OpPMaUHIO, MOTYT pacCMaTPHBATLCA KAk
oaun rpad. Tak Gyner, Hanpumep, B TOM cJayuae, ¢ KOTO-
poro Mbl HayaJH H3JO0XeHHe, — Korja rpag Hrpaer poJb
cB0oeo6pa3HOro CMHCKa yKe npoBemeHHBX urp. OaHako
B JIPYTHX CJYYanX CYLLECTBEHHO TO 0GCTOATENbCTBO, UTO
rpad MoxeT ObiTb HayepyeH HEKOTOPHIM CreElHAJbHLIM
o6pasom. CpaBHuM zaBa H3oMopdHbIX rpada, u3obpa-
XeHHble Ha puc. 1 n 7. Ha nepBom u3 Hux peGpa nepe-
CeKaloTca B NATH TOYKAX, He ABJAIQUINXCA BepLIHHAMH
rpada, Ha BTOPOM BCe TOYKH NepeceueHus peGep rpada
CAYXKaT ero BepiiMHAMH.

[pad. KoTopuiil MOXKHO HauepTHTb TaKUM 06pa3oMm,
yTo6bl ero peGpa nepeceKaaucb TOJLKO B BepUIHHAX.
Ha3biBaeTcs nnocKuM rpadomM. Tak, rpap G, uso-
6paxeHHbIH Ha pHc. |, ABJASETCS MJOCKHM, NMOTOMY YTO
cyllecTByeT H3oMopdHbIi emy rpad (puc. 7), Bce peGpa
KOTOPOFO MNepeceKaloTcsi TOAbKO B BepLIHHAX.

IMnockuit rpad MoOXHO paccMaTpUBATb KaK Kapry
AOpOT, COeIHHSIOIINX MeXKAYy coGoil pa3nuuyHble CTaHUHH
nau gepeBHH. Tak, Ha KapTe, uzo6paxkenHoil Ha puc. 13,
Mbl BRAMM 7 craHumii: A, B, ..., G, npHueM HexkoTepue
M3 HHX COelHHEHH Apyr c apyrom goporamu: AG, BC,
FE n 1, 1., 1 06paTHO, KaXAyl0 KapTy JAOPOT MOMXHO
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IJIABA 1. YTO TAKOE TPA®?

paccMaTpuBaTbh KakK nuaockuét rpag. Ilnan mo6oro ro-
pona (cm., Hanpumep, puc. 14) ToXKe ABJAETCH NJAOCKHM

B

Puc 13

rpadoM, rae yauun cayxar pe6paMu, a NJAOWIAAH H
yJIYHbBlE TNePeKPecTKH — BepLIHHAMH.,

Puc. 14

Bnpouem, coBpeMeHHasl TeXHHKa H3MEHHJAa MHOTHE
HallM NpeiCTaBJeHHs, W, YTOGBl He OTCTaTb OT COBpe-
MEHHBIX TPeOOBaHHH, Mbl JOJKHbI MPH3HATh, YTO U KapTa
JAOpOr B HacTosilee BpeMsi y¥Ke He Bcerja INpejcTaB-
JageTcss NAQCKHM rpadomM. K cerH jgopor Tenepp 4acto



§ 5. OAHA 3ANAYA O MJIOCKHX IPA®AX

n06aBAsIOTCA JIHEMM, TPOXOAsilliHe Ha Pa3HLIX YPOBHHAX,
TaKk 4TO B MeCTe rnepeceueHMs ABYX AOPOr NAcCaxXup He
MOXKeT MepeHTH C ONHOH JMHHH Ha Apyryio (puc. 15).

HueiMu caioBamu, pe6pa rpada Takoii kapThi nepece-
KaloTCs B TOYKaX, KOTOpble HeMb3si CYHTATh BEpLIHHAMH
rpada.

YnpaxHeHusn

1. Hapucyitte nnockuit rpag, oTBeualomiuii cetn LOpOr HEKOTOPOR
OKPeCTHOCTH TOTO MecTa, Te BH KHBeTe.

2. Caenaitte TO e caMoe, HCNOABL3CBAB NAaH BAlIEFO0 HJAH GJH-
Kailuero K Bam ropoja.

§ 6. Oana 3apaua o naockux rpadax

PaccmoTpuM Tenepb ABa npuMepa NpHMeHeHHs rpa-
¢oB nns pelwenns 3amay. B oboux cayuasx geno cso-
IMTCA K TOMY, 4TOOH BHISICHHTb, MOMHO JH HEKOTOPHIH
rpag n3o6pa3sHTb Ha MJIOCKOCTH TaK, 4ToGb ero pefipa



TJABA 1. UTO TAKOE TIPA®?

He HMeJH NHIIHHX TOYeK NepeceueHds. B kauecTBe nep-
BOTO NpHMepa PacCMOTPHM OAHY OYeHbL CTapylo roJjoBo-
NOMKY («3ajaua o Tpex AOMax M TPeX KOJOALA3X»).

A B c
P
X Y
Puc. 16

Ha onxoM yuacTke 3eMJH OblJIM MOCTPOEHBI TPH JOMa
U BHIPLITHI TPH KOJMOAua AAst ux oburarteneit. Ilpupona

Puc 17

CTpaHbl M ee K/JAHMAaT TaKOBbl, YTO KOJOAWUbI 4acTo mepe-
cblIXAI0T, NMO3TOMY BaXKHO, YTOOH OT KaXXAOro U3 JOMOB
HMeJIcs JIOCTYN K KaxKJOMy H3 Tpex koJoaues. Cmycrs
HekoTopoe Bpems obutatenu aomos A, B u C cepnesno
NOCCOPHAHCH APYT C APYroM H PeUIWH TPOJOXKHTb
JOpOXKH K TpeM kosmoauam X, Y, Z rax, uToOul Mo nyTH
K KoJofuaM # o6paTHO WM He MPHXOAW/IOCH BCTPeYathb
Apyr Apyra.
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§ 5 OAHA 3AJAYA O INVIOCKINX TPA®AX

Ha puc. 16 n3o6paxen rpag, oTBeualoluii eCTeCTBeH
HOMY PacloJIOXKEHHIO JOPOXeK, KOrja BC€ OHH NPAMO-
JuHefiHE. JDTH JOPOXKH, HaH pebGpa rpada, mnepece-
KalOTC BO MHOTMX TOYKaX, OTJIHYHBIX OT TOYEK paclo-
aoxenuss pomos A, B, C u xoaoaues X, Y, Z. Yucno
JIKIIEUX TOYEK MepeceyeHuss MOXKHO CBeCTH K 1, ecad npo+
BECTH NOPOXKKH TaK, KakK yKa3aHo Ha puc. 17,

Bonpoc, Korophlii MB XOTHM NOCTaBHTb, COCTOHT B
cleRyIOleM: SIBASETCA JIH COOTBETCTBYIOWHH rpad nJo«
CKHM, T. €. MOXHO JIH TNpPOBECTH MAOPOXKKH Tak, uTOOHI
OHH He nepeceKaich HHrJe, KpoMe Bepwun rpada A, B,
C. X, Y, Z. CkonbKo RM NbITaiiTeCh, BHl He HaijaeTe HyX-
Horo pewenns. OaHako Hawa Hecnoco6GHOCTb pellHTh
3ajlayy nocpejACTBOM NPo6 H NOBTOPHHIX MNOMBITOK He
JlaeT ellle MaTeMaTHYeCKOro A0Ka3aTenbCcTBa TOro, uTo
3T0 BOOOLIEe HEBO3MOXHO caenartb, CTporoe e H0Ka3sa-
TeJbCTBO OCHOBAHO Ha cJeayiouleil TeopeMe,

Teopema YKopnana o kpusux. ITycro oJf° — Henpepois-
HAA 3AMKHYTAR AUHUR HA naockocTu (OHa MoXKeT OuiTb

K L

Puc I8

MHOTOYTrOJNbHHKOM, OKPYXHOQCTBIO, 3JJIHNCOM HJH KaKOil-
au60 KpHBOit ropasno 6onee ciaoxHoro Buaa). Junusf'
0eauT nAOCKOCTb HA BHEWIHIOD U BHYTDEHNIOW o06aacTi
TaK, 410 At06asa nenpepbisnan Kpusas .L, coedunaowas
npou3BoAbHYt0 TOuKYy P enyTpennel 064acTu ¢ HEKOTOs
pod TO4KOl Q 6Hewned obaactu, nepecexkaer o (cM.
puc. 18).

Bul uyBCTBYeETe, BepOATHO, YTO yTBepXKAEHHE TEOPEMbl
XopaaHa coBeplseHHO OYE€BHAHO; HHTYHTHBHLE reoMe-



TJIABA I, UTO TAKOE TIPA®?

TpuUeckKHe MpejcTaBjeHuss y6ex1al0T Bac B ee clpaseil-
aupoctH. OHaKo J0Ka3aTh 3Ty TEOPEMY COBCEM He NpO-
CTO; OCHOBHasi TPYRHOCTb 3aKJIOYaeTcss B TOYHOM olpe-
ReJeHHH TIOHATHA <«KPUBOM». Mbl oOmycTHM 3j1ech 3TO
onpejeseHHe, TaK e KaK M J0KA3aTeJhCTBO TEOPeMbl
JXopnana'). Bol MoxeTe npuusaTe 3Ty TeopeMy 3a oue-
BHAHBIA (aKT.

M3 Teopemul JKopaana BbiTeKaer TOT, TOXKEe HHTYH-
THBHO OYEBMIAHBIH, (haKT, uTO ecau Jio6ble [Be TOUKH

Puc. 19

3aMKHYTOH JHHHUH o), CKaxeM A u Y, COelHHUTb KPHBOM
AY, He nMeroleil ¢ o6WHUX ToYeK, OTHUHLIX oT A u Y,
TO BCH 3Ta KPHMBasl, 33 HCKJIOYEHHEM ee KOHIIOB, JIEXKHT
au6o BHe %", NH60 BHYTPH % (cM. puc. 19).

!) TeopeMa )KopaaHa SBASETCS JOBOJbLHO CJAOMHOA JRaxe H
B TOM GoJiee MPOCTOM cJyuyae, KOrAa JHHHA ¢ NpeacTaBiaseT cobGok
MHOrOYrOJbHHK U OnpefieNeHHe ee He cocrasiafer -tpyxa. Cm. mo
stomy noeoay kuury: KyparTt P. u Po66unuc I', Uro Taxoe
mareMaTHKa, ocrexuanar, M.—J1., 1947, ctp. 326—328 u 353—355,
rAe MpOBEACHO MOJHOE [A0Ka3aTeJbCTBO 3TOR TeopeMbl AJA CJydyas
MHOrOYrOIbHHKOB, a Takke (Gojee cloxHble) KHHru: AJdeKcaHA-
pos A, Jl., Bunyrasie MHororpanuuxy, octexuanar, M.—JI., 1950,
ctp. 69—72, ¥ F'uap6ept ., OcHoBanus reomerprs, locrexnsnar,
M. —JI,, 1948, ctp. 409—419 npuGaBnenuii pefaxkTopa . KHMIH
I1. K. Paumebckoro. OtHocuTenbHO OOGWLEro CJayyasi CM. IKypHan
«Ycnexu MaTeMaTHueckHX Hayk», T. 5, Bumn, 5, 1950, cratbh: B osb-
nept 3. U, OnemenrtapHoe [OKa3zarteabcTBO Teopemu Kopaawa,
crp. 168—172, n ®uaunnos A D, DaemeHTapHOe AOKa3aTeb-
cTBo TeopeMnl )Kopaana, ctp. 173—176.

24



§ 5. OJIHA 3ANAYA O IINOCKUX TPA®AX

IMycts Tenepb Ha 3aMKHYTON JIMHHH ¢~ HMeIOTCs ue-
ThIpe TOYKH, pacnofoxeHHbie B mopsake A, B, Y, Z, u
nposefenbl JuHun AY u BZ, He nepecexaioutuecs Mexay
co6oii. Torna HenpemeHHO OfHA M3 HHX, cKaxem AY,
NeXHUT BHYTPH %", a Apyras(BZ) sHe %" (puc. 19). dro
MOXHO [0Ka3aTh c MOMollbio Teopembl JKopaana, HO
B MoxeTe (Tak XKe Kak H caMy teopemy JKopaana)
APHHATL 3TO 6e3 N0Ka3aTebCTBA.

IMycTh, HaKoOHel, Ha JHHHH Y HMeeTcs LIECTb TOYEK,
Pacno/IoXXeHHbX B MOpsAKe

A X,B VY, C Z
(prc. 19). Torma Tpn coeauHsOWIMe HX KPHBbie
AY, BZ, CX

He MOTYT He IepecexaTbCs.
IOasa toro uro6b y6eauTbCst B 3TOM, 3aMETHM, 4TO 3TH
TPH KPHBble JOJKHBI GbITh pacnosioKeHsl B ABYX 06Ja-
CTSX — BHyTPeHHeil M BHelUHeil MO OTHOWEHHIO K" MOo
KpaiiHell Mepe JBe W3 HHX MONAaJyT B OJHYy H Ty Xe
06/1aCcTh H, 3HAYMT, 06A3aTEJbHO MNepeceKyTcs.

AT0 paccyxK/eHHe HemocpPeACTBEHHO NMPHMEHHMO K Ha-
el 3afaye O TpPeX BPaXKAYIOUIMX COCeAAX H HX KOJOA-
uax., ITpeanonoxum, uto rpad puc. 16 naockuir. Hauep-
THB HenepeceKawounecs pe6pa

AX, XB, BY, YC, CZ, ZA

sTOro rpada, Mbl MONYYHM Ha MJAOCKOCTH 3aMKHYTYIO KpHe
Byto. Ho Toraa, Kak Mbl TOJbKO YTO OGBSCHHAH, peGpa

AY, BZ, CX

yKe Heab3sl 6ylneT NMpoBeCTH Tak, YTOGbH OHH He nepe-
cekaJsiuch !).

dtoT npuMep, HAMIOCTPHpPYIOWIHH ToOHATHe rpada,
BpAA JH MNOKaxXeTci BaM oco6eHHo BaxHbIM. Oanako
HHKOTAa He clelyeT npeHeGperatb NMOZOGHLIMM roJIOBO-
nomkamu. Hepeako oHM OKa3biBaJqHCh TeMH 3€PHAMH, H3
KOTOPHIX BMOCJEACTBHH BbipacTalorT GoJbliHe MaTeMaTH-
yeckHe TeOPHH. MOXKHO HAaNMOMHHTb TaKXe, yto obuaue

) Jipyroe ROKa3aTensCTBO NaHO B NOACTPOYHOM NpPHMEYaHHH
Ha ctp. 136.
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TNABA 1. UTO TAKOE TPA®?

CHMBOJIOB H (OPMYJ He BCeriaa CJOYXKHT MPU3HAKOM Fay-
GUHEL MAaTEMATHYECKOH HIEH.

VKkaxeM ellle OfHO NPHJIOKEHHe IJIOCKHX rpados
K BaxKHOM 3ajave npakTHkH. B jomosHeHHe K nepeumc-
JICHHBIM BBllle ITpefCTaBAeHHsAM rpada yKaxeM elle, 4To
€r0 MOXHO pacCMaTPHBATh KaKk CXEMY 3JIEKTPHYeCcKOH
ceTd, rjae peGpaMu cayXaT NpoBoja, COeJMHSIOUHE Pa3-
Janudble nyHKTH, Onne M3 HauGosee 3¢¢eKTUBHBIX cRO-
€060B MacCGBOTO TPOH3BOACTBA CTAHAAPTHBIX 3JEKTPH-
YeCKHX CXeM JJISi Pajio- H TeJeBH3HOHHBIX NPHEMHHKOB
COCTOMT B TOM, YTO CX€Ma HAHOCHTCA NEYATHBIM CIOCO-
6oM B BHAe MeTaanudeckoin ¢oabri Ha OGyMaxKBylo
WJHM TiacTMaccosyilo ocHoBy. OnHako Aas TOro, 4robul
3T0 6bl10 OCyulecTBHMO, rpad paccMaTpuBaeMoH CceTH
NPOBOJIOB [AOJIXKEH HMEeThb IVIOCKOe NpejCTaBJeHHE; Belb
nepeceyenne ABYX peGep npuseso 6bl K KOPOTKOMY 3a-
MLIKaHHIO B CHCTEMe.

YnpaxHenus

Kaxanfi 13 yeTHpex cocefedl coeauHu/ cBofl OM C TpeMs APy
FMMH JOMaMH NipH NIOMOLIA HENepeceKkaioWHXcH Aopoxkek. IlaTul e«
JIOBEK MOCTPOMJ CBOH JOM NOGIH3OCTH.

1. loxaxuTte, 4TO COEJIMHATL €ro AOM HenepeceKalouIHMHCH HOPOK-
KaMH €O BCeMH OCTAJLHHMH AOMaMH HEBO3IMOKHO.
2. IMokaxuTe, 4TO C TPEMA AOMaMH COEIMHHTb €ro AOM MOMKHO.

§ 6. Yncao peGep rpada

Koraa mul BBend noHATHe rpada Kak CBOero poaa
COHCKA YXe NpOoBeAEeHHHWX Hrp, MLl Mpeanojaraau, 4To
Kaxaple ABe KOMaHAL MrpaloT APYr ¢ APYroM, camoe
Goanbllee, no olHOMY pa3y. Moxer, oaHaKo, CIYIUThCS,
4YTO KaXJhle JBe KOMaHAbl HrpatoT Mexay coboff u no
HECKOJIbKY HIp, Kak 3TO ObiBaeT, Hanpumep, B Oefc-
G6osne'). Mul momeMm OTpPa3sHTb 3T0 Ha rpade, COeIHHsAs
COOTBETCTBYIOIHE [aphl BEPIIHH HeCKoAbKumu pebdpamiu
(puc. 20,a). B 3toM cayuae roBopsT, uTo rpad HMeeT
KpaTHbe pebpa.

!} AHanoruuno 3TOMy npoBoauTcs, ckamewm, neppencrso CCCP
mo ¢yr6any, rae Kaknaa KOMaHla Hrpaer ¢ APYrod asa pasa,
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§ 6. UNCAO PEBEP TPAGA

Bwmecto TOoro uro6nl Ha CaMOM feJjie NPOBOAHTbL He-
CKOJIbKO pefep MeXKIy ONHMMH M TEMH JKe BepIIHHAMH
A u B, MOXHO TipoBeCTH BCero oJHO pe6po, NpHNHCaB
€My KPaTHOCTbDb, MOKAa3bBAIOU(YI0 CKOJbKO pas Halo
cuntath 370 pe6po (puc. 20,6). Ha kapre nopor, Ko-
HEeYyHOo, MPOBOAAT KaXAYyi0 HOPOTY B OTAEJBLHOCTH.

B xaxnoil Hen30AHPOBaHHON BepluvHe A HEKOTOPOrO
rpadpa G uMeeTcs OZHO HJIM HECKONbKO peGep, IJsi KOTO-
peix A CAYXHT KOHUOM; BCe 3TH peGpa Ha3LIBAIOTCA

8
8

A 4
Puc 20

HHUMAEeHTHH MH BepwHHe A. UYucao Takux peGep
o6nuHO o06o3HayawT ueped p(A) u HaspBalT cTe-
nenbio BepwuHu A Tak, aas rpada, uzo6paxen-
HOro Ha puc. l, cTeneHH BepIIHH TAKOBBI:

p(A)=p(B)=p(D)=p(E)=3; p(F)=4, p(C)=2.

JIOBO/ILHO YacTo NMPHXOAMTCHA HAXOQHTh 4ucA0 pebep
rpaga. Mx MOXKHO, KOHEYHO, MNepecyuTaTb Hemocpep-
CTBEHHO, HO INpOlle COCYHTaThb YHCJO peGep B KaXIoH
BepLIHHE OTAEAbHO M CJOXKHTb Bce 3TH uucaa. [Tpu aTom
Kaxpaoe pe6po O6yaer COCYHTAHO JBaXKAK — COOTBET-
CTBEHHO OBYM BeplUHHaM, KOTOphle OHO COeIHHseT, no-
aToMy ofllee unc/o peGep rpada GyseT paBHO NMONOBHHE
stoii cyMmbl. Tak, nanpumep, uucao pebep rpacda puc. 1
paBHO

LA +0 (B +p(C)+p(D)+p (E) 0 (F)] =9,

4YTO MOXKHO [POBEPHUTHL H HEMOCPEACTBEHHO.
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TJTABA 1. UTO TAKOE TIPA®?

Urobet chopMYIHPOBATL COOTBETCTBYIOIIKK pe3yabe
TaT B O6UleM BHJe, NPEANOJOXKHM, YTO HEKOTODPHIi rpad
G wmeer n BepwuH

AL Ay, ..., Ay
CTeNeHH KOTOPhIX COOTBETCTBEHHO paBHEHI

p(Al)’ p(A2)1 ey p(An)

Torpa uucno N peGep rpada G, Kax nokaspiBaeT Haue
paccyKaeHue, paBHO

N=7[0(A)+p(A)+ ... +0(4). (1)

M3 sroii popmyarl BugHo, uTo aast ao6oro rpada cyMma
CTelleHeH BCeX ero BeplUHH

EP(A1)=9(AI)+9(A2)+ oo +p(4,) (2)

SBJSIETCS YHCJIOM 4€THbIM, TIOCKOJbKY OHAa paBHa YIBO-
€HHOMY uucay pelep.

Ha rpade MoXxHO pa3nnuath ABa THNA BEpLIMH: HC-
qeTHble gepuiunn A’, ctenenu p(A’) KOTOPHIX HeueTHHI,
u uernble sepuiunst A”, nmeromue vetnoie crenenu p(A”).
Tax, B cayyae rpada puc. | sepumnst A, B, D, E s8-
JSIIOTCSA HeueTHbIMM, a Bepunnbl C u F yernnl, Ecau Bep-
LIKMHBl PacnosoXUTh B ajadaBHTHOM NOPSAKe, TO CyMMa
(2) 6yner pasHa

3+3+2+4+3+3+4=18.

Jrta cyMMa YeTHa, TaK KakK YHCJIO ee HeYeTHbIX charae-
MbIX paBHO ueThipeM. BooGiue, ang Toro uTo6nl y3HaTb,
6yaeT Ju CyMMa UEJNBIX YHCEJ YETHOH MJIH HeueTHOH, Mbl
MOXEM He pacCMaTPHBATh 4YeTHble CJiaraeMhble; CyMMa
6yzZeT 4eTHOH HJH HeyeTHOH B 3aBHCHMOCTH OT YETHOCTH
MJH HEYETHOCTH YHC/Ia ee HeyeTHBIX cjaraeMblx. A Tax
Kak cymma (2) Bcerga siBAsieTCsl 4eTHOH, MBI NPHXOAMM
K CJelyiolleMy pe3yJbTaTy.

TeoreMa 1. Yucao HeweTHoix eepuiun a106020 zpagha
4eTHO.

STo yTBepxK/eHHe CNpaBelJIMBO M B Clyyae, Koria
rpad BOBCe He COAEPKHT HeYeTHbIX BepIUHH, Tak Kak 0
SIBJISIETCA YHCJAOM HETHBIM.
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§ 6. YNCJIO PEBEP TPA®A

BuiBailor rpagnl, y KOTOpPHX CTeNeHH BceX BepHIHH
OJMHAKOBBI:

p(A)=p(A)= ... =p(4,)=r.

Tako#t rpad HaswBaerca OLHOPOAHHM Trpadom
cTeneHH r; B cuny ¢opmyan (1) uuciao ero pebep
pasHo
1

N=5 nr,
rae n—uucno sepwnH storo rpada. I'pade, usobpa-
XeHHble Ha puc. 21,a, 6, 9BAAIOTCE OAHOPOAHBIMH; CTe-
MeHW HX PABHHl TPeM H YETHIpeM.

Puac. 21

B noansom rpage Un ¢ n BepliHHaMH H3 Kaxaoi
BepWHHL BLIXOAHT n — | peGep, BeAyUIMX K KaxKZol U3
OCTaJbHbIX n — | BeplIHH; TakuM oGpa3oMm, U, ssasercs
ofHOpoAHBIM rpadom crenenu n — 1. Hyab-rpad O, Toxe
ABNSETCA OAHOPOAHBLIM MO TOH MPOCTO# NPHYKHE, YTO AAS
Kaxnoi ero BepwuHbl p(A) =0.

YnopaxbBeHHd

1 [posepsre dopmyay (1) aas rpados puc. 2 u 6.
2 [lpoBepuTe, 4TO Ha KaXAOM H3 ITHX FPadOB UHUCAO HEUETHHIX
BCPUIHE YETHO,



FTTABA 1

CsAasHble rpago

§ 1. Komnonentn

ITpeanonoxum cHoBa, yTo Mbl HMeeM rpad G, ne
o0s13aTeIbHO TIOCKHHM, KOTOPHH MBI ceffuac GyaeM npen-
cTaBaATh cebe KaK Kapty Ropor. Mel HayHeM Hail myTh
no rpady G u3 HexkoTopoi BepwHHb A, cneays cHauana
BAONb pe6pa, uau poporu, AB 1o HekoTopoi# cTanunn B,

-~
o/

Puc 22

satem ot B k C no apyro#i coeaunsioweid ux nopore BC
M T. 1. M He GypseM HajaraTh Ha 3TO CTPaHCTBOBaHke
HHK3KMX OTpaHHYeHHH, MO3BOJIAA NPOXOJHTb uYepe3 oAHy
M Ty e BeplINHY HeCKOJBKO Pa3 H Jaxke HCIOJNb30BATDL
N0 HEeCKOJIbKY pa3 OfHH M Te Ke JOPOTH.

Ecnn Bepmwmna T rpada TakoBa, YTO Mbl MOKeM
AOHTH 10 Hee TakuM o0pasoMm, To rosopar, uto I CBs-
3ana ¢ A B HameM rpade. DT0O 03HAYAET, YTO HMEKWTCH
noporn, seayumue u3 A 8 T. Ecau npu 3ToM MBI npoiizem.
KaKyio-1H00 BepUIHHY JBa HJH GoJbllee YHCI0 pas, To.
Mbl CMOXEM HCKJIOYHTh M3 Hallero NYTH HEKOTOPYo
3aMKHYTYIO JHHHIO # npoiith ot A x T Gonee KOPOTKHM
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§ 1. KOMINOHEHTH

nyteM. JIuHna Ha rpade, He NpoxoaalLlas HH Yepe3 OAHY
H3 BepiinH Gosee OAHOro pasa, HasHBaeTcs AYTroOW;
Tak, NyTb, H306paxkeHHHit Ha puc. 22, npeacTasaser
coboit ayry. Ecay nytb, 6bITb MOXKeT NMPOXOAALIHA Aaxe
No HECKOJNILKY pa3 uyepe3 OHU W Te XKe BepUIHHL!, He
COAEPKUT OAHHMX M Tex Xe pebep, TO OH Ha3biBaeTcA
uensio (puc. 23). Odyra npeacrasaser co6oi uenb, BCe
BEpLIHHbL KOTOPOH pa3/IHUHH, ee Ha3blBAlOT TaKke 3 J1 e«
MeHTapHo# unenbio. Ecan uenbp 3amkHyrta, 1. e.
HaYMHAETCA H OKAHUHBAETCH B OMIHOW H TOil Xe BepiuHHe,

Punec. 23

TO OHa Ha3biBaeTCcA WHKJAOM. Llukn, Bce sepuwnuel Ko-
TOPOTO Pa3NHuYHbl, Ha3bLIBAeTC] NMPOCTH M, HIH 3ae-
MeHTAapHB M, uHkAOM. Takum o6pa3oM, LHKA MOXKeT
nepecekaTb caMoro ceGs B OTAe/NbHHIX BepuIMHAaX, B TO
BpeMsi Kak npH -o6Xofe 3/MeMEeHTapHOro UHKAZ TONbKO
HayanbHas BepuUIMHA CHOBA NOABJAAETCA B KauecTBe KO-
HEeYHOM TOYKH.

Tosichum 3T nonaths Ha rpade puc. 1. INocaenosa-
TeqbHOCTH pebep
AFDEFB

npeacTasaser co6oil uenb; MOC/eA0BATeALHOCTD
ADFEB
—— Ayry, uan sneMenrapyio uensv. Ilocneposarenshocts
AFEDFBCA

ABNAETCA UHKIOM, a
ACBFEDA

— NPOCTBIM, HAH 3/IEMEHTaPHbIM, LHUKJOM,
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FNIABA 11. CBAA3HLIE I'PA®DLI

Ecan xaxnyio BepumiMHy rpada MOXKHO COEIHHHUTH
¢ mo6oi Apyrodi ero BepIIHHOA HEKOTOPOH UENbIO, TO
rpad na3uiBaeTcd ¢ B3 Hb M. Bce paccMoTpenstle Bhille
rpadbl, 3a HCKAIOYEHHEeM HyJb-rpados, GblIM CBA3HBIMH.
Y HecBszHoro rpada He Bce BepLIMHBI MOXKHO COEIHHHMTH
uensMu ¢ AadHo#i BepmuHoit A. Te BeplIHHB, KOTOpHIE
MOXHO COEJHHHTb € BEpPLIHHOH A, M BCce HHUHIEHTHBIE
UM peGpa 06pa3yloT CBA3HYI KOMMNOHEHTY Bep-
wnnbl A. TakuM o6pasom, Bech rpad pacmagaercss Ha
CBI3HbIE KOMIOHEHTH, He COelHHEeHHBIe MeXay coGoit Hi
pe6paMu, HH LENAMH,

Puc. 24

Ha puc. 24 uso6paxen rpad, cocTOALHN M3 yeThbipex
CBA3HBIX KOMIIOHEHT, OQHA M3 KOTODLIX IpejCTaBJseT
co60fl H30JMPOBAHHYIO BepUIMHY. DTOT rpad) MOXKeET CO-
OTBETCTBOBATb, HaNpuUMep, KapTe HOPOr rPyMNNBEl OCTPO-
BOB, Fie KaXK/bl OCTPOB MMeEET CBfI3HYIO CHCTEMY AOPOL.
B Teopuu rpadoB oGbYHO NpeAnOnaraioT, 4TO paccMa-
TpuBaeMblii rpad sBasieTCs CBA3HBLIM, TaK KaK HHauye
MOXHO OTAENbHO H3yuyaTb CBOHCTBa KaXIOH W3 €ro
CBSI3HBIX KOMMOHEHT.

§ 2. 3anawa o kénurcGeprckux MocTax

Teopus rpadoB sBasieTcs ogHON M3 HeMHOrux obJaa-
CTeil MaTeMaTHKH, JaTa POXK/JEHHsI KOTOPHIX MOXET GbITh.
yka3sana. [lepsas pa6Gora o rpadax, npuxapsexamas
luBednapckoMy MareMaTHky Jleonapay Jinepy (1707—
1783), nosiemnace B 1736 r. B nyGaukauusx IlerepGypr-
ckoii AkazeMun Hayk. Diep SBASETCS ONHOM M3 KOJO-
putTHefiliux ¢uryp B HcTopuH Hayk. B 1727 r., xoraa
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§ 2. 3AJAYA O KEHUICBEPTCKHX MOCTAX

eMy eaBa ucnogHuaoch 20 Jer, on Obl1 NpUraalleH B
Poccuiickyio Akazemuio Hayk. OH yKe H3y4Hs TeOAaO-
THIO, BOCTOYHbie SI3LIKH M MELHUMHY, Npexae 4eM LeaH-
KOM MOCBATHA ce6Gs 3aHATHAM MaTeMaTHKOi, (u3uKoR
n actpoHoMuedi. OH no6uics OJecTALIHX YCNEXOB BO
BCEX 3THX 06JACTAX M Hamucal OrpPOMHOE KOJHYECTBO
pabor. K ToMmMy BpemeHH, Koraa o Hanucaa pabory o
rpad)ax, OH MoTepsaJ 3peHHe Ha OAHH TNa3, a K CTapoctH
COBEPLIEHHO OC/eNn, HO Aa)ke 3TO He OCTAHOBUJO NMOTOKA

Puc 25

ero paGoT. ¥Y:Ke QOBOIbLHO NaBHO LUIBeiillapcKHe MaTeMa-
THKH, B YaCTHOCTH MaT@MaTHKH ero poaHoro ropoaa Ba-
3ens, Hayaau wu3laBaTb NONHee coGpaHHe COUHHEHHI
Diinepa, u3 KOTOpOro noka ony6nuxkosano 50 TOMOB.
[lepBonauanbHo mpeanosaraiocb, 4To oGlee YUCAO TO-
MoB Oyaer 6ansko x 100, HO Temeph yxke AyMaioT, YTO
OHO oKaxercs Ganxe K 200.

Dilnep Hayaa cBolo paboTy o rpadax ¢ paccMOTpeHHs
OQHOH rOJIOBOJIOMKH — TAK Ha3biBaeMoii «3a4ayd 0 Ké-
Hurc6eprckux Moctax». I'opon Kéwurcbepr (nbine Kanu-
HUHTpa]) pacnonoeH Ha Geperax peki [Iperean (Ipe-
roau) H ABYX OCTpoBax. Pasnuuxble yacTi ropoaa 6nian
coefuHeHn ceMbio MocTaMH. Ilo BockpeceHbsM ropoa-
lle coBepllasu MNpOryJkn no ropoay. Boopoc 3akaio-
yajcsi B TOM, MOXHO JiH COBEPLIHTb MNPOTYJKY TaKHM
ob6pa3oM, yTobbl, BHIAAR U3 JaMa, BEPHYThCS OGPaTHO,
npofiis B TOYHOCTH OAMH Pa3 MO KaXXAOMY MOCTY?
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{JIABA 1I, CBA3HEIE FPA®H

CxemaTnueckasn kapra KeénurcGepra H3oGpaxeHa Ha
puc. 25. Yernipe uacTH roposa oBosHauensi 6ykBamu A,
B, C u D. Tak kKax Hac HHTepecylT TOJbKO Mepexojnl
no MoctaM, Mbl MoxeM cuutate A, B, C, D BepunHamH.
HekoToporo rpata, peG6pa KOTOpPOTO OTBEYAIOT COOTBET=
CTBYIOUIHM MoOcTaM. JTOT rpag u3obpaxkeHn Ha puc. 26.

Siiiep nokasaa, uTo 3TOT rpad He NPeACTaBJsAeT CO=
6oit eaAHHOrO ILHWKJIA, HHLEIMH CNOBaMH, C KaKoi GH Bep-
IWHHH MBI HH HadaJud 06xoj, Mbl He cMmoXeM o6oiiry:

c

Puc. 26

Becb rpad M BepHYThCA o6paTHO, He NPOXOAS HHKAKOLO®
pe6pa aBaxanl. Beab ecan OH TakOH UHKA CYLIECTBOBAJ
TO B KaXK0il BepuinHe rpada 6bi10 OB CTOMBKO Xe BXO-~
AAIWHUX B Hee peGep, CKOJNBKO M BHIXOAAUIMX H3 Hee, T. C.
B Kaxaoit BepuwnHe rpaa OGbpi1o Gbl YETHOE YHCJAO pe-
6ep. OfHako 3TO YCJIOBHE OHEBHJHO He BBLIMOJHEHO AJfl.
rpada, npeacrasasiomero kapty KéunurcGepra,

§ 8. 3haeposy rpadn

H3noxus pelenne 3agauu o KEHUrc6eprcKUX MocTax,
diinep B cmoefi paGoTe mepelmen X chaeaylomed o6uieit
npoGaeMe Teopuu rpadoB: Ha KaKUx 2pagax MONHO
natitu yuka &, codepxawyuii ece pebpa zpatha, npuuem
kaxcdoe pebpo 8 TounocTu no odHomy pa3y? Takoit nuka
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& 3. SNJIEPOBH TIPAGH

Mb 6ynem HasbiBaTh 3finiepoBoit AHHHKeH, a rpad,
o6aajaouiuit 3iNepoBo AHHHeH, — 3ii1epOBHM TP a-
doM.

Iasa Toro uro6bl rpad HMen 3il1epoBY JIHMHHIO, OH
AoJKeH OuITh cBA3HBIM. Kaxk u B 3amauye o KEéHurcGepr-
CKHX MOCTaX, fiCHO, UTO Ka)K/as 5iJ1epoBa JIHHAA AOJMKHA
BXOAHTb B KaX/JYIO BePIUHHY H BbIXOAWTb H3 Hee OAHO
M TO Ke YHCAO pas3, T. €. CTENeHH BCeX BeplIHH rpada
AONXKHBL GbiThb YeTHbiMH. Mbl monyuunu nsa HeoGXOAH-
MBIX YCJOBMA /il TOro, 4ToGbl Ha rpade WMenach size-
poBa JHIINSA, — CBA3HOCThL i YETHOCTb CTenexeil Bcex ero
BEpIUUH.

Diinep A0Kasal, YTO 3TH YCJOBHSA SBASAIOTCA TaKke
K MOCTATOYHLIMH.

Teorema 1. Ceasneili epagh, cTenenu acex 6epuiun Ko-
TOPO20 “eTHbl, 0b6.aadaer 3iiieposoil aunuedd.

Hoxa3aTEabcTBO. [IpennosioXHM, UYTO Mbl HauHMHAEM
uenb M3 HEKOTOPOil Bepwuibl A 1 npoaonxaem ee
HACTOJILKO JaJIeKO, HAaCKOJbKO 3TO BO3MOXHO, NPOXOAs
Kaxaplfi pa3 mo pebpy, elile He NPOHAEHHOMY paHee.
BBuay KOHEUHOCTH uuc/aa pebep 3TOT HPOLECC KOIAa-
Hu6yAb 3akoHunTcA. Ho Tak Kak B KaxMAOH BeplinHe —
yeTHOE YMC/O pebep, TO 3 KaXKA0il BepIUHHH, 33 HCKAIO-
yeHHeM HauaJbHOH, OyieT Bo3MoXeH W BbixoAa. CJaeno-
BaTeJbHO, lleNb Z AOMKHA KOHYa1bCsl B BepinHe A (cM.
puc. 27).

Ecan & NpoXoauT uepe3 Bce BepuIMHbI rpada, TO Mbl
yKe TNoAyYwaH tpeGyemylo 3isepoBy Jauuiio, Ecaum ato
He TaK, Haljercs BepliMHa B, npuHaanexauwas 2 ¢
MHUKHACHTHAS HEKOTOpOMY pebpy, He BXOAsALLEMY B Lefb
Z. Tak Kak Z nMeeT B BeplnHe B uerHoe uuciao pebep,
TO uUMCI0 peGep, BHLIXOAALIMX M3 B M He npHHaajexa-
WHX ¥, TaKxKe 4EeTHO; 3TO BEPHO M OTHOCHTENbLHO BCEX
ADPYTHX BEpILHH.

Tenepb MLl HauHeM HOBYIW uens & u3 Bepuiuns B,
KCIOMIb3Y Ha 3TOT pa3 TOAbKO pe6pa, He NpHHALJIENK2-
mue Z. AcHo, uTo 3Ta Lenb ROMKHA OKAHYMBATHCA B
Touke B. A TOraa MB MOXEeM MOJAY4YHTb GONBLIHA LHKA,
HauyHawlKiica B A: cHauana caeayeM mo ¥ ot A k B,
3aTeM npofigeM 0o UuKAy £ N, BepHyBwHcb B B,
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TJIABA II. CBA3SHBIE FPA®HI

npoiineM OCTaBLIyIOCH 4acTk & o6paTHO K Touke A (cM.
pic. 27). Ecau Mbl ellle He o6oulau Bech rpag, Mbl MO-
KeM CHOBA paclUHPUTL 3TOT NYThb — MU TaK A0 TeX MOp,
MoKa Mbl He NMOJYYHM TpebyeMylo 3HI€POBY JIHHHIO.

3anayu Ha NpoBelieHHe SHIEPOBLIX JHHHUH, T. €. 3a-
JlaiH O BOCNPOHM3BeleHHH H306pa*KeHHBIX JHHHH Ge3 mo-
BTOpeHu W Oe3 oOTphHIBa KkapaHaama ot 6yMary,
ABASIOTCH H3/MIOOJNEHHOH TeMOH MaTeMaTHUeCKHX pa3BJe-
YeHHuH.

Z(A,B)

Z(B,A)
Puc 27

Jlo cux nmop Mbl TOBOPHJIM O UMKJE, NPOXOASLIEM IO
BceM pe6paM rpada B TOUHOCTH IO OJHOMY Pasy; MOXKHO
NOCTaBHTb 3ajlauy M 00 OTBICKAHHH lenH, o6iaanaiouel
TeM e cBodcrBoM. [lpeanonoxum, uyto Ha rpade
nMeercst uens Z (A, B), Hauunamoulasics B BepuwnHe A,
OK2HYMBAIOILAAC B HEKOTOPOil apyroi BepiuuHe B u
npoxojsilas nmo BceM pe6paM B TOYHOCTH N0 OJHOMY
pa3y. DTa uenb, HauwHasChb B BepluuHe A, BO3MOXKHO,
B JaJibHelillleM CHOBa2 3aXoIuT B A, M gaXe He OLUH pas.
Ecau ara uens He okanuuBaercs B A, To BepuuHa A
JomkHA ObiTh HeuetHo#. Ilo aHasOrMYHOM npuyuHe He~
yeTHOH Oy/leT u BepuuHa B, B To BpeMsl KaK Bce 0CTalb-
Hble BepIUHHBE rpada yerHsl. 3TO NMPUBOAMT HAac K cJae-
Aywolled Teopeme.
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§ 3. SAJIEPOBLI TPA®LI

TeopeMa 2. Jlaa 1020 uTOGbL Ha CcB8A3HOM 2pade ume-
aace yeno Z(A, B), codepxcaujan ece ezo pebpa 8 TO4»
HOCTU no 00HOMYy pasy, Heo6x00uMmo u GOCTATOHHO, 4TO-
66t A u B 6btau eOUHCTBEHHBIMI HEHETHOIMU BEPUIUHAML
3T020 zpaga.

Jns poka3sareabcTBa JAOCTaToOYHO A06aBHUTL K rpady
Hosoe pe6po AB; Toraa Bce ero BeplIHHBI CTaHYT uer-
ueiMu. HoBswiit rpag, cornacHo mnpenpiayuleii teopeme,
o6nafaeT HeKOTOpOH 3itnepoBoil nuHuell &; ecan pe6po
AB ypanute u3 &, ocranercsi uckomas uens % (A, B).
B kauectse mpuMepa MOXHO ykasatb uens FCDBAEC
rpada, usob6pakeHHoro Ha puc. 6. dtor rpad umeer B
TOYHOCTH B¢ HeueTHbie Bepuuhbl F u C.

MarteMmaTukd Bcerja nbiTaloTcs 006006LiaTh HaileH-
Hble pe3yabTaThl. [lonbiTaeMcs W Mbl OnpefeauTh AJs
NPOH3BOJLHOrO rpada HaHMeHblIee YHCIO lemneil, TaKkuX,
UTO HMKaKHe JBe H3 HUX He HMeloT oOLlHX peGep H BCe
OHW BMecTe MOKPBHIBAIOT Bech rpad. SIcHo, 4To ecau Ha
rpade HMeeTcsl Takoe CeMeHCTBO Lieneff, To Kaxaas Hes
yeTHasd BepILHHA AOMKHA ObiTh J160 HaualnbHOW, AHGO
KOHeYHOH TOYKOH Mo KpaHHeH Mepe OJHOH H3 HHX, HHaue
3Ta BepmuHa 6bta 6bl yeTHoil. Kak Mbl BHaeau B ra. |,
YMCAO HEUYeTHHIX BepIIHH rpada ueTHo, CKayKeM paBHO
2k. 3nayuT, Kaxmaoe ceMeilcTBO MOKPHIBAIOUIHX rpad ues
nefi Z JMOJKHO COCTOATHL MO MeHblueil Mepe i3 k ueneit.
Mp nokaxeM Temepb, YTO CYLLEeCTBOBaHHe 2R HeueTHbIX
BEpPIUHH fBIAETCA M JOCTAaTOYHBIM YCJOBHEM CYLIEeCTBO-
BaHHA R TaKuX lenei.

TeoreMA 3. Ha awbom csasHom epage ¢ 2k Heuer-
HOIMU BepuluHamMu umeeTca cemelctso u3 k yenei, Koro-
pble 8 COBOKYNHOCTU codepicar ace pebpa 2paga 8 TO+~
HOCTU NnO OOHOMY pasy.

JoKASATEALCTBO.  O6G03HauHM HEYeTHble BepLIHHNW
rpacda, B3sTHie B HEKOTOPOM nNOpslKe, uepes

Al‘ AQ, “s ey Ak; Bl’ BQ, s ey Bk'
Ecan Mbl no6asuM K HaumeMy rpacdy 2 peGep
AB,, AB, ..., A,B,,
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TJIABA I1. CBA3HHIE IPADLI

TO BCe €ero BepUIHHH CTaHYT YeTHHIMH M Ha HeM Hafi-
netca 3iiepoBa aunus & . [IpH ynaneHun noGaBieHHBIX
pebep auuua & pacnajercss Ha k OTAeABHLIX lened,
conepxaiinx Bce pebpa rpada.

B kauectBe npumepa Bo3bMeM rpad, u3oGpakeHHblil
Ha puc. |. OH HMeeT ueThipe HeueTHhle BepwnHu A, B,
D, E u nokpbiBaeTca ABYMsS LeNsAMH

EBFA, BCADFED.

YopaxHeHus

1. Onpenennre, cko/bKO Hened HEOGXOAHMO AMA NMOKPHITHA KaXAOro
#3 rpados, H306pareHHNX Ha pHC, 28.

Puc 28

2. Caenafite To e camoe ANA BCeX rpaoB, PaCCMOTPEHHHX BHIIE,

3. Ing noauslx rpadoB ¢ YETHPbMA H MSATLIO BepUIRHAMH Hafiaute
nokpuiBaomue ux uenk. [lonuitaiitecs OBOGWHTL ROJyYeHHBIE
pe3ynbTaThl.

§ 4. OTbicKaKue NMpPaBHJBHOIO NMyTH

3itaeposbiM rpadoM posked 6bisl Obl ORITH M mJaaH
JI0O0OR BBHICTABKH: BAOJbL €€ MOMELEeHHH MOXHO G6hljio
66 TOrga paccIaBHTh 3HAKH, MNOKAa3LBAalOIHe, Kak
HMeHHO TOCeTHTEeNH JOdKHBl [BHIaThCsl, UTOOH OCMO-
TPeTh KaXAbli 3JKCIIOHAT B TOYHOCTH MO OJHOMY pasy.
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§ 4. OTLICKAHHUE TNPABHJBHOTO NYTH

Ho npeanosio:kuM, u4To, KaK 3TO OGHuHO GbIBaeT, IKCNO-
MaThl pacnofioXeHH MO o6e€HM CTOPOHaM BCeX NPOXOAs-
IHX NO TeppHTOpMM BHIcTaBKH myTel. OkasuiBaeTcs, 4TO
Toraa, KakoB Ob HM Gbla COOTBEeTCTBYlOUWIHii rpad (ecan
TONBLKO OH SIBJSIETCA CBA3HbIM), MOXKHO NPOBECTH MOCC-
THTeNs TakuM o6pa3oM, UTOGbl KaxAb# NMyTb Ghl Npoii-
A€H UM ABaXK/bl — N0 OAHOMY pa3y B KaxXXJOM Hamnpas-
JeHHH.

Oas nokasarenbCTBa Mbl fafiM ofllee NpaBHaO NO-
CTPOEHHS LeNH, NPOXoAsileil BAOAb Bcex peGep rpada
B TOYHOCTH NO OAHOMY pa3y B KaX/[OM HanpaBJieHHH.
MBI HauHeM 3Ty uenb H3 NPOH3BOAbLHON BepuiHHB Ag H
noiizeM BLOAbL HekoToporo peGpa & = (Ag, A1), oT™MeTHB
3T0 pe6po MaJjieHbKOil CTpe/KOH, MOCTABJEHHOH B TOUKe
A} 1 yKasmBaoueil BhOPaHHOe HaMH HanpaBaenue. 3a-
TeM nepedfleM TNOCJENOBATEIbHO K APYTHM BepLIMHAM.
OaHu M Te Xe BEpLIMHBl MOXHO nocellatb ¥ MO He-
cKonbKy pa3. Kamawii pas, nonmaaas B Kakylo-To Bep-
WwHHY, Mbl GyJaeM CTaBHTb Ha COOTBETCTBYlOuleM peGpe
CTpeJIKy, YKa3blBalollylo Hanpas/enue npHObITHA. Kpome
TOrO, NONajfas B KaKylo-TO BepIUHHY BRepBble, MbI Kax-
Hu6yabp oco6o oTMeTHM BXojisulee pe6po, Tak YTOOH
NOTOM €r0 MOXHO OblJI0 OTJIHYHTL OT OCTA/bHBIX.

Brixoas M3 BepiUHHbLI, Mbl Bceria Oydem BbIGHpaTh
ellle HEHCNOJb30BaHHOe Hanpasienue: Ju6o pebpo, no
KOTOPOMY Mbl COBCEM He NMPOXOAHJH, JHG0 pebpo, oTMe-
YeHHOe CTPENKOH, yKashiBalolledi Ha TO, YTO Mbi NO
Hemy npu6binn. Ilpu 3TOM yca0BUMCS, UTO TONBKO TOrAE,
KOTAa y Hac HeT BbIGOpa, MBI HCHOMb3yeM AJsi BBIXOAZ
pe6po, MO KOTOPOMY BNepBble NPHUIAW B 3Ty BEPUIHHY.

Mpl npoaonKaeM 3TOT M3BHIHCTHM NyTb A0 TeX Mnop,
noka 3To Boo6we BO3MOXKHO. B xakaoli BeplinHC
MMeeTCsl OJAHHAKOBOE YHCJIO BO3MOXKHOCTEH a8 BX01I
M aas BHixosa. Ilo3TOMy npolecc MOXKET OKOHYHMTbCA
TOAIBKO B HayanbHoM Bepuiuue Ag. OcraeTcs npoBepuThb,
yTO BO BCeX BeplimHax Bce pe6pa GVAYT mpodjeHH B
0o60oHX HanpaBJieHUsAX. :

B Ttouke Ap 3T0 ACHO — BCce BHXOAsllne pe6pa 3jech
6yayT HCHONb30BaHbl, TAK KaK B NMPOTHBHOM cJyyae ML
morau Obl ABHTaThbCsi AaJjblile, MO3TOMY H Bce BXOAAIlHe
pe6pa Toxe OYyAyT HCNONBL30BaHbl, TaK KaK MX YHCIO



IJIABA 1I. CBA3HBIE I'PA®BI

aBHO UHCJY Bbixoaswux peGep. B uactHocTH, peGpo
o = (Ao, A1) 6yner npoiineHo B 060MX HanpasJeHUAX.
Ho 310 o03nauaer, uto Bce pe6pa, HHUHAeHTHHe A,
ToXke OyAvT npoiigeHsl B 060HMX HampaBJieHHsX, TaK Kak
nepsoe Bxoaauee B A; pe6po Aod|, no ycn0BHIO, JOMKHO
HCNOJMBL30BATLCA B KauecTBe BLIXOASALIEr0 JHWL B TO-
CJE[HIOI0 oyepeAb. 1o Xe caMoe pacCyXJeHHe NpHMe-
HAMO M K caeaywiuemy pebpy &, = (A1, Az) u k caeayio-
weit sepwnHe Ay u 1. A. CirenoBaTenbHO, BO BceX Bep-
IIHHAX, KOTopble 6YAyT AOCTUTHYTHI, Bce pebpa okaxyTcs
npoii/leHHbIMH B 06OHX HanpasacHusaX. [lockonbky Hatl
rpad sBJseTcs CBSI3HBIM, 3TO O3HaYaeT, YyTo OH G6yner
NPOHIEH Bech UEJHKOM.

10T cnoco6 o6xoauth Bce pe6pa rpada MOXKHO HC-
Nonb30BaTh JAJs MHOTMX Liesled, HanpuMep AJs OTHICKA-
HHSl NIYTH, TIO3BOJISIIOIIEr0 BLIGPATHCH U3 JaGHPHHTA, HJH,
CKaXeM, H3 pa3BeTBJEHHOH nellepnl, ecAH BHl B Heil
cayyadHo 3a6JyIHIHCE.

Ynpaxuenus

1. NpumennTe U3/IOXKEHHH 34eCh NMPHEM K rpadhaM, pacCMOTpEHHHIM
B§ 1, ral

§ 6. FaMBABTOHOBH JHHHH

B 1859 r. u3BecTHBIi MpJAHACKHE MaTeMaTHK €3]
Yunbam Poysn I'aMHIBTOH BHIMYCTHA B NPOAAXY cBoe-
o6pa3nyio ronoBoJioMKy. Ee ocHOBHO# yacTbio Guln npa-
BUJIbHBIA Jl0JeKas/p, cAeJaHHBIl H3 aepesa (puc. 29).
JTO OIMH U3 TaK HA3bIBAEMBIX NPABUNLHLIX MHO202PaH~
HUKO8: ero rpaHAMHM cJayXaT 12 npaBHJbHBIX MNSTH-
YronLHUKOB, NMpHYEM B Kaxaoi# u3 20 ero BepwHH CXO-
auTCst o Tpu pebpa.

Kaxnas BepiiuHa raMHAbTOHOBA AojeKa’apa Gbuia
noMeueHa Ha3BaHuUeM OIHOro H3 KPYNHBIX FropoaoB —
Bpiocceas, Kanton, denu, ®pankdypr u T. 4. 3anaua
COCTOSJ1a B HAXOXJAEHHH NYTH BIOAL pefep NOAE€Ka’apa,
NPOXOAAILEro uepe3 KaXAbLIH TOpPOA B TOYHOCTH 1O
OJHOMY pa3y, YTcObl caenath 3ajady GoJiee WHTepecHOH,
NOPSAOK TDOXOXK/EHHUS HECKOJBKHX IepBHIX TOPOJAOB
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§ 5. TAMHUTBTOHOBH JIMHHU

ycraHaBauBaJjcsa 3apaHee. [las Toro uyTo6bl Jerde ObL1O
3aNOMHHTb, KakKHe MNepexoibl yike cfe/laHB, B KaXAyiO
BepIIMHY Jofeka’aApa Obla BKOMOT reo3ib ¢ 6oabuioil
LAGKOH, TaK 4YTO BOKPYr 3TUX IBO3j]eil Morsa BUTbCA
BepeBKa, yKasbiBaloulas npoinenHuiit nytb. OnmHako ta-
KOH nogexasap Obi CHMIIKOM IpPOMO3AKHM, M [ aMuib-
TOH NPeAJoKHA APYroi BapHaHT CBOeH HIDLI, F1e MHOro-
TPaHHHK 3aMeHAJACH NJAOCKUM rpadoM, H3OMOP(PHLIM
rpady, ob6pasoBanHoMy pebpaMu noaekasapa (puc.30).

— T~

Puc 29

[Mo-BuauMoMy, 3Ta 3ajauya O NyTeILECTBHH 110 A0Ae-
Ka’Apy He MMeJa CKOJNbKO-HHOYAb LUIMPOKOTo ycnexa, HO
MaTeMaTHKH COXPaHWIH MNaMaTh 06 3Toil rOJIOBOJOMKE:
raMunbTOHOBOIWH AHHHUel HA rpade u cefiuac Ha-
3LIBAE€TCS UMKJI, MPOXOASALIMA yepe3 KaXKAyl0 BepUIHHY
rpada B TouHocTH mo oaHoMy pasy. OH He mokpeiBaer,
BooOlile rosops, Bcex peGep: Belb B KaXI0H BepllHHE
OH TNPOXOAHT B TOMHOCTH Mo AByM peGpam. Lluki, wuso-
GpaxeHHbIt Ha puc. 30, sBigeTcsd raMHALTOHOBOM JHHUEH
AAs pojeKasapa.

Kak MH BHAMM, HMeeTCS H3BECTHAs AHANOTUA MeXIY
9fifepoBHIMH M raMu/bLTOHOBHIMH JHHUAMH. [lepBas mpo-
XOAHT OAHMH pa3 no KaxaoMmy pe6Gpy, Bropas — uepe3s
Kaxkaylo BeplunHy. HecMoTpsi Ha TaKoe CXOACTBO, 3TO
3a/1a4YH COBEPIUEHHO Pa3/HYHOM cTeneHH TpyAHocTH. [as
siineposa rpada AOCTAaTOYHO NPOBEPHTb, ABAAIOTCA JH
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TJIABA 11. CBA3HBIE T'PA®H!

Bce €ro peplUXHBl YeTHhIMH. [l raMHJALTOHOBLIX JHHHA
HO CHX Nop He HaiJleHOo ellle TAKOro oO6llero KpuTepHs,
YTO, KOHEYHO, AOCTOHHO COXaJeHHs, TAK KaK BO MHOTHX
BONIpOCax TeopHH rpatoB BaxXHO, CYHIECTBYIOT JH Ha
onpefesieHHHX rpadax raMuJbTOHOBHI JHHHUU.

«3agaya 0 CTPAHCIBYIOILlEM TODProBlUe» HanOMHHaeT
3ajlayy O pas3bIiCKaHHH TaMHJbTOHOBHIX JIHHHH — M CHOBA
MH He 3HaeM HHKakoro ofliero Merona ee pelleHHs.
TlpeanonoxuM, 4To CTPaHCTBYIOWIHI TOproBell, nmpexpe

Puc. 30

yeM BEPHYTbCS JOMOH, ROJKEH NMOCETUTh HECKOJLKO ro-
poros. EcrecTBeHHO, OH 3aHHTEPECOBAH B TOM, YTOGL
Clle1aTh 3TO KAK MOXHO OhICTpee, HJH e B TOM, YTOOHI
caenaTh 3TO € HaUMEHbIUMMHM 3aTpatamu. Bceraa
MOXHO, KOHEYHO, DelIHTh 3TY 3a1a4y NOCPEACTROM IIO-
CleNoBaTeJAbHRIX  HCNBITAHHH, Haxoas HeoGXoauMoe
BpeMsl, PacCTOSIHHE WJIH CTOMMOCTb JJISl PAa3JgHYHBIX BO3<
MOXHBIX NMOpAAKOB 06xoaa ropofoB. OnHako Ays 60jb<
1IOro 4Yxcja ropojioB 3TO CTAHOBHTCH IOYTH HEBO3MOXK-
nuM. TeM He MeHee A/ HEKOTOPBIX [JOCTATOYHO TpeC-
MO3/IKUMX NPHMEPOB 3TO COCYHTaHO. TaK, Hampumep, Haii-
JleHa Kparyaillas HUKJIHYeCKas a3POJMHHSA, NPOXORALIas
no sceM riasHHM ropoaaM Coeputensuix Ilrtaros.
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§ 6. TOJIOBOJIOMKH M TPA®H

YnpaxHesns

1. Umerotca M raMHMAbTOHOBH JHEHE Ha rpagax, H3o6paeHHBX Ha
puc. 1 v 2,

2. Toprosey, XuBywufi B ropoge A;, cobupaerci NOCETHTs rOPOAA
As, As, Ay PaccTosiHHA MeXIY rOPOAAMH TAKOBHI:

AA;=120, A A;=140, A|A4=180-
AxAs=T0, AA,=100, AsA,=110.

Hafitu kpaTuafiwmi nukaAuveckuir nyto u3 A, npoxoaswufi de-
pe3 TpH ApYrux ropoja.

§ 6. FonoBonoMKH u rpadu

B npesabiayiiieM naparpade Mol 3aHAMAAHCH OTHICKA-
KueM Ha rpade nyTH M3 ogHoro Mecrta B Apyroe. Takyio
3a4ayy MOXKHO paccMaTpuBaTh KaK pPOA MrpHl, H XOTH
3TO Ka)eTCsi COBEePIIEHHO HAaMBHLIM pa3BJieyeHHEM, HA
caMOM fefie B 3TOM H COCTOHT [IJIaBHOE COMepIKaHHe
MHOTHX TOJIOBO/IOMOK H HEKOTOPBIX HTp.

Bocnonb3yeMcsi OueHb CTapoit «3ajaveil 0 nepeso3-
YuKe» AJA TOro, YTOOGhl MOKa3aTb, YTO HMEHHO Mbl HMeeM
B suay. IlepeBosunky (/7T) 6bin0 nopyweHo nepese3TH
yepes peky Boaka (B), ko3y (K) u Memok KanycTn ().
Ero Maneunbkass J04Ka 3a OfMH pa3 MOIVIa TNepeBe3TH
TOonbKO uTO-HMGYyab opuo. Kpome TOro, Hesb3s OHNO
OCTaB/SATb BOJIKa HaelMHe C KO30H MJM KO3y —cC Kamy-
croit. Kak o fomkeH Gul1 MOCTYNHTBL?

Mul paccMOTpHM Bce BO3MOXHBle 31ech caydan. B
nepBbii peiic, OUEBH/IHO, MOXHO B3AITh TOJNLKO KO3Y: NPH
stom rpynna /1, B, K, x B ucxoaHo#t Touke 3aMeHseTCH
rpynno#t B, K.

3aTeM nepeBO3uYHK BO3BPalllaeTcsl Ha3ald OAHH; Mbi
noayuaem II, B, k. Bo Bropo#t peiic oH Moxer nepe-
sestn aubo B, nubo K, ocraBass COOTBETCTBEHHO K MIlif
B. B o6oux cayuasix oH monken nepese3tH K oGparHo,
R B HCXOZHO# TOouke oxaxyrcs [, y( B wam 11, K, «,
YTo AoOMycTHMO. B ciegyioulyio noesaky oH nepesosut 3
(nau k), octaBnsa Ttoabko K. Hakoweu, ou Bo3Bpa-
Iaercs oguH u mepesosnt K.



TJABA 11. CBAA3HLIE TPADH

Taxum o6pasom, B 3TOM npelenbHO NMPOCTOM CJayyae
JIOMYCTHMBI JIHIIb TlepeMellleHHs], YKa3aHHble Ha puc. 3l.
OTo MOKa3blBaeT, UTO pelleHHe MOXeT ObTh NOJYyYeHO
AByMsi croco6amu; KaX/Abld M3 HHX ONpejessieTcss HeKo-
TOPOH UeNblo, COeAMHSIOWeH HauadbHOe noaoxenue [,
B, K, kK c KOHEuHBIM TOJOMXKEHHEM <«IYCTO».

CosepuienHO aHaJOrHYHA 3TOH W 3ajaya <O Tpex pes-
HHBBIX MYXbAX»: TPH CyNpy:KecKHe naphl B BOCKpeCeHbe
NOJOLINIK K pexe, Ie OHH HAallJ¥ MaJeHbKYIO JOAKY,

[ NKk

o Q

Oo— —0
l'lBKx BK nK ﬂycm,

NBK

Puc. 31

KOTOpasi He MOXeT MOAHATh Oojiee ABYX 4YeJOBEK OIHN+
BpeMenHo. llepenpaBa ocjioXHuseTCH TeM OGCTOSATENb-
CTBOM, YTO BCe MYKbSi OYEHbL DEBHHBHI M HH OAMH N3
HUX He MOXeT AOMYCTHTb, YTOOLI €ro JKeHa OCTaBajach
Ge3 Hero B KOMNAaHHH, Trle eCTb KaKoi-HHOYAb APYroit
MYXKUHHa.

Mu npenocrasasieM uMTaTeNI0 HAYEpPTHTHL rpad no-
NYCTHMBIX MepeMelleHHH M n0Ka3aTh, Kak TYT MOXET
6LITL OcyllecTBJeHA Mepenpasa.

Kak Mbl BHJenM Ha npeAbIAYIIMX MOpHMepax, rpad
MOJXKHO mpeicTasnsiTh ce6e H Kak HeKOTopylo Hrpy. Bep-
LIHHBI €0 SIBJSIOTCS PA3JIMUHBLIMH INOJOXKEHHSIMH B 3TOM
urpe, a pe6pa COOTBETCTBYIOT ABHKeHHAM (XomaMm), nao-
nyckaeMblM npasunamu urpel, O6nIHO 3agaya cOCTOUT
B TOM, 4TOOGBI YCTAHOBHTh BO3MOXHOCTb NPOXOXKAEHHS
B10/1b pebGep rpada OT OAHOro 3afaHHOTO NOJOMKEHHSN
K npyromy. Ha si3bike Teopuu rpadoB 3Ty 3afayy MOXHD
chopMyANpOBATL TaK: TPHHANJNEXAT JH IBA JaHHBIX
NoMOXKEeHHs1 ONHOR U TOH XKe cBA3HOH KOMIIOHeHTe rpada?
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TJIABA I1. CBA3HHE FPAOH

B KauecTBe csienyloulero npocToro NpHMepa pPaccMo«
TPHM HFPY, COCTOSIIYI0 B HNepeMelleHHH LIaXMaTHOro
KOHsl MO JOCKe corsiacHo oObiyHBIM npaBuiaam. Tak Kax
Ha 1IaxMaTHOH Jocke 64 KJETKH, COOTBETCTBYIOLIMH
rpad umeer 64 BepwnHbl. HeTpymHo BHIETb, YTO KOHEM
MOXHO JOCTHYb J1060ro moJsg u3 JI060ro HayaabHOrv
NOJIOXKeHH s, TaK YTO rpad 3Toil Urpbl ABAAETCS CBA3HLIM,.

B HexoTopbix U3 Hanbosiee paHHHX PYKOIHCeH O wWaX-
MaTax BCTpevyaeTcs CJACAYIOUIHH BOAPOC: MOXKHO i
NPOHTH KOHEM H3 HEKOTOPOro HPOU3BOJBHOTO Hauajb-
HOTO NOJIOXKeHHs N0 BCeil JOCKe W BEPHYTbCA B HCXOJHOE
NnoNoXKeHHe Tax, ytoObl MOOGBIBATH HA KaxXKaAOM MoJe B
TOYHOCTH MO OAHOMY pa3y? ITO OYEBHAHO PaBHOCHJLHO
3ajaye O HaXOXKA€HHH HA HamleM rpade raMHJIbTOHOBOH
aunnH. CyliecTByer MHOro peulenuit 3Toit 3a1auu. Oano
M3 HHX NPEACTaB/jeHo Ha pHc. 32.

Ha mwaxmarhoit focke HMeetcss Goablioe YHCAO A0MY-
CTUMBIX JBMKeHHH KOHSi, MOXKHO MNOCTaBHTbL BONPOC
O TOM, CyLIeCTBYeT JIH LIHKJ, COfep:;Kalluil BCe 3TH nepe-
MelleHHs B TOYHOCTH TNO OJHOMY pasy. JTO COOTBET-
CTBYeT NMOCTPOEHHIO 3ilJiepOBOil JIHHUM Ha HalleM rpade.
CoraiacHo ofuieMy pesyabraty, AJs pellieHHs NocTas.ell-
HOro BOMPOCAa HAaJXO BBIACHHTb, ABJSIOTCA AW CTENEHH
BceX BepwHH rpada yeruniMH. Ha puc. 33 pas xaxporo
NoJs YKa3aHO YHCJO BO3MOXHBIX XOLOB KOHA C 3TOro
noJisi, T. e CTeNeHU BCeX BepIUHH COOTBETCTBYIOLErO
rpada. Mbl BHAHM, YyTO HMeeTcd 8 moJsel HeyeTHOH cre-
NeHH; 3HAYUT, 3TOT rpad He UMeeT 3iNePOBOH JHHNN.

VYVonpaxHenns

1. CKoabKO X040B KOHS BO3MOXHO Ha WIAXMAaTHOR AOCKe?

2. PeminTe COOTBETCTBYIOUIHE 331a4H QA% KOPOJA.

8. MposepbTe, uTO CyMMa uHCead B KaK/JAOM CTPOKE i B Ka¥10M
cron6ue Ha puc. 32 oana u Ta XKe W paBra 260.



ranasA Il

Nepesba

§ 1. Mepesba H aneca

IlepeBoM Ha3sbiBaercs cBaA3HbiI rpad, He coaep-
XaltHi LHKAOB; TakoH rpad, B uaCTHOCTH, He HMeeT M
KpaTHhX peGep. U3 onpenenennss nepesa BHITeKaeT
TaKxke, 4TO IJIN KaXAOH mapbl ero BeplllMH CyUlecTByeT

Puc 34

e[MH(TBeHHAs coeAHHAIas uX nens. Ecnn rpad, so-
ofllle TOBOPS He CBA3HHIH, He COAEPXKHT LHUKAOB, TO
Kaxfasi ero CBA3HaA KOMNOHeHTa GyneT AepeBOM; NOJb-
3yACb TEpMHHOJMOrHet, npuHsATON B OOTaHHKe, TaKoO#
rpad MOXHO Ha3BaTh JECOM.

Jns Toro uro6Gn MOCTPOHTHL AEpeBO, BhiGepeM Kakyio-
uubynb Bepuuny A, U3 Ay npoBenem pebpa B cocennue
BepiuHnl A, Ay, .., H3 HHX npoBeaeM pebGpa K HX coO-
ceaam Ag, Ag, .., A2, A, ... B T. 4., KaK I0Ka3aHO Ha
puc. 34. IlepsonauansHo BuiOpaHHas BepuwinHa Ao Basbl-
BaeTcd KOPHEeM JepeBa; KaXjas BepluHHa Jepesa
MOXeT CAYMHTb €r0 KOPHEM.
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TJTABA 111. NEPEBbHA

[TockoabKY Ha JepeBe He HMEETCH LMKJOB, pasiuy-
Hble uenu (WIH BeTBH), BhIXOAsWHe u3 Ag, GYAYT H30.H-
poBaHLl APYr OT APyra, Kak BEeTBH HaCTOSILEro aepesa.
Kaxnas BeTBb Takoro rpada [o/KHA HMeTh nocaeduee,
HJIH KOHeuHOe, pebpo ¢ KOHEeYHOU 8epuiUHOl, U3 KOTOPOI
yXe He BBIXOAHT HH OAHOro HOBoro pebpa.

CornacHO 3TOMY 32MEUYaHHIO, AEPEBO MOXKHO [0O-
CTPOHTh, NOCJAEAOBaTeNbHO A06aBasia pe6pa B ero Bep-
mHHax. DTO JaeT BO3MOMHOCTb COCYHTaTh uucao pebep
nepesa. [Ipocreiilnee gepeBo 1iMeeT TONBKO OAHO pe6po;
TOYHEe rOBOPS, QHO COCTOMT H3 [ABVX BePUIHH H OJHOTO
pe6pa. Kaxnaniit pa3, koraa Mbl no6GaBisieM elie OAHO
pe6po B KOHIle BETBH, NMpHOAB/ASETCS TaKXKe M BepIIHHA,
cJel0BaTeNbHO, CNpaBeaIvEA

- Teoeema 1. Jepeso ¢ n sepuunamu umeer n—I pe-
6ep.

BmecTo oaHoro nepesa paccMOTPUM Tenepb Jec,
COCTOSIMIMIT H3 R CBS3HLIX KOMIIOHEHT, KaX/1as H3 KOTOe

-

Puc. 35

peix sBasiercs gepesoM (puc. 35). Ins Kaxjaof# u3 KOM-
IIOHEHT uMcI0 peGep HA eIHHHILY MeHbIIE YHC/Aa BepHIHH,
CuienoBaTeNbHO, CNpaBeliuBa

TeopeMa 2. Jlec, cocrosuwjuti u3 k KOMNOHEHT U umeia-
wuii n eepwun, codepicur n— R pebep.

[lepeBbsi HMEIOT MHOTQUHCJEHHBIE NPHMEHeHHsA. 3lech
Mbl YNOMSIHEM JIHILIb, YTO KaXAbIH NPOLECC COPTHPOBKH
MoxKeT GBITb NpeACTaBleH B BHAE HEKOTOpPOro naepesa.
Tax, nanpuMep, puc. 34 MOXKHO npeAcTaBasTs cebe Kax
OnHcanue NpOUECCa COPTHPOBKHU mnouThl. [lepBOHaYab-
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§ 2. UMKJB U NEPEBbLA

Has nmayka nuceM oGo3HaueHa Ao. [louTa BHyTpH CcTpaHbi
MoXeT GbITh oGo3HaueHa uepe3 A;, nouta B EBpony —
yepe3 A,, nouta Ha Hdaabuuit Bocrok — uepes Az u 1. A
MectHas mouta A; peautcs Ha BOCTOUHYIO, 3aNafHylo,
ueHTpanbHylo, nouta B Espony A, neantcs no cTpa-
HaM H T. 4.

[Tpouecc copTupoBkH nepgpoKapT MoOxerT GbiThb npel-.
CTaBJ€H TaKHM Ke rpadoM, TONbKO 3/1ech fepeBo 0OLIYHO
HMeeT BIMOJIHE OmnpeleNeHHbId BHJA, TaK KaK OTBepCTHA

A

Aw Aar---Ao A Ay-eeAg
Puc. 36

Ha nepdoKapTe pacnooKeHbl NPaBHAbHBIMH KOJOHKAMH,
B KaX/10it U3 KoTophiX o6biuro Guiaer 10 mect. Creno-
BaTe/bHO, NIPH pacnpefeneHHy nephoKapT 10 OTBEPCTHAM
B nepsoil KosnoHKe umeerca 10 BoamoxHocteii: Ao Ay, ...
Ao, B Kax0#t H3 HHX — cHoBa no 10 Bo3moxHocTed: Ago,
Ay, ..., A ¥ 1. A. (puc. 36). ToT nmpouecc MOKHO pac-
CManHBaTb KaK fnpouecc pa36ueHnﬂ"uenux -'IHCQJ'I Ha
rpynnsl B 3aBHCMMOCTH OT HX NepBO#, BTOPO# # T. A.
uudpul. BrnpoueM, Kaxjoe aepeso MOXKHO MpPeACTaBAATH
cebe Kak HEKOTOPYIO BecbMa OGI1yI0 UHCAOBYIO CHCTEMY.

§ 2. Hukau U aepesbs

Hawy HoByio 3anauy Mbl copMyJHpyeM B CeNbCKO-
xo3sficTBenHbix TepmuHax. Ha puc. 37 wu3zobpaxexa
Kaprta noaeil Hekotopoi depmul. I1peanonoxuM, uro 3To
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TJABA TII. ZEPEBRBA

KapTa HEeCKOJIbKHX DHCOBBIX MOJeil, PacnosoxKeHHbIX Ha
OCTPOBE; IMOJA OKPY!KE€Hbl 3eMJSHBIMH IJIOTHHAMH, KOTO+
pble B CBOIO ouepefb OKPyXKeHbl BOJAaMH o3epa.

Kak o6biuHO Tipu BO3AeNbIBAHUM pHCA, MBI XOTHM
HMeTb BO3MOJKHOCTb 3a/iHBaTh TNOAA BOZOH, OTKPHIBas
OTBEPCTHS B HEKOTOPHIX H3 cTeHoK. Jlas Ttoro 4rolmnt
OpOCHTb BCe TOJIf, HeoOXOZHMO, OYEBHAHO, CJOMATh MO
KpadHeld Mepe OJAHY CTEHKY B KaxJAOM LHKJe KapThl,
T. €. CAeNaTh Tak, YTOObl CTEHKH, OCTaBILHECH HEeCcJOMaH-
HBIMH, ofpa3oBainn rpad Ge3 uukjaos. Bompoc cocrout
B TOM, 4TOOB! BBISCHUTb, CKOJIbKO HMEHHO CTeH NpHAeTCH
CJ/IOMaTh.

Puc 37

DTo NpHBOAHT K caelylouiedl obieii 3agaue OTHOCH-
TeNbHO rpaoB: KAK0BO Haumenbliee 4uUCcA0 pebep, KOTO-
pole HAOO Yydaauto u3 OAHHOZ0 CBA3HO20 epafha, 4TObbL
HQ HeM He OCTAA0Ch HU OOHOZ0 YUKAQ.

ITpeanonoxum, 4TO npexae BCEro Mbl YAAJHAH pe6po
& =(A, B), npunapnexaliee HEKOTOPOMY LMKy Ha
rpage. Ilpn 3ToM rpad ocraHercs CBA3HBIM, TaK Kak
BMeCTO TOro, uto6bl npoxoguts or A k B no &, Mu Mo«
XeM npoith oT A Kk B mo ocraBilieficst YacTH COOTBET+
ctBywulero uukna. Ecam nocne ynanenus pe6pa & na
rpade OCTaHyTCA elle UHKJb, MbBl OTGPOCHM TakKHM Xe
oGpa3soM apyroe pe6po. Ilpomoskas 3TOT mpouecc, Ml



§ 2. HUKNTH A NEPEBbY

NpHAEeM B KOHLE KOHLOB K CB3HOMY rpagy 6e3 LHKJIOB,
T. €. K nepesy J-

A Tenepb yiKe Jierko NoJCYHTaATh, CKONBLKO peGep HaM
npuwaoch yaaautb, Jepeso J COAEPKHT TO XKe caMmoe
YHCJIO 7 BEPUIHH, YTO U NepBoHavaabHblil rpag G. B cuay
TeopeMbl | u3 § 1 unciao ero peGep pasuo n—1. Caesno-
BaTeNbHO, ecjy BHauade Ha rpade G Guaio N pebep, 1O
HaM TIPHILAOCH YAAJUTh B TOYHOCTH

y=N—n+41

peGep. DTO YMCAO HA3HLIBAETCH HUKAUHECKUM NOPRIKOM,
WIH YUKAOMATURECKUM. 4UCAOM, TPa(a; OHO pPaBHO yBe-

Puc. 38

JAHYEHHOH HAa eAMHHLY pPa3sHOCTH MeXAy YHCJIOM peGep
¥ yucjaom BepuuH rpada G.

Hrak, aas Toro ytoGul npespatith rpad G B nepeso,
HanNO0 YAaaHTh Mo KpaiiHeli mepe y pe6ep. as Toro
yTOo66l npeBpatHTh rpad G B sec, COCTOAIIMI M3 He-
CKOJbKUX JepeBbeB, HAaM NPHAETCS YAAIHThb M3 Hero
Goabille yeM y pebep, Tak Kak (B CHJIy TeopeMn 2 M3
§ 1) uncao peGep nieca, comepiKallerc n BepLIHH, MeHb-
1Ie, YeM YHCJIO peGep AepeBa C 7 BepPIIHHaMH.

ITpounmocTpupyeM 3To npeBpaileHue rpada B jge-
peso Ha puc. 1 (ctp. 12). Yaaaum chauvaaa pe6po ED,
nprHagnexauee uukary EFD, satem pe6po AD, npu-
Haanexauwee unkry DFA, u, nakoneu, pe6pa AC u BE,

51



TNABA [Il. OEPEBbS

Ocraercs nepeBo, n3oGpaxcenHoe Ha puc. 38. Bcero mul
YAaaHIH
y=9—6+41=4 pebpa.

YnpaxHenus

1. ITpoBeppTe pesyabraTH sTOro maparpada Ha rpadax puc. 2 u

37.
2. Yemy paBHO UHKJIOMAaTHYECKOE YHCJAO NOJHOrO rpaga?

§ 3. 3agaua o coeausHeHnn ropoaos

Mbl BepHeMcst Tenepb K uMelowell GoJblLIOe NPAKTH-
yecKoe 3HaueHHe 3ajaye O CPeACcTBaX cooblueHus, nocra-
BHB_ee cHayajaa B (opMe BONPOCAa O NPOBEJEHHH ROPOT.
Hmeercs Heckonbko roponos.A, B, C, ..., KOTOpbe HYXKHO
COEJIMHATL MEeXAY COGOH CeThIO LIOCCeHHBIX HJIH XeJea-
HBIX popor. Jas kaxnao# napet ropoaos A, B u3sBecTHa
croumocth ¢(A, B) crpoutenbcTBa coemHHSIONIEH HX
IoporH. 3ajjaua COCTOMT B TOM, YTOGHI [OCTPOHTL CAMYIO
Cewesyro M3 BO3MOXHBIX ceTedl jaopor. Bmecro Toro
4TOGbl TOBOPHTb O CETH KeJEe3HbIX JOPOr, MOXHO ObLIO
6bl rOBOPHTh 06 3JIEKTPHYECKHX JHMHUSAX, MJAH O BOAHBIX
NyTAX, HIH 0 HedTenpoBoaax u T. m.

TOM YacTHOM cJyyae, KOTfla HMEeTcsi BCEro TPH
ropoaa A, B, C, n0CTaTO4HO NOCTPOHTH OAHY H3 COE/H-
HAIOWHUX JIHHUH

ABC, ACB, BAC,

npuuem ecin BC — camas noporast nMHMS, TO HMEHHO ee
B HaJ0 HCKIOUYMTB, NOCTPOHB popory BAC,

PaccmorpuMm Temeps obuiuit cnyvait. Ipad maunGosee
AeuleBoil COeAMHAIOIEH CeTH JOJXKeH OHITb JEPEBOM, TaK
KakK ecad Obl OH COEpXKall UMK, MOXKHO OBLIO GBI yaa-
JHTb OAHO M3 3BeHhEB 3TOr0 LMKJa M rOpoja BCe eLie
ocTajauch Obl coequHeHHbIMH. CiemoBaTesNbHO, A5 CO-
€AHHEHHS N TOPOJOB HYXHO IMOCTPOHTh 7 — 1 jpopor.

Mul nokaxeM, YTO CeThb MHHHMAJIBHOH CTOHMOCTH
MOXHO INOCTPOHTb, MOJB3YysSCh CJAEAYIOIIMM IIPOCTHIM
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§ 3. 3ANAYA O COEAVHEHHH TOPOLOB

npasusom Ixonomudnocru. Tlpekpge Bcero COeRHHSEM
IBa ropoia ¢ HaHOoJiee fellleBbIM COEAHHSIOIIHM 3Be-
noM &,. Ha Kaxmom u3 caeayowux wmaros goGapiaseM
caMoe felleBoe M3 3BeHbeB &;, NpH NPHCOEAMHMH KO-
TOPOro K yxKe MOCTpPOeHHbIM pelpaMm He obpa3syercst HH-
KAaKOro IHKJa; ecJd HMeeTcsi HeCKOJbKO 3BeHbeB OLHOM
H TOfl XKe CTOMMOCTH, BEGupaeMm JioGoe H3 Hux. Kaxnoe
nepeeo J, NMOCTPOEHHOE TaKMM 06pa3oM, Mbl GyleM Ha-
3blBaTb IKOHOMU4HyM Oepesom. Ero crouMocTe paBHa

Puc 39

CyMMe CTOMMOCTE OT/JEJBHBIX 3BEHLEB:
c@)=c@)F+cE)+ ... +c(8,-)

Ham napo noxasarte, 4To HHKakoe Apyroe AepeBo &7,
coeAuHsIOLlee Te »Ke BepLIMHB, HE MOXEeT O0Ka3aThCs
AeleBsie 3KOHOMHYHOro gepesa J. Ilycts & — camoe
feLieBoe AEPEBO, COeAMHSIOllee HaliM BepHIMHbl, a J —
ai060e 3KOHOMHUHOe IepeBo. [lpeanonokum, uro pebpa
€., &,, ... 3xoHOMMUHOrO AepeBa J 3aHYMePOBAHH B TOM
nopsiike, B KOTOPOM OHHM NPHCOEAMHSJHCH NPH NOCTpOe-
Huu 7. Ecaun caMoe aeinesoe nepeso ¢ He coBnagaer ¢J
TOJ MMEET N0 MeHbllel Mepe 0aHO pe6po, He NpHHaAJe-
wautee . Ilycrs &,=(A, B) — nepsoe Takoe pe6po, H
nyetb & (A, B)—uens rpada o7, coeqnnsaionias BepunHyl
A u B (puc. 39). Ecau pe6po &, ro6asuts k &, To rpad
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TJIABA 111. NEPEBbS

&8, 6yner cogepxate uuka C=§;+#(A, B), a Tak
kak J He HMeeT UHMKIOB, TO Uuka C J0NKeH coaepxarh
o KkpafiiHeil Mepe oaHO pe6Gpo, He npuHamiexailee J -
Ynanus 310 pe6po &, Mb NMOAYYHM JepeBO

P =+ 8 —8

C TeM Ke CaMblM YHCJOM BEPUIHH, UTO H J’, fnpuuyeM ero
CTOUMOCTbL paBHa

(&) =c(#)+c (&) —c(8).

Tak kak &’ HMeeT HauMEHbLIYI0 BO3MOXHYIO CTOMMOCTD,
TO

c(8:)>c(8).

Ho &; O6bu1o 3BeHOM HauMeHblUed CTOHMOCTH, NpPH JO-
6apnenwn kotoporo K &, &, ..., §,_, He noayuaercs
uukaos. Tak Kak npu poGasieHuu pe6pa &, Kk aTuMm

pe6paM Mbl TOXe He MOJYYHM HHUKAKOro UHKJIa, To
c(8:)=c(8),

H, CJe[OBaTeNbHO, ¢’ TOXe MMeeT MHHHMAJbHYIO CTOH-
MOCTb:

(&) =c(&).

TakuM 06pa3oM, Mbl HAaWJM APyroe Aepeso ¢’ MUHH-
MaJbHOH CTOWMOCTH, HMelollee € 3KOHOMHUYHBIM Jepe-
BOM JOfHMM o6umuM pe6pom Gosbiue, uem . Mbl MOKeM
NOBTOPSATbH 3Ty OMNEpalMI0 N0 TeX MNOp, NOKa OKOHYa-
TeJIbHO TMOJNYYHM COEJHHSIOIlee REePeBO MHHHUMa/bHOM
cTOMMOCTH, coBnazawouiee ¢ J. Takum o6pasom,d , a Tak-
e Bce JpyrHe 3KOHOMHUYHble AepeBbf NEHCTBHTENBLHO
HMEIOT MHHHMAaAbHYI0 CTOHMOCTD.

VYVnpaxHenus

1. Bosbmute Ha naockoctn ects Ttouek. Haimure gepeso Hau-
MeHpUIeH oOulelt asuubl, pe6pa KOTOPOrO COEAMHAIOT 3ITH Bep-
WHHLL



§ 4. YIHMUH 4 NINOWALH

§ 4. Yannou u naomanu

HameHenue Ha3BaHuil yAXL ¥ nJaoilajeil Bceraa 6bl10
¥3/1007IeHHBIM BpPEMANPENPOBOXKAEHHEM TOPOICKHX BJa-
CTel BO BceM MHpDe — HHOraa B 6o.ibliefl, HHOrAa B MeHb-
weit crenenn. [peanonoXuM, 4To «OTIH FOPOAAY, XKenas
1o6uThcA GoJbllied CHCTEMaTHYHOCTH B HA3BaHHAX YJHU
B nJollaneit csoero ropoja, noTpe6oBan, YToOH Kaxkaas
yauua OuJ1a AJMHHOH B OAMH KBapTaJ H HOCHJA Ha3BaHHe
OAHOrO H3 CMEXHBIX ¢ Heil YNHUYHHIX NepPeKpecTKOoB; Tak,
HanpHMep, Ha OJHOM H3 KOHIOB yJHUbB BauiuHrroxHa
AOMKHA HAXoAWTbes nuowans BawuHrrona.

Puc. 40

Mbl  KOHe4YHO, XOTHM IOCTaBHTb COOTBETCTBYIOUIHA
BONPOC A/A NpPOou3BOJbHOro rpada. Jlan cBasubiii rpag.
B kKakoM ciyyae MOXHO OJHO3Ha4yHbIM 06pasoM nocra-
BHTb B COOTBETCTBHE KaxkaoMy pebpy Oaly Hu3 ero
BEPLIHH?

ITpexkne Bcero nokakeM, UTO 3TO BCErAa MOKHO CAS
NaTh, eCJAH paccMaTpHBaeMbiit rpad sBJaseTcs AePeBOM.
ITocae Toro kak Mbl BuGpa.H NPOH3BOJLHYIO TO4YKY Ao
jaepeBa B KaueCTBe ero kopsHst (pHc. 34), Mbl 1ocTaBuM
B cooTBeTCTBHEe pebpy AoA, Bepwuny A,, pe6py A¢B, —
sepunny B,, pe6py AoCy — Bepunny C;. danee, pe6py
AA; MBHl MOCTaBUM B COOTBETCTBHE BepWHHY Az H T. A
Tak kaxaomy pebpy A;—;A;: 6yder mocraBieda B COOT-
BeTCTBHe BeplinHa A; Gojee yaaneHnuas or Ag.

[MpexnonoxuM Teneps, utTo Ha rpade HMeeTCH UHKA
C (puc. 40). Kaxpaomy pe6py uukaa € A0MKHA C€OO%-
BETCTBOBaTh OflHA H3 €ro KOHEYHbIX BEplIMH, T. €. OfHA



TJABA I1I1I. AEPEBbS

n3 sepwus uukaa C. Ecau, Hanpumep, pebpy A4, co-
oTBeTcTBYeT BeplunHa A, TO pebpy AsA; noixua coor-
BeTCTBOBaTh BepwinHa As u 1. n. Hukakomy peGpy, He
npuHagnexameMy G, He MOXKeT COOTBETCTBOBATh Bep-
muna u3 C.

Cnenosatenbio, Kaxaomy pebpy A;B;, umeowemy
¢ u#kaoM € obuyio BeplIHHY Ay, HOJNXKHA COOTBETCTBO-
Barh BeplwuHa B,, pe6py B;B,-—Bepuuna B, u 1. A.
Takas uen» AyB{B;B; .. He Moxer Bepuythcs K G,
TaK KakK Bce BeplMHB LHuKaa C yXKe nocraBJjeHsl B €O-
OoTBeTCTBHE pelpaM Toro e Lnukaa. [lo amanoruyHoit
NpUYHHE TaKasi LeNb He MOXET BEPHYThCH W K OJHOH H3
CBOMX BEepLINH.

Mkl BuAuM, TaKuM 06pa3oM, yto 4acTh rpada, Koro-
poil MOXXHO AOCTHIHYTh M3 TOYKM A; Ha myTH, HauHHAIO-
mwemca pe6pom A By, monxua 6uiTh AepesoM J; ¢ KOp-
HeM Ajy; TO JKe camoe CNpaBeAJiMBO M IJS BCEX APYrUX
pepwHH A; uukaa C. Ho Mbl TONBKO YTO BHAENH, UTO
KaXaomy pe6py aepeBa Ji MOXHO NOCTaBHTh B COOTBET+
CTBHE OJIHY H3 ero KOHEYHbIX TOueK — GoJiee yAaJeHHYIO
ot kopHs Ay Tak kak pebpaM umkaa C COOTBETCTBYIOT
ero xe BepIIHHBl Aj, MBI NPUXOAUM K ClEAyIOLUEeMYy pe-
3ysbTary.

Haa 1020 4T066l MO%KCHO GbIAG ROCTABUTL B8 COOTBET-
cT8ue KaxGomy pebpy C613HO20 zpaga OCOHY U TOALKO
O0HY u3 e20 KOHEuHbLX @epulut, Heobxod0umo u docra-
TO4HO, 4TOGbL 3TOT 2pag Aubo A8aAACA Oepesom, AuGO
cocTosan u3 eduncreennozo yukaa C ¢ Oepesvamu, gvipa-
crarouumu u3 ezo eepuwun (puc. 41). Coranacuo teopeme
I u3 § 1, uncno BepwMH JepeBa Ha eauHuly GoJblie
yHcaa ero pebep; ecau rpag npenacraBiaser coGoil LMK
MM UHKJ C J1epeBbSIMH, PACTYIHMU H3 ero BepilHH, TO
uucao ero pe6ep paBHO YHCHY BepIUMH. Takum oGpa3oM,
JIMUIb NPH 3THX YCJOBHSIX MBI MOXEM PacCYMTHIBAThb HA
ycTaHoBIeHHe TpebyeMOro COOTRETCTBHS MeXAy peGpamu
H BeplUHHaMH.

Hepeso puc. 34 uau rpacd puc. 41 Moryr mpexcras-
JI9Th KapTy YJHI TOJABKO OYeHb MaJeHbKHX TOPOAOB, rie
HeT OGBLIYHBIX TOPOACKMX KBapTalioB HJH TAe HMeeTcs
JHE OAMH UEHTPAJbHBIA XKHUJOR MacCHB, K KOTOPOMY
NOAXOAAT YJHLB!, HIYUIHE OT OKPauH.



§ 4 VJIHUH H NJaomaAann

H Bot, 3ametus, He 6e3 ropaocTd 3a CBOH ropoj, YTo
OH CJMIIKOM BeJHK J[JI NPHMEHEHHs1 TaKoro MeToAa,
ujJeHbl TOPOACKOTO COBeTa PpEelINWAH 3aMeHHTb ero cJje-
LYIOUIHM NPABHJOM: YJAHUL K MJOULAAH HOJIKHH GHTH
Ha3BaHH TaK, uToOGbl M3 KaXAo#H IJOLIAAKX HCXOAHJAA
yAHUua ¢ TeM JKe Ha3BaHHEM; HanphMmep, Ha MJOILAAH
Bawunrrona HenpeMeHHO [OOJXKHA HaYMHATHLCA YAHlLA
Bawmurrona.

Puc 41

Ha si3nike Teopunm rpadoB 3TO O3Hauaer, uto ANA
Kaxcaoil BepulMHH rpada Hafo GAHO3HAYHO YKa3aTh CO-
OTBeTCTBYIOlLEe el pe6po, BLIXOASILEE U3 3TO BEPLIMHBI
BuiBaloT cayuam, xorga 3TO chenaTbh HEBO3MOXKHO: AJIsL
lepeBa, HanpuMep, no Teopeme 1 u3 § 1, uncjao Bepwuy
Ha eAuHHUY OGojblle uHcsaa peGep. OnHAKO naxe M B
3TOM CJyyae Hallle YCJOBHe MOXeT ObITb NOYTH MnoJ-
HOCTBIO BhInojHeHo, IlocMoTpuM Ha JepeBo, H306paxen-
Hoe Ha pHc. 34. MoXHO KaXKIoil ero BepllKHe MOCTaBHTh
B COOTBeTCTBHe TO pebpo, KOTOpoe BeldeT OT Hee
K KopHiO Ao. TeM caMbiM KaxKnoii BepliHHe, 33 HCKJIO-
YeHHEeM KOPHs, GyjeT NOCTaBJeHO B COOTBETCTBHE HCXO-
nslllee U3 Hee peGpo.

JlepeBbst B 3TOM OTHOWIEHHH TNpPEACTABASIOT coGOH
HCKJIIOYeHHe; BooOlle Xe MMeeT MECTO CJejyioilias Teo-
pema.
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TNABA NI, JEPEBDLA

B csasnom z2pagpe, e aeanouemcs 0epesom, Kaxooil
gepuiuHe MOXCHO NOCTABUTL 8 COOTBETCTBUE CMEXCHOe
¢ Hell pebpo.

Joka3aTEALCTBO. CBA3HBIA rpad), MMeOWuii n BepLIHH,
coepXHuT N0 Kpafinei mepe n— 1 pebep, a ecau OH
He sIBJISETCA JePEeBOM, TO YHCJ0 ero pebep Gosblie ueM
n— 1. Ho kaxabiii rpad MOXKHO mpeBpaTHTL B AepeBo,
fAanss M3 Hero Hekotopele peGpa (cm. § 2). Tlyern
¥ = (Ao, By) —oaHo u3 ynpansemHx peGep, Koria
rpad npuBoauTcs K AepeBy J; BhiGepeM Touky Ap 3a
KopeHb 3Toro jgepesa. Kaxnofl BepuiMHe paepesa, 3a
HCKaoueHHeM Ap, MOXHO TNOCTaBUTb B COOTBETCTBHE
cMexHoe ¢ Heit peGpo; mocae storo pe6po &, rpada
MOXHO OTHecTH K Bepwune Ay — Torga Kaxjaoit sep-
inHe rpaga OGyjaeTr NOCTaBJeHO B COOTBETCTBHE CMEX-
Hoe ¢ Hel pelpo.

HHTepecHo OTMETHTb, YTO, KaK BHJIHO M3 HalUHX pac-
CYXJeHHH, Bceria MOXHO JH60 Bce BepwHHBI rpacda
NOCT2BHTb B COOTBETCTBHE CMEXHHIM C HUM pebpawm,
an6o, HaoGopoT, Bce peGpa NMOCTAaBUTh B COOTBETCTBHE
CMeXHBLIM C HMMHM BepmiHHaM, B Kkakux cayyasx Bo3-
MOXKHO ¥ TO H apyroe? Ecau uHcso Bepuns rpacda paBHo
yucay ero pebep. Tako# rpad He MoXeT ObiTe HepeBOM;
OH JOJIKEH HMeTb BHA, W306paKeHHBIH Ha puc. 41, T. e.
ROJIKeH HMeTb TOJAbKo OAMH 1uka C!). B stom cayuae
NefiCTBHTEJbHO MMeeTcss COOTBeTCTBHE OOOHX BUJOB:.
pebGep — BeplIHHAM W BeplHH — pe6paM. Pebpa uuk-
Aa C cTaBfiTcsl B COOTBETCTBHE BepIHHAM Toxe u3 &:
Kaxzaaa BepuidHa, He nNpHHamdexawas G, — ToMy H3
CMeXHBIX ¢ Helt pebep, xoropoe Gauxe K C.

YnpaxHeHus

1. YcTaHOBHTE COOTBETCTBHE MEXAY BEPIIMHAMH H CMEXHBIMH C HHMM
peGpaMa aaa rpatdos puc. 1 u 2 (crp. 12).

1} Tak KaK ero UHKAOMAaTHYECKOE YHCJO PaBHO 1.



TNABA IV

YcTaHoBneHMe COOTBETCTBUM

§ 1. 3azaua o0 Ha3HAYCHHH HA AOJIKHOCTH

IMycTb HMMeeTcsi HECKOABKO Ppa3f¥4yHBIX BaKaHTHHIX
NO/KHOCTEH H Tpynma /AL, CTPeMsLHXCA HX 3aHATh,
npuyeM KaXAblit M3 npeTeHAeHToB oO6Jaajaer AOCTATOu-
HOH xBanudHKauuel AR HECKOJbLKHX, HO, BooGile ro-
BOPS, He BCeX WMeIOIHMXCA JoMmKHocTeil. Bompoc cocront
B CJeAylollleM: MOXHO JIH NPeAoCTaBHTb KaXXAOMy H3
3THX JAIOfleH OJHY M3 TeX NOMKHOCTEH, AN KOTOPHX OH
NOAXOAMT?

Mb MOXeM CHOBa MPOHAJIOCTPHPOBATHL 3Ty 3ajauvy
NpH NOMOLIM HekoTOporo rpada, umeloilero B 3TOM CJay-
yae NOBOJIbHO crneuunanbHbiit BHA. Kak Mbl yXe cka3sani,
uMeeTcs Tpynna Jul, KOTOpylo MH 0603HayHM uepes M,
H HEKOTOPOe MHOXKECTBO MECT, HJAH LOJiKHOCTeH, P. Mu
nocrpoum rpad, npososs pebpa (m, p), coeauHsIOUIKE
KaXJ0ro YeJloBeKa m H3 MHOXectBa M ¢ TeMH HOMKHO-
CTAMH p M3 MHOXecTBa P, KOTOPble OH MOXET 3aHSTb.
Ha stoM rpade ne Gyzer pebep, COeAMHSIOWMX MeXIY
co6Goii aBe BeplMHbl H3 MHOXecTBa M wuau nse Bep-
LIHHBI M3 MHOXecTBa P, Mo3TOMy Tako#l rpad uMeer BH],
u3o6paxkeHHuit Ha puc. 42. I'pad, MHOXKecTBO BepuiMH
KOTOpOro pacmajaercs Ha asa MHoXectBa M u P, takue,
YTO HHKAKHe JiBe BEPIUMHE H3 OJHOTO M TOTO XKe MHO-
XKecTBa He COeWHEHB MeXAy coGofi peGpamH, Ha3H-
BaeTcs ABYAOJbHHM rpadom.

flcHO, 4TO MBI He MOXK€M PacCYHTHBATbL BCErja HaiiTu
NOAXOAAILYI0 paGoTy s KaXAOro npereHfieHTa: AJA
3TOro, BO BCAKOM CJIy4ae, HeOGX0AMMO, YTOGH YHCAO0 MecT
Guio He MeHbille yucJaa.ofed. Ho u nocneauee ycaosue



TJIABA 1V. YCTAHOBJEHHE COOTBETCTBHR

ellle He SBJSETCH JOCTaTOYHbIM. [lycTh, Hanpumep,
Ipynna NpeTeHAEeHTOB COCTOHT H3 [ABYX IJIOTHHKOB H
yeJIOBeKa, KOTOPHI MoxXer pa6GoTaTh H TJIOTHHKOM H
BOJAONPOBOAYHKOM, H [JIsi HHX MMEETCA YeThIpe NOJIKHO-
CTH — OTHO MECTO IJIOTHHKA M TPU MECTa BOJONPOBOA-
yukoB. Toraa, oyeBHAHO, OAMH H3 NJOTHHKOB OCTaHETCSH
6e3 pa6oTHl, XOTH B 3TOM cJayyae MecT OoJblle, YeM JHL,
JKeJaoINX UX 3aHATh, U XOTSH CPEAM 3THX JIHIL HMEIOTCH
npencraBHTeqH oGenx TpebyeMblx mpodeccHii.

p o, Ds P Ps Ps

m my m3

Puc. 42

TIpennosoxuM, yto COUlee YHCIO JIHL, KeJaloUHX
nonyunts paGory, paBHo N. SIcHo, uTo mas paspelnmo-
CTH 3aJlayd O HA3HAUEHHAX Ha AO/KHOCTH HOJNKHO Bhl-
NOJHATBCSA CJeylolee YCJIOBHE.

Kaxyro 6ot epynny us k 4esosex, k=1, 2, .., N, nu
HU 83A1U, OANCHO HALTUCL nO Kpaiinel mepe k GoaxHo-
cTeill, Kaxoyo u3 KOTOPBLX MOJKET 3AHATL XOTb O0UH u3
Hawux k nperendenros (1. e. Takue k pabor, 410 ¢ Kax-
Ootl u3 Hux cnpasutcs Hawa epynna k auy).

Tak, Hanpumep, eciiu OfHH H3 JIOAEH SBJAsSETCS NJOT-
HHKOM, a APYroil — OJHOBPEMEHHO ¥ INIOTHHKOM H BOJO-
NPOBOJAYMKOM H eC/IH HMEITCs JBa MeCTa BOJONPOBO/-
4YKa, TO Hallle YCJOBHE BHIOJHSETC NpH k=2, HO He
BBINOJIHAETCH] NpU 2=1], ¥ NO3TOMYy yKasaHHBle JIHIA He
MOryT OLITb OZHOBPEMEHHO YCTPOEHH Ha palorty.

BrijeslenHoe KypCHBOM YCJIOBHE MBI IS KPaTKOCTH
6yfeM Has3bBaTh YCJOBHEM 5a3n006pa3nn.
Hama ocHoBHas wLenab — goKa3aTb OOCTATOYHOCTL 3ITOrO
YCJIOBHS.



§ 1. 3AJAYA O HA3SHAYEHHH HA OODKHOCTU

Teopema t. Ecau ycaosue pasnoobpasus evinoinero,
TO Kawdomy 4enrosexy MONHO npedocTasuts nodxod:i-
Wy 0an Hezo pabory.

D1y TeopeMy IHOKa3aTb He OueHb npocro. Pasy-
MeeTcsl, OHa oueBHAHA npu N=1; ec/n UMeeTcs OAMH ye-
JI0BEK, TOAHBIA XOTb AJfl ORHOH# paGOTH, OH MOXKET NoJay-
uuTh UMeHHO ee. [lpy N=2 ycioBHe pasHooGpasus ra-
paHTHPYeT, YTO HalifyTcs no KpaiiHei#i Mepe aBe paGoTHl,
AN KaXKAOH H3 KOTOPHIX MPHTOAEH XOTb OAMH H3 HAUIKX
ABYX JIHIl, H 4TO, KPOMe TOro, Takas HeNpHATHOCTb, Kak
B MPHBOJHMOM BHIllIe NMPHMepe C MJAOTHHKOM H BOXOMPO-
BOJAYMKOM, 3JeCb MNPOH30HTH He MOXET, TaK KaK npH
3TOM KaXXAblif Ye/I0BeK MOXKeT BBINOJNHATL X0Ta 6bl 00HY
pa6ory. U B 3ToM cayuae o6a uenoBeka Moryt OhiTb
YCTPOEHDI.

Mut BuauM, uto TeopeMa BepHa npu N=1 u N=2.
EcrecTBenHHO nonbitaThesi A0Ka3aTh ee B oflLieM cayyae
METOAOM MAaTEeMaTHYECKOH HHAYKLUHH: MBl NMPEANOJOXKHM,
YTO Hallle yTBepXKJAeHHe CNPaBeJIUBO, €CIH YHCJIO JIofed
He npesocxoaut N — 1, u n0KaXeM, YTO B TaKoM ciayuae
OHO BepHO M aasi N uenoBek.

Ecan ycioBHe pasHOO6pasHsi BHINOJHEHO, OHO MOXeT
BBIMOJIHATLCS C 3aMacOM HJH. B 06pe3, a HMEHHO MOXeT
CJAYYHTbCH, YTO Kaxjaas rpynna us k uemosex (k=1.2,..,
N — 1) BMecTe MOXeT BHIMONHATHL Gosblie 4eM K paGoT
(ycJi0BHe BBIMOJHSAETCS ¢ 3anNacoM), WM MOXKeT OHThb
TakK, YTO AJfi HeKOToporo ky (Ry=1, 2,..,N—1) umeercs
rpynna u3 Ro Jiojeii, BMeCTe NPUTOAHBLIX B TOYHOCTH AJS
ko pabor (ycnoBue BhimosHseTcsi B o6pes). Mu noka-
XKeM, YTO B KaXK/IOM H3 3THX C/lyyaeB MOXHO NpenocTa-
BHTb COOTBETCTBYIOWIYI0 paGoTy KaxaoMy u3 N yenoBek.

. Ecan ycnoBue pasnooGpa3susi BLIMOJHSETCS ¢ 3ana-
coM, Bbi6epeM OJHOro Koro-Hu6yab M3 3THX N uenoBex
H NOCTaBHM €ro Ha OAHy H3 paloT, K KOTOpOH OH npHu-
rogeH. Cpemu ocrasiunxca N — 1 mioner kaxasie R ye-
JoBeK (ana Jo6oro k) BMecTe MOTYT BHIMOAHATH MO
KpadHeH mepe k£ paGoT, Tak KaK CpefH MMEBIUHXCS BHa-
yase paGor Ouio no xpafiHein Mepe k41 pabor, koTopHe
STH JIIOAH BMeCTe MOIVIH BHINOJIHATb, HPOH3BEJEHHOE XKe
Ha3sHaueHHe HA MeCTO M3BbfAJI0, caMoe OoJbluee, OAHY
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TNABA IV. YCTAHOBJIEHHE COOTBETCTBUHA

rognylo Ans HuX padoty. ITo npeanosoxeuuio MHAYKUHH
Raxaui 13 aTMX N — | uesloBeK Moxer GHITh ofecnieueH
noaxonsuel eMy paboroii.

Ecnu ycnoBre pasnoo6Gpasus BuhinoJHserca B o6pes,
PacCMOTPHM KaKyio-HHOGyab rpynny A, u3 %k, uenoBex
(kc<N), BMecTe TrOAHBLIX B TO4YHOCTH JJs ky paborT.
B cuay ycnoBus passoo6GpasHs ANsi KaXKABIX B U3 3THX
moaeir (npu k=1, 2, ..., k) Haiizercs He MeHee ueM R
noaxoAsuwux pabot. ITo npeanosnoMeHHIO HHAYKUHH Rg

8 n 1l K w w
. ‘ ; ° q o~ Harmnormy
RS AN / H AN :
‘\\‘\ / : \\ 1
NS IS 1 \ t
/S i AJ t
')\ ~ ' AN i
\ ~~ ] \ i
I' \‘ \\‘L \\ ¥
/ \ It Ny AN |
’ \ 1 ~ N 5
IS ~v & ~=/lpemendenier
8 ne n K 8 w
- - N —
A, B

Puc. 43

yenoBek MHOXecTBa A, Moryr Outbh oGecneuenbl paGo-
Toit, PaccMoTpum Teneps rpynny u3 N — R, ocTaBLIHXCS
aut. Mbl JIOMKHB IOK23aTh, YTO YCJIOBHE Pa3HOOGpa3us
OCTaeTcsl CIpaBef/IUBLIM AASl HHEX C yu4eTOM JIHIIb OCTaB-
wuxcs pa6bor, T. e. 4TO AAA KaxXmod rpynnm B, cocros-
weit U3 R u3 stux auu (npu k=1, 2, ..., N—ko), nahigerca
elte 1o kpakHe#t Mepe cBOGOJIHLIX MECT, Kaxjoe H3
KOTOPHIX OHH MOTYT 3aHsiTh. [l Toro uro6nl yGeautbcs
B 3TOM, MPEANOJOXHM, YTO JIIOAM M3 HEKOTOPOA rpynnbl
B BMecTe MOryr BHINOJHATh JuWb k' pabor, roe k' <k.
Torna moan u3 rpynne Ag+B, coctosmedr us ko+k
ye/I0BeK, BXOAAMMX B rpynnH A, u B, nepBonauanblo
ROMKHE ObiH 6H GHTb NPUIOAHBIMH JHUIb ANR Ro+ R’
pa6oT, YTO NPOTHBOPEUHT NMPERNONOKEHHIO O Crnpasesin-
BOCTH YCJOBMst pasHooGpasus. CnenosaTennHo, AIA
ocTapmerocsi MHoXectBa N—=&q aiun ychosue pasnooGpa-
SHMS BBIIOJHSETCA, M MO APEANONOXKEHHIO HHAYKUHH 3TH
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§ 2. APYTUE ©OPMVYJIUPOBKH

MOAH TOXEe MOryT ObiTb YCTPOEHH Ha {IOAXOAfIUHE HM
ROJIXKHOCTH; TEeM CaMHM TeopeMa MOJIHOCTLIO NOKa3aHa.

Ha puc. 43 n3obpaxen rpad ans cayvas N=6. Iep-
Bble TPH BepUIHHH Ha HUXHefl JMHHUM TNpPeACTaBASIOT
rpyany Ao (npn ky=3) u3 Tpoux mopmefi, aBasOMUXCS
COOTBETCTBEHHO BO/ONPOBOAYHKOM (B), INIOTHHKOM H BO-
RONPOBOXYHKOM (MB) OXHOBPEMEHHO H MJOTHHKOM (n),
a pe6pa HAYT K COOTBETCTBYIOUUHM AOJXKHOCTAM (Bep-
IIMHAM Ha BepxHeft auHuu). OcraBiuMecs TPH BepLIHHH
(N—ko=3) npencraasior Tpoux Jioaeii, rotossx pa6o-
TaTb COOTBETCTBEHHO KaMeHLIMKOM (K), BOZOMPOBOAYH-
KoM (B) u miTykatypom (w). 3aMeTuM, 4TO yC/IOBHE pas-
HOOGpa3Hs He CNpaBefJHBO AAA Trpynnu B, cocrosutei
M3 KaMEHLIHKA H BOJOMPOBOAYHKA, TaK KaK CpeAH OCTas-
LIHXCA BaKaHTHBIX MeCT HeT MecTa BOJOMPOBOAYHKA,
a eCThb TOJAbLKO MECTO KaMeHIUHKa. $IcHO, uTo ycsoBue
pasHoo6GpasHs He CNpaBeANHBO TaKXKe H AJMA MHOXeCTBa
Ao+ B u3 naTH uenoBeK, TaK KaK HMeEIOTCA JHIIL yeThipe
NOAXOAALLHE HM HOJXKHOCTH. '

§ 2. Apyrue dopmyanposku

BBeas nsynonbHuifi rpag, Kak Ha puc. 42, Mel pac-
CMaTPHBAJH OJIHO MHOXECTBO ero BepliHH M Kak MHO-
JKecTBO JIHU, XXeNaloUIMX MoAyuuTb pabGory, a apyroe
MHOXecTBO P — Kak MHOXeCTBO COOTBETCTBYIOLIMX MeCT
paGoth. [lpennonoxum Tenmepb, YTo MH MOXEeM MNpejo-
CTasHTb NOAXOAAWLYI0 PaboTy KaMAOMY M3 3THX JHIL
Ha s3bike Teopun rpados 370 03Hauaer, YTO H3 KaXON
BepuIHHbl M BBLIXOAMT onpexeneHHoe pe6po, NPHUEM HH-
Kakue fBa H3 3THX peGep He BeayT B OAHY H Ty Xe
BepmiaHy 3 P. B 3Tom cayuae roBopAT, uTo MMeercs
oTo6paXeHHe MHOXKecTBa BepmHH M B MHOXeCTRO
BepwnH P (puc. 44). Mb Bugenn, uto aas cyuiecTsoBa-
HHsi Takoro orob6paxenns M B P Heo6xogumo M gocra-
TOYHO, YTOGH GLLTO BHIOJHEHO YyCJO0BHE Pa3HooGpa3us,
T. e. 4ToOH Kaxjbe k BepuwinH M3 M Guu coexuHenut
peGpamu no KpafiHe#l Mepe ¢ 2 pasNHYHLIMH BepLIHHAMH
13 P. Ecau P u M uMelor oHO ¥ TO e UHCJO BepIIHH,
TO TaKoe oToGpakeHHe ABJAETCA B3aHMHO OZHO3HAUHHIM



TJIABA V. YCTAHOBJIEHHE COOTBETCTBUN

COOTBETCTBHEM MeXAy MHOxectBaMu M u P; coorser-
CTBYIOIIME ADYI [DYry BepIIHHBI COEAHHEHbH peGpaMu
rpaga (puc. 45).

Ota 3ajaya ycTaHoBJeHHs Ha rpade HeKOTOPOro
COOTBETCTBHSI MEXKIY €ro BepPUIKHAMH MOXeT HMeTb H

Puc. 44

MHOTO  HHBX ¢opMmyanpopok. [Ipeanonoxum, wHanpu-
Mep, 4TO y Hac MMeeTcs rpynna M3 £ loHoweil u k Je-
Byurek. Hexkotopbie U3 HHX VXKe 3HaKOMB ApYT C ApY-

P o 3’ 5’ 1 4

Puc. 45

TOM, ¥ BO3HMKAeT BOMPOC: B KAKOM CJyyae MOXKHO pas-
6UTb 3THX MOMOABIX JIIOJeH Ha Napsl AJs TaHIEB TaKHM
06pa3om, 4ToObl BCe IOHOUWH TAHLEBAJH CO 3HAKOMBIMH
JeBYIIKAMH?

MoxHo TaxkKe 06paTuTh 3Ty 3a1auyy H NMOCTaBHTL ee
caenyiomuM ofpa3oM: B MafeHbKOH [IepeBHe HMeercs
OJMHAKOBOE UYMCJIO B3POCJBIX IOHOMWEH H [eByliek; OOh-
yaeM He JOMYyCKaeTcsi, YTOOBl IOHOLIA JKEHHJCA Ha Oau3«
KOil poACTBEHHMIE — cecTpe, CBOAHOH CecTpe HAH HABOIO~
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§ 2. APYIHE ©OPMYJAHPOBKH

poaHoft cectpe. [Ipu KakOM ycJ0BHH A/l KaXKAOro
IOHOIIH HafAeTcA HeBecTa M3 9TOff ke aepeBHH? [lo-
ApeXXHeMy MBI MOXeM H306pasHTh BCe BO3MOXKHOCTH
KeHHTHON AMs KaXAO0ro JIHIA NPH NMOMOLIH HEKOTOPOro
ABYJOABHOrO rpatha —B 3TOM cjlyyae €ro BepuHHH O6y-
AYT coeinHeHH pe6paMH JHIIb TOrJAa, KOrga COOTBET<
CTBYIOLIHe JIHIIA He COCTOAT MEXAY co00ii B POACTBE.

A Bor eme onuH BapHaHT 3Toil 3ajaud. B pameil
IIKOJIe HMEETCS HeCKOJIbKO KPYXKKOB, MB MOXEM Ha-
3BaTh HX

C: Cl’ Cz, ceny CN'

EcrecTBeHHO, 4TO KaXABH M3 3THX KDPYXKKOB AOJMKEH
HMeTb cTapocty. Jast Toro uTo6bl HCKAIOUKTE NEPerpysKky
yyamuxcsd, OHJIO NOCTaBJAeHO YCJAOBHe, YTOOBI HH OAMH
YYEHHK He sBJAsJICA CcTapocroit Gojee ueM OXHOro
KpyxKka. CHOBa BO3HHKAeT BOMPOC: NPH KAKOM YCJOBHH
3TO BO3MOXHO? $ICHO, UTO 3TC BO3MOKHO He BCErAa; €CaH
YHCAO KPYXKOB B CPaBHHTEJbHO HEGONBIION LIKOJE
CJIMILKOM BEJIHKO, 3TOMY YCJOBHIO YIOBJIETBOPHTh HEJb3,

Uro6n pewuTh 3Ty 3agauy, MW NO-NpexHeMy o6pa-
THMCSl K ByA0NbHOMY rpady. B saToM cayuyae oaHo MHO+
KeCcTBO BeplIMH rpada Gymer €ocroate H3 N KpyKKOB,
a pyroe MHOXeCTBO BEpIIHH P — 3T0O MHOXECTBO BCexX
YUEHHKOB WIKOJH. Mbl mpoBomum pe6po or kpyxka Cj
K YYEHHKY P B TOM Clyuae, eclnu p siBasercs uiaeHoM Cy.
Fipu stom ycnoBhe pa3Hoo6pasus npespaiiaercs B cJae-
Ayiollee: Ka)kaasa rpynna u3 R Kpyxkxos (npuk=1,2,..,
«y N) Zonxua BKIIOYaTb MO MeHblled Mepe k2 pasmuys.
HbIX yueHHKOB. CornacHo NoKa3aHHOM HaMu Teopeme,
3TO -~ TO YCJIOBHE, NPH KOTOPOM KPYXKKH MOTYT HMETb
Pa3JHYHLIX CTapOCT.

[ocraBuB 3amauy Takum 06pa3om, Mbl NMpHUBENH ee K
TeopeMe, ony6aukosannoii B 1935 r. auraufickum Mare-
mMatHkoM Pununnom Xoasnom. JlaHo Hekoropoe yucao N
mHoxecTB C;, KaX/ioe H3 KOTOPHX COCTOHT H3 3JE€MEH-
TOB P; COBOKYNHOCTb BceX p 00603HauHM uepes P. Mu
XOTHM MNOCTaBHTb B COOTBETCTBHE KaXKAOMY MHOXECTBY
C: oxMH M3 ero 3JeMEHTOB p; TaknM 06pa3oM, uTOOH
PasnuYHBIM MHOXKecTBaM GHUJIM MOCTaBJeHH B COOTBET-
CTBHE Da3NMUHBIE 3JeMeHTH H3 P. DTo BO3MOXKHO TONLKO



TJIABA 1V, YCTAHOBJIEHHE COOTBETCTBUR

B TOM CJyuae, KOrAa BHIIOJHEHO CJenyloliee YCAGBHe
Kaxaune k MuHoxects C; (npu k=1, 2, ..., N) Bmecre
JOJKHBL COlepKaTh NO KpalHeil Mepe & pasAHYHBIX 5Jes
MeHTOB H3 P,

BepueMcs eltle pas K GopMyanpoBke Hamed 3ajau,
CBA3aHHOH © HMMeEIOUHMHCH B I1IKojae KpyxkamH. Eca
YHCJIO KPYXKOB CJIMIIKOM BeJHKO, H8 BCErAa JIerKo KO-
Ka3aTb CHpaBeldJHBOCTb YCJIOBHS pa3HooGpaswus. I1oaro-
My €CTeCTBEHHO INOCTaBUTb CHENYIO:LHiHl BOIPOC: MOXKHO
JH YKa3aTb Kakoe-HHOYAb Npoctoe npaBuio (OPMHPO«

b 2 3 q 5 6 7 8

BaHHsl KPYXKOB, rapaHTHpylollee BO3MOXHOCTb BhGOpa
JAJf HUX Pa3Ju4yHHX CTAapocT?

St1o nAeficTBHTENBHO oOcyulecTBHMO. s Toro uToObl
NnoKasaTh, YTO Mbl HMeeM B BHAY, NpPEANOJOXHM, YTO
KaxX/Jblfi KPYXKOK COCTOMT IO KpaliHeil Mepe H3 NATH yues
HukoB. Torza Ha cooTBercTBylOmeM rpade U3 KaXHoH
BepWIHHB MHOXectBa ( 6yler WCXOAHTb MO MeHbILUeH
mepe 5 peGep. [las rpynnsl u3 kK Kpy»XKoB GyxeT HMEThCH
He Menee 5k pe6ep, WAYUIHX M3 COOTBETCTBYIOIIHX Bep-
wuH C K BepminHam u3 P (cM. puc. 46, rae k=4). Te-
nepsb, ecaH Mbl NOoTpebyeM, 4TOGH KaXKOHH YYEHHK yya-
CTBOBaJ He 0OJlee ueM B NATH KPYXKKax, 370 OYeT 03Ha-
4aTh, 4YTO pebpa OT X KPYy>KOB AOJIKHH HATH MO Kpaii-
Hell Mepe K k BepmmHaMm u3 P, u, cle0BaTeNbHO, YCJI0-
BHe pa3HooOpa3us GyAeT BLIOJHEHO.

3To paccyXJeHHe SBJSETCH COBEPUICHHO OOLIHM, TAK
YTO MbI MOXeM CQOPMYJIHPOBATh CAEAYIOUIHH Pe3y/bTaT,
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§ 3. KPYTOBBLIE COOTBETCTBUA

Hotrpebyem, uTobsr 8 KAKOOM KpPYXcKe Y4acré08a.10
no kpadnetl mepe t yuenHukos u 4T00bl, KpOme TO20, HU
00un yueHux He cocTosa Goaee uem a t kpywkax. Tozda
gce20a MONHO HaliTU OAR 3ITUX KPYWKOB PAIAUYHBIY
cTapocrt.

YnpaxXnenus

1. INpuBeante npuMep TAaKOTO MHOXECTBA KPYXKOB, B KOTOpPBIX
HeJqb3s 6blyIo 6B BLIGpaTh Pa3HUHBIX CTAPOCT.

2. CKONbKO KPYXKOB. M3 TPeX YYacTHHKOB MOXHO o6pasoBaTh B
Kaacce M3 12 yueHHKOB? MoryT an Bce 3TH KPYXKH HMeTb pas-
JHYHBIX CTApOCT?

3. Yxaxure otoGpaxensie M B P aas rpada, n3o6paxensoro na
puc. 42.

§ 3. Kpyrosnie cooTBeTCTBHSA

Bo Bcex cOCTA3aHUAX MPHUXOAMTCA CTANKHBATLCA ¢ BO-
npocoM O TOM, KakMM 06pa3oM o6beaHHATL B maphl OT-
IeNbHBIX yuacTHUKOB. MHoraa 3ajaua okasmiBaercs Mpo-
CTOl; HanpuMep, ecAH YCJIOBHTHCA, UTO MOC/]e KaxAoro
Typa BCe NoTepneBlIHe NopaxeHue BLIOLIBAIOT H3 HIPLI,
TO M3 OCTAaBIUMXCA YYaCTHHKOB 00pasyloTCsi HOBbIE Maphl,
NpHYEM BO3MOXKHO (KOIAa YHMCJO HTDOKOB HEUeTHO), YTO
OIMH H3 HHX OKaxeTcsi CBOOOIHLIM OT MIpbi.

DTa 3a7a4ya HeCKONbKO CJOXHee B Clydae <«Kpyro-
BOI'O TYpHHpa», NoJ06HOro OOLIYHBLIM HIaXMaTHBLIM TYPHH-
paMm. 3dechb Kaxabli W3 yyacTHHKOB JOJMKeH HrpaTb ¢
KaXIbIM H3 OCTaJbHbIX, H BaXKHO 3apaHee NPHIOTOBHTD
TYPHHPHYIO Tabauuy.

ATy CUTYyaUHIO CHOBA yA06HO H300pasuTh ¢ NMOMOLILIO
rpaca. [1peanonoxuM, uto uMeercss N HIDOKOB, TaK uTO
KaxAbli U3 HUX Hrpaet N — 1 urp ¢ ocTaidbHBIMH yyacT-
HukamMu. Kaxkgas urpa mno-mpexHeMmy npeacTaBisiercs
pe6pom (A, B), coeauHsioliuM ABYX HTPOKOB, T. €. IBe
BepuiHabl A u B rpada. Bes coBokynHOCTL Hrp mpejl-
CTaBHTCH TOrAa NOJAHLIM rpadoM, umewouiuM N Bepuiun;
Ha puc. 47 u3o6paxen Takoh rpad ana N=6.

B raxaoM Type Hrpoku Kak-To OOBEAUHAKTCA B
napsl. TlpeanosnoxkuM noka, yto N 4eTHO, H 3TO MOXHO
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FJIABA IV. YCTAHOBJEHHWE COOTBETCTBURN

caenats. Ha rpage takoe o6bennnenne B napbl coOTBeT-
cTeyeT BuOOpPY 5 N HecmexHuXx peGep, no ogHOMy A1s
Kaxcpo#t u3 N Bepunn. [Jasi ciedyioulero Typa MOMKHO
BHIOpaTh HOBOE MHOXECTBO U3 5 N pebep u 1. 1. 1o Tex
nop, noka Bce urpel He Oyayt coirpasbl. Ha pue. 47

Py
Puc 47

pe6pa nomeueHsl ciaeaylomuM o6pa3oM: Te, HAa KOTOPbIX
CTOMT YHCJO |, OTHOCATCS K napaM, BCTPeYaloLUMcs B
nepBoM Type, Te, Ha KOTOPHIX cTOMT uudpa 2,-—k ma-
paM, BcTpeyalolMMcs BO BTODOM Type, H T. 1.

Ilpu GonpiioM uncae HrPOKOB (haKTHYECKOE COCTABJE-
HHe Takod TaGauuBl AN BCeX TYPOB CPa3y CTAHOBHTCS
JOBONLHO TPYNOEMKHM, eCIM He YKa3aH KaKoH-HUOYIh
CHCTEMATHYECKH MeTod. MHOTHe CNpaBOYHHKM MO MpO-«
BEJIEHHIO TYPHUPOB COAEPXKaT NPOCTPaHHHBle TaGAHLBI
00beIMHEHHS HIDOKOB B Maphl A/ Pa3HBIX YHCEJa Hrpo-
koB (N=6, 8, 10, 12 u 1. n.). Ilpu cocTaBnennn TabAHIbI



§ 3. KPYTOBHIE COOTBETCTBHSA

AOCTATOYHO Mpeanojaratb MNO-NPeXHeMy, YTO WHHCIO
urpokoB N uyetHo. Ecan oHO oOKaXeTcs HeueTHHM, TO
BCerja MOXHO no6aBuTh (UKTHBHOTO Hrpoxa F, moroso-
PUBLIHCh, YTO TOT, KTO JAOJIKeH Hrpath ¢ F, B 3ToM Type
cBo6oJeH OT Hrphl.

1 2 3 4 5 6 .« s« N
2 A N N-1 N=2 N—3 + « » 43
3 4 ,7’ 2 N N=—~1 e o 6 5
4 6 5 4 3 2 N « « 87
AN + 1 N N-1 N-2 - . e s+« 32
N+2 | 3 2 N N-1 - « « 54
N |[N—71 N-2 . . . e e .2 M
Pnc. 48

OnuuweM npocroil H BNoJHe OGLUIME MeETOX MOCTpOEs
HHS TYpPHMDHO#H TaGAHUB AJs YEeTHOTO 4YMc/ia MrpokoB N.
O603HauuM HMTpOKOB uHcaamu 1, 2, ..., N n 3anuiem
3TH YHC/a B MX €CTeCTBEHHOM NOpsAKe B NepBOH CTPOKE
KBaapaTHo#t Ta6auun, B caegylomeit crpoke 3toii Tab-
JIHIB Mbl XOTHM MOCT2BHTL HOMepa MPOTHBHHKOB 3THUX
HIPOKOB B NepBOM Type MaTua. AHAJOTHYHO B TPeTbeil
CTPOKe MHI BLINHIIEM HOMEpa NMPOTHBHHKOB TeX ¥Ke Hrpo-
KoB I, 2, ..., N BO BTOpPOM Type H T. A. AO Tex MOp, NOKa
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TJIABA 1V, YCTAHOBJIEHHE COOTBETCTBHI

BCE HIPOKH He ChIrPaloT APYr ¢ XAPyroM. $IcHo, uTo Hamia
tTabauna AOMKHa OBITh TaKoH, uToGbl BCe BO3MOXHbBIE
Nnapel HFPOKOB BCTPETHJIACH B Hefl B TOUHOCTH NO OJHOMY
a3y. Cnoco6 cpenatbh 3TO MoKa3aH B TabJuue Ha puc. 48.
TOOBl YCTAHOBUThL NPOTHBHHKA j-rO MIpOKa B k-M Type,
AOCTATOYHO B3TJSHYTb HA IlepecedyeHue j-ro cronbua U
(B+1)-#1 cTpoKH 3TOH Ta6GAHULL

Tabanua yctpoeHa ciaefyioWUM 06pa3oM.

B nepBoft c¢Tpoke, kKakK yxe GBUIO CKa3aHo, mepeuH-
cleHbl UTPOKH OT | mo N; 3TH XKe yucJa MBI MOCTaBHJH
u B nepBoM cTtoJlue, Teneps Ha octaBuigecss N — 1 mect
KaX/IOd CTPOKHM MBI CTaBHM uucaa oT 2 10 N B UHKJH-

YEeCKOM mnopsiike No yOsiBaHHIO. IlepBrie §N CTPOK HA-

YMHAIOTCS € YeTHHX uucen 2, 4, .., N #u Beiragaar
Tak:

2 N N_l . . . » . 4 3

4 3 2 NN-—-1 ., ., . 6 5

O . . . . . .

N N—1 N—2 ., e e .« 3 2

Ocransible CTPOKK HAYHHAIOTCA C HEYETHBIX YHCEJHd

3,5 ..., N—1 y umeror Bug
3 2 N N—l . . [ . . 5 4
5 4 3 2 NN—1, . . 7 6
N‘—l N_ - . . ] . . . 2 N

3aMeTHM, Y4TO B 3TOH Tab.auuUe OTCYTCTBYyeT umciao 1;
€ Apyroi#t CTOPOHbI, TaK KaK HHKTO He Hrpaer IPOTHUB
camoro celsfi, TO YHCJO, CTOslllee BBEpPXy cTosabua, HH-<
Korga He JO0JXKHO B 3TOM cToallle NOBTOPAThCSA. MBI
ycTpanuM o6a 3TH HejoueTa, ec/qH 3aMeHHM Bce UHCJA,
CTOAIlHE HA IJIaBHOM [MATOHAJM, eJHHHMUAMH, KaK Io-
KazaHo Ha puc. 48. Teneps Kaxpblii UrpoOK HaigeT HOX
CBOHM HOMEDPOM HOMepa HMrPOKOB, ¢ KOTOPBIMH OH Hrpaer
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§ 3, KPYTOBBIE COOTBETCTBHSA

B pa3nuunbiXx Typax. Hanpumep, urpok 4 urpaer ¢ urpo-
koM N — 1 B nepBoM Type, C HTPOKOM 2 BO BTOPOM TYype,
¢ HrpoKoM 1 B TpeTbeM Type, ¢ HFPOKOM 6 B uyeTBepTOM
Type H T. A. W, HaKoHell, ¢ urpokoM N —3 B (N —1)-M
Type.

YnpaxHuenus

—

Toctpoiite TypHUpHYI0 Ta6anuy aas N = 6, 8, 10.

2. JlokaxHTe, YTO NpHBejeHHaA BHie Tabianua NeHCTBHTENLHO MO-
JKeT CAYXKHTb TpadgHKOM TYpHHPA; AJNA 3TOrO NpPHAETCA NpO-
BEpHTDb, YTO:

a) KaXAWA M3 MIPOKOB B 3TOM TYpPHHpe HrpaerT Mo OAHOA MapTum
C KaXaBIM M3 OCTalbHbLIX HFPOKOB;

6) KaXABfl K3 HFPOKOB B PasHLIX Typax HMeeT Da3HbX NPOTHBHH-
KOB;

B) eCAH B HEKOTOPOM Type HIPOK j BCTPENaercs ¢ HrpoKoM &, TO
B Tabanue B KayecTBe MPOTHBHHKA 2 B 3TOM Type AO/MKeH OhITh
yKa3aH j.



r1ABA V

OpueHTupoBaHHble rpadel

§ 1. CHoBa cnopTHBHBIE COCTA3AHHA

B nepBoit raase, BBoasi noHATHe rpada, MBI paccMa-
TpUBaJH B KayeCTBe MNPHMePa COCTA3AaHHUA CIOPTHBHBIX
KoMaHI. Mbl coeinHsnu aBe KoMaHabl, ckaxeM A u C,

A
B

E D
Puc. 49

pe6pom AC B TOM cayyae, KOraa 3TH KOMaHABl yiKe
urpanu Apyr ¢ ApyroM (cM. puc. 1 ua crp. 12). Onnako
TakoH rpad He JlaeT OTBeTa Ha OAHH BECbMa CYILECTBEH-
HHIH BOMPOC: KTO HMEHHO BBIHTPaN Hrpy?

STOT HENOCTATOK JIETKO MOMeT OuiTh ycTpaHed. Ecan
KoMaHaa A Buiurpana y C, ycaoBuMcst cTaBuTh Ha peGpe
AC crtpenky, Hanpasaennyw or A k C. Tlpeanonoxu,
YTO HaM M3BECTHH pe3yJbTaTsl BCEX YKe CHIrpaHHBIX
urp, ¥ pobasum K rpady puc. | cooTBercTByWOILHE
CTPEJKH; NYCThb NMPH 5TOM Noayuutcs rpad, nzobpaxeH-
Hulil Ha puc. 49, Ha stom rpade nokasaHo, uto xomanza
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§ 1. CHOBA CHOPTHBHBIE COCTSI3AHUS

A Buiurpana y C, xomanaa F npourpana D, a B BH-
urpana Bce urppi—c¢ C, E, Fu 1. A.

I'pad G, na KoTopoM yKasaHO HamnpaB/JeHHe KaXAOTO
ero pe6pa, Ha3LBaeTc! OPHEHTHPOBAHHHBM TP a-
¢ o M. Takoil rpad, Kak MH BHAeNH, MOXKET COAEPKATh
nHdopMauHIO o0 pe3yabTaTax COPEBHOBAHHS MEXAV
KOMaHJaMH WJH OTAeJbHBIMH urpokaMu. O6paTHo, Kax-
Ablfi OPHEHTHPOBAHHBIH IPad MOKHO paccMaTpHBaTh Kak
reoMeTpuyecKoe npeacras/eHHe Pe3yJ/bTaTOB HEKOTOPOro
COCTA3aHUA.

A B

Puc. 50

Mu obowsy MOJIYaHHEM OJMH BOMPOC: a uTO, ec/H
KaKas-To Mrpa OKOHYHJach BHH4YbIO? Huueitnbie pesyns-
TaTBl CAYXKaT NMOMeXoit NpH cueTe OYKOB B JioGOM Typ-
Hupe. Yacto, HanpuMep npM urpe B TEHHHC WJIH B
ckBow '), npaBusa Mrpnl GOPMYJHpPYIOTCA TakK, YTO HH-
yefiHble pe3yAbTaThi BooOuUle HEBO3MOXHBL. B apyrax
Hrpax, TakuX, Kak roab® uau ¢yr6os, HTPOKH M KOMaH-
OB, Aas Toro uro6H H306eXaTbh HHYEHHOro pesyJbrard,
HrpaloT A0onoJaHHTebHble TYphl. Ecan e HMueiiHble pe-
3yAbTaThi HeM36eXkHbl, Ml MOXEM OTPa3uTb UX Ha rpade,
OCTaBJisii  COOTBETCTBYIOWlHe peGpa HeOpHEHTHPOBAH-
HeiMu, [IpH 3ToM MBI NONYYHM Tak Ha3blBaeMHI C M e-
WAaHHBHA rpad, Ha KOTOPOM HMEIOTCH KaK OPHEHTH-
POBaHHBIE, TaK M HeOpHeHTHpoBaHHbie pebpa. Kak MH
YBHAHM aajiee, rpadpl Takoro BHIAA BCTPEHAlOTCA U B
APYTHX BONpOCaX.

B xauectBe npumepa cmewanHoro rpada paccMoT-
pum rpad, nzoGpaxenHuidt nHa puc. 50; Ha 3TOM rpade

) Urpa B Mau, noxoxas Ha TEHHHC.
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TJIABA V, OPHEHTHPOBAHHBIE TI'PA®LI

yKa3aHhl pe3yJbTaThl Hrp uethipex koMmaua A, B, C u D;
Komanaa A seurpana y B u C u cerpana sHuunio ¢ D;
B npourpana A, curpana Buuubio ¢ C u Buiurpana y D;
C npourpana A, suurpana y D u ceirpana Buuubio ¢ Bj;
D cuirpana sunusio ¢ A u npourpana B u C.

§ 2. OaHocTopoHHee ABHKEHHE

Kapra n1060it ceTH aopor MM yaAML [aeT HaM Hes
CKOJBKO CNeuHanbHblH, HO 3aTOo HarnNAfHbLIE NpHMep
rpada. Ha coBpeMeHHOM mn/aHe ropofa AOMXKHBI GhITh

Pnc. 51

NOKa3aHbl He TOJBKO OTHOCHTEJLHOE PACNOJOKEHHEe YJHIL
W HX IlepeceyeHHs, HO TaKKe M TO, Ha KAKHX YJHIAX
HMeeTcs: ABYCTOPOHHHH MOTOK TPAHCIOPTA, a HA KAKHX -—
OJIHOCTOPOHHEe JBHIKEHHe, NMpPHUYeM B TNOCJAEJHEM cJiaydae
JOMXHO OBITh YKa3aHO M HanpasJeHHe ABHxKeHusa. [Ipu
3TOM CHOBa MNOJYyYaeTCss OPHEHTHPOBAHHBI WJH, ualle,
cMellaHHeld rpad), eclH OQHOCTOpPOHHEe JBHIXKEHHE yCTa-
HOBJIEHO He Ha BceX yaulax ropoja (puc.51). Brnpouem, B
nocJeJHEM CJayyae MOXKHO caesnarh rpad OpHeHTHPOBAH-
HbIM C NOMOIUBIC NIpHEMa, KOTOPHIH YacTo HCMOJb3yeTCs
B TEOPHH IPagoB M COCTOHT B 3aMeHe KaXI0ro HeopH-=
€HTHPOBAHHOrO pe6pa ABYMsSI OPHEHTHPOBAaHHBIMH pefi-
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§ 2. OXHOCTOPOHHEE ABW)XEHHE

paMH, COeAHHAIOUIHMH Te e caMble BEPLIHHBI H HMEIO-
wWHMH TIPOTHBONOJOKHbIE HAaNpaBJeHHS.

[lpn paccMOTpeHHH OJHOCTOPOHHEro HBHIKEHHA B
ropojie BO3HMKAIOT BOTPOCH], MHTEpecHble H s obuiei
TeopuH rpacdos. IIpeanonokuM, uro B ropoje peuieHO
BBECTH HOBbie MNpPaBHJa [BHXKEHHS, COIVIACHO KOTOPHIM
OBHXXEHHe NO KaxXAO0H yJulle CTAHOBHTCH OZHOCTOPOH:
HAM. JT10 Obli0 Gbl, KOHEYHO, HenpHeMJaeMo, ecau G6bl
0Ka3asioch, YTO IPH 3TOM He BCeraa MOXHO MNpoexaTh
H3 oxHOro Mecra B papyroe. ChpaluiHBaeTcsi, MPH KakoM
YCJAOBHM YJAHLBI ropoja MOXHO OPHEHTHPOBATb TaKHM
obpasoM, 4ToObl M3 000r0 NMyHKTAa MOXKHO OBIO HPO-<
exaTh B /060l Apyroil, He Hapyllas NPaBHJ ABHKEHHUS
no ynuuaM. CooTBeTcTByiOllasi 3aflaya Ha sI3bIKe TEOPHH
rpagos q)opmy.nu%yerca crenyomuM 0o6pasoM: NMpH Ka<
KOM YycioBHM pebpa rpada G MOXKHO OpPHEHTHPOBATb
TaK, uro6nl Anaa A1060# napel ero BepPLIHH HalIach
COEHHAIONIas HX OPHEHTHPOBaHHas lenb?

SlcHo, uto Takoit rpad MoaxKeH GbiThb cBA3HBIM. Of-
HaKO 3TOr0 HeJOCTaTOYHO.

Pe6po &= (A, B) rpada Mb 6yaem Ha3nBaTh CB 9-
3HBAalOMHUM peb6poOM, HIH NepelleH KOM, eclH
OHO SABJSIETCA eJHHCTBEHHBIM nyTeM oT A K B wan
o6paTtHo. CBfA3biBawulee peGpo AeNHT Bce BepLIHHDLI
rpal?a Ha JBa MHOXeCTBa: Te, B KOTOpble MOXHO MPHATH
u3 A, He npoxoas no pe6py & u Te, B KOTOpble MOXHO
npuiiTh u3 B, ne npoxons no & Ipad B 3ToM cayuae
COCTOMT M3 ABYX uacteii Gy u G, COeAHHEHHBIX TOJBKO
pe6pom & (puc. 52).

Ha kapre ropona cssa3biBalolee pe6po— efHH-
CTBEHHAasi MAarHCTpafdb, COERHHAOLIAsA OTAeNbHble YacTH
ropoga. OHo MoXeT GbITh €IHHCTBEHHBIM MOCTOM uepe3
PeKy HJIH €IHHCTBEHHBHIM eJe3HO/JOPOXKHLIM TOHHENEeM.
SlcHo, uto ecnm GBI Ha TAKOH Marucrpanu GO ycTa-
HOBJIEHO OJHOCTOpDOHHee [BMXKEHHe, TO H3 OZHOH 4YacTH
ropona B Apyryio He Gbino Gbl mpoe3aa.

Brime (§ 1 ra 1II) Mp HaswBaJn KOHEYHBIM
pe6powm Takoe pe6po &= (A, B), oaUH U3 KOHLOB KO-
TOpOro, HanpuMmep A, He NpPHHALNEKHUT HUKAKOMY ApY-
romy pe6py rpada (puc. 53). Takoe pe6po & Toxe
AO/KHO pacCMaTpPHBATbCA KaK CBf3bIBalollee, TAK Kak,
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IJJABA V. OPHEHTHPOBAHHBIE TI'PAQLI

kpome &, Het nyTH, coeannsiiomero A ¢ B. MoxHo cuu-
taTh, uto rpad G, puc. 52 Kak Obl «CTAHYT®» B OIHY
BepuinHy A. Ha nuane ropoaa KoneuHoe pe6po cooTsert-
CTBYeT TYNHKY; Ha HEM TOXe HeJlb3sl YCTaHOBHTbH OJHO-
CTOPOHHEE JABHIKEHHE, He GJIOKHPYs 3THM Bbe3x B A HIH
BHie3q u3 A.

Ecau pe6po &= (A, By) He sABasercs cBA3LIBalO-
LM, TO HaliaeTcs ¥ APYroi myTh, coenuHsiomuii A, u By
H He npoxoasuiuil no &, (puc. 54). ITosToMy Takoe pe6po

Gy

Puc. 52 Puc. 53

&, HasbiBaeTcs uMKAKHuecKUM pe6pom. Hraxk, na
rpade wumelotrcss pe6pa ABYX THIOB — LMKJIHYECKHE H
CBSI3bIBAIOLIHE.

Tenepr MBI MOXKeM [A0Ka3aTb CJEAYIOLLYI0 TeopeMy.

TeoreMa 1. Ecau G — HeopueHTUpoBaKHbLE CBA3HOLLI
epag, To scez0a MONHO TAK OPUEHTUPOBATL YUKAUYECKUE
pebpa u3 G, ocrasus cea3vigaroujue pebpa HEOPUEHTU-
posarnbimu, 4T0bbi A100YI0O napy sepuwiun 3To020 2pagpa
MONHHO 6bla0 COeOUHUTL OpUEHTUPOBAHHOU Yensio.

Jnas nnana ropoaa 370 yTBepikicsHHe MOXHO cdop-
MYJHpOBaTh CJAEIYIOIIHM 006pa3oM: eCJdH OCTaBHTb ABY-
CTODOHHEe ABHXKEHHEe TOJbKG HAa MoOCTaX (NPH YCJIOBHH,
YTO JJaHHLIR MOCT fIBJAsieTcs €IMHCTBEHHHIM MOCTOM Yepe3
PeKy) M Ha TYNHKaxX, TO Ha BCeX OCTaJbHBIX YJHIAX
MOXHO YCTAHOBHTb OJHOCTODOHHee JBHXE€HHe TaKuM
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§ 2. OTHOCTOPOHHEE HABWXEHHE

of6pa3oM, 4YTOOb TpaHCHOpT 0GecmeunBan CBA3b BCEX
yacTeit ropoja.

Mu MoxeM J0Ka3aThb 3Ty TeOpeMy, yKasas cnoco0
COOTBETCTBYIOIIEr0 OpHeHTHpoBaHHa rpada. Hauxem
¢ Toro, uro BhiGepem B ( nponsBOJbLHOE peGpoO
&= (A, B). Ecan & — cpasniBaiomee pe6po, OHO OCTa-
HeTCs ABYCTOPOHHHM, H TOTAa MOXHO 6y/er nepeitH OT
B x A u obpatho Baoap & (puc. 55). Ecain & — unkau«
yeckoe pe6po, TO OHO BXOAHT B HEKOTOPHIH uUHKA C
H TOrZa Ha Bcex pe6pax uukia C MOXKHO YCTaHOBHTb

B
B

®

Puc 55 Puc. 56

IHK/IHYECKYI0 ODHEHTAWHIO; fICHO, YTO M3 JMI060H BepllH-
HBl G MOXHO mepeiiTn K JMI06oit Apyrof, cieays yKasaH-
HbLIM Ha pe6Gpax HanpaBjeHusM (puc. 56).

ITOT npouecc MOXKHO NPOAO/KHTb. [lpeamonoxum,
YTO Mbl YXe OPHEHTHPOBalH HeKoTopyio uactb H pac-
cmatpuBaeMoro rpada G Tak, uTo H3 J060it BepIIHHB
rpada H MoxHo npoiiTu B a106yI0 APYrylo ero BepuiMHY
¢ co6JloieHHeM NPaBUA OJHOCTOPOHHero aBuxeHHus. Tak
Kak rpad G spasercs cBs3HLIM, T0 AH6o H cosnanaet
co BceM rpadom G, mu6o Hadperca pe6po &= (A, B),
«kacawoleecsi» H, T. e. Takoe, 4TO OHO He NMPHHALJIENHT
H, 1o onna u3 ero sepuuy, ckaxem A, npuHagnexur H.

Ecan & — csasniBatomee pe6po AB, To, Kak MH yxe
YCJAOBHJAHCH, OHO oOcTaercsi ABycTopoHHuM. Toraa pad
Jo6oi Bepuwuust X rpaga H MoXKHO HaHTH OPHEHTHPO-
BaHHyl0 uens &, coepunsiomyo X ¢ A, a 3Hauur (uyepes

——
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I'TTABA V. OPHEHTHPOBAHHBIE T'PA®LI

pe6po &), u ¢ B. O6paTHo, oT BepiunHsl B uepe3 pe6po &
MOXHO mepeilTy K A, a 3aTeM — 10 OPHUEHTHPOBAHHOMK
nenn ¥ —ot A x X (puc. 57). Ipucoenuusia & x H, mut
nonyunM y:Ke 60abwyio yacTh rpatda G, o6nanamouiyio
Tpe6yeMbiM CBOHCTBOM.

Puc 57

Ecau ke pebpo & =(A4, B) saABasieTcs UMKIHYECKHM,
OHO NPHHAMIEKUT HeKOTOpoMy LuKAy C. Mol ycTaHOBUM
HanpasieHne Ha C or A Kk B u nanee sgonp C 1o nmep-
Boit Bepwuubl D u3 C, npunaanexaieir H (puc, 581;.

Puc. 58

Bce 3T pe6pa mbi npucoegunnm Kk H. Ilycre X — mpo-
U3BOJbHAs BeplinHA U3 H, a Y — nio6as sepuinua u3 G;
MOHHO HaHTH ODHEHTHDOBAHHYIO HeNb ¢, NPHHALIEK:-
myio H u coenunsitowtyio X ¢ A, a 3atem Bgoab C npoii-
TH K BepuwHe Y u3 €C. O6parHo, oT Y MOXKHO NpoiiTH
Broab C k BepuwiHe D, a oT nee — npuHaanexawein H
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$ 2. OTHOCTOPOHHEE JABWXEHHE

opuenTHpoBaHHONl uenblo Z-~—or D k X. Iloatomy
OpHeHTHPOBaHHEI rpad, noayueHHbli go6asnennem K H
yKa3aHHBIX pe6ep uukiaa €, TakKe yAOBAETBOPSET Tpe«
6yeMBbIM YCJOBHSIM: TO, 4TO OT Ji000fi M3 noGaBieHHLIX
repwHH Lukaa € MOXKHO mpoiiTH K Mo6oit apyroit u3
3THX BepIUHH ¢ COOJIOfeHHeM YCNOBHH, CBS3aHHHIX C
opHeHtauueit peGep, ouesuaHo (puc. 58), Ilpomonxas
3TOT mpouecc, Mbl B KOHLle KOHUOB OpHeHTHpyeM Tpebye-
MbiM o6pasom ucxoaHbii rpag G.

VcraHoBneHHe Ha yJAHLAX TopoJa OXHOCTOPOHHEro
ABHYKEHHS T03BOJISIET CHIBbHO YBEJIHUYMTH CKOPOCTb ABH-
JKeHHsl TPaHCMOPTA; ONHAKO OHO CTaBUT HACTOsLHe ro-
JIOBOJIOMKH Nepen BOAHTENEM, KOTOPHI/i XodyeT o6bexaTh
Ha MallHHe He3HaKOMbIH eMy ropoa. B cayuae asycro-
POHHEro YJHYHOIO ABHIKEHHA HJA 3TOr0O MOXKHO G6bl10
6Ll BOCMOJIb30BATLCS, HANPHMEP, CNOCOBOM, H3OXKEHHHM
B § 4 ra. I1. Ho Tam Guio cyinecTBeRHO, UTO MO KAXKAOMY
pebpy MOXHO mpoiitH B 060MX HanpassieHusx. Ecau Ha
yanunax pesjie MM YaCTHYHO YCTAHOBJEHO OAHOCTOpPOHHEe
JABHXKeHHe, TO 3ajlaya CTAaHOBHTCA HaMmHoro Gosiee CJAOXK-
HOH, flaXKe eC/IK CAeNaHO Heo6XOAHMOe MPeANnoNoKeHHe O
CyUIeCTBOBAHHM 1O XpaiiHeli Mepe OLHO{ OpHEHTHpPOBAH-
HOIl UenH, coeauusoumefi no6yio napy BepmlHH rpada.

O6mas npobiema TakoBa: KakKMM CNOCOGOM MOXKHO
ABHraTeCA Mo rpady BAOJb YKa3aHHBIX HanpaBleHHil,
uTo6bl B KOHEUHOM cYeTe MPOHTH MO BceM ero peGpam?
Ilns 3Toro, KOHeYHO, HAafO0 HMMETh XOpOILYI0 MaMATH, a
elle Jayylle npeaBapHTeNbHO COCTaBHTh Ha6pocok rpaga,
06pa30BaHHOrO CEThIO YJMIL

Mbi otnpaBasieMcst U3 HEKOTOPOH TOUKH @y MO OAHOM
H3 BHIXOAAWMX M3 Hee yaul. [Tpoxoas mepekpecTok, Mol
OTMeyaeM Ha PHCYHKe, IO KaKOiH yJuIle MBI CIOfa NpHLLIH
M Ha KaKylo HOBYIO yJHLY INepexojauM; AJs AajbHefiero
NOJIE3HO OTMETUTb TaKXKeé H JApyrHe yJHUB, BLIXOASILIHE
Ha 3TOT MEepeKPecTOoK, BMecTe ¢ MX HamnpaBienusmu. He-
pes HeKOTOpoe BpeMs Mbl BepHeMCA K OJHOMY M3 mepe«
KPecTKOB @), Ha KOTOPOM Mbl yXe TNOGHBaNM paHblie
(puc. 59).

ITocMoTpuM Ha nuiaH, COCTaBJAeHHLIA HaMu 3apaHee,
Ecan Mbl yXe oGountd Bce yJaMIb TOPOAA, TO Hamia 3as
Aaya peileHa, B npoTHBHOM cayyae Hailgercs eule He
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I'JIABA V. OPUEHTHPOBAHHBIE T'PAQH!

npoiinennas yanua (c, d). Ilo npeanonoxenno, cyie-

CTBYET OPHUEHTHPOBAHHAA UeMNb, COEIMHAKOIAS @ C C;

MBI NOHAeM 1O HeH, a 3areM npoiaem yauny (¢, d).
i

i \ -

’, -

Puc. 60 Puc. 61

(Pasymeercs, yaobHee BCero HauYHMHATh C He NPOHJAEHHBIX
paHee yJaul, BHIXOASAUIHX M3 a;.) flcHO, uto, mocrymas H
Jajiee TaKUM e 06pa3oM, Mbl B KOHIle KOHLOB o6oijaeM
BCe YyJMIBl ropoja.

YnpaxHeHus

1. Hcnoab3ys BBenenHwit B 3TOM mnaparpade MeTol, OpHEHTHpydTe
rpadu puc. 14 u 37.

2. CpenafiTe TO e camoe AJH HJ2HOB FOPOAOB, H306pa(eHHHIX Ha
puc. 60 u 61.



§ 3. CTEMEHH BEPUIHMH

§ 3. Crenenn Bepmnn

B § 6 rai. I Mbl nOACYHTHBaNKM YHCJIO peGep HeopHel-
THPOBaHHOTO rpada; ctenensio p(A) sepwunn A MLl
Ha3BaJId YHCAO pebep, AN KOTOPHIX A CAYKHUT OAHHM H3
KOHUOB. B kaxjoit sepuinie A opHeHTHpOBaHHOrO rpada
uMeloTcsi pe6pa AByX THNOB: BRIXOAsilUHe M3 A M BXOMsI-
e B A. COOTBETCTBEHHO Mbl HMeeM B KaXK1Oil BeplLMHe
aBe creneHu: uucao p(A) Beixomswmx u uucao p*(A4)
Bxoaswux pebep. Tak, HanpuMep, gas rpada, u3obpa-«
/KeHHOro Ha puc. 62,

p(A)=3, p*'(A)=2.

Kaxpnoe opuenrnpoBansoe pe6po & = (A4, B) umeer
HavaJbHYl0 BepwinHy A H Koneunylo BepwnHy B. Cneno-
BaTeJabHO, obuiee yncao N peGep rpada MoXKHO HafiTH,
NOACYHTHIBAA JAU60 OO6LLEe YHCJIO BHIXOASALIHX H3 KaXAoi
BepuHHbl pebep, nH60 oflllee YHCAO BXOASIWIHX pebep.
OTo o3Hayaer, YTO AJA OpHeHTHpPOBaHHoro rpada G,
HMeIOLIero 7 BEepLIHH

Al’ Az’ seey Am

o6uiee yncao N peGep paBHO OAHOH M3 CYMM
N=p(A)+p(A)+ ... +p(4)=
=p"(A)+p (A)+ ... +p'(4,)

B kauectBe npumepa paccMotpum rpad, uzo6paxKkeHHbIi
Ha puc. 49. 3nech

p(B)=p(D)=3, p(A)=2, p(F)=1, p(C)=p(E)=0
H
p*(E)=p"(F)=3, p*(C)=2, p'(A)=1, o' (B)=p" (D)=0.

B o6oux cayuasix cymMa pasua 9.

HmeloTcss passinuHuie THNBI OPHEHTHPOBAHHBIX Tpa-«
o8, A1 KOTOPHIX CTeNeHH BepHIMH 06J1alalOT KaKHMH-
au60 creuuaJLHBIMM CBOHCTBAMH. YNIOMSIHEM HEKOTOpble
n3 Hux. F'pad na3viBaercas OXHOPOAHLIM rpadoMm
CTeNneHH r, ec/H CTENEHH BCeX ero BepUIHH PaBHH

6 Q. Ope 81



I'IABA V, OPHEHTHPOBAHHBIE TIPA®LL

OZIHOMY M TOMY 2Ke YHCAY r: s KaxKAoH BepluuHbl A
p(A)=p"(A)=r.

ITpocTHIM NpUMepoM MOMKeT CAYKHTb UHKA (pHc. 63)%
31eCh AMfA Kaxaoil BepwmHbl A

p(A)=p"(A)=1,

H rpad sBaseTcs ORHOPOAHBIM cTemeHH I.

Paccmorpum ewe rpad Kpyrosoro TypHHpa, KOria
Kaxjasi KOMaHia JOJI)KHA HIrpaTh ¢ KaXJOH M3 OCTaJb+
KuX. IlpeanosioXXuM cHayasa, YTO YHCJAO KOMaHJ, y4das
ETBYIOLIMX B COCTSI3aHHH, YETHO, TaK YTO BCe KOMaHIbI

Sar¢

Puc. 62 Puc. 63

8aHATH B KaXJAoM Type. Toraa mocie k TypoB Ka)paas
KOMaHzaa curpaer ¢ 2 apyruMu. CooTseTcTByIOWHi rpad
B Kaxkao# BepuinHe OynaeT uMeThb R pebep, NpHUEM HeKO<
Topble pebGpa OynyT BXOASIUMMH, O3HAauas IOpPaXKeHHe,
JipyrHe BbIXOASILIMMH, O3Hayasi noGexy (Mbl CUMTAeM, UTO
BO3MOXKHOCTb HHUBHX McKIooyeHa)., ChaegoBaTennno, AJs
Kaxnoi Bepunusl A Takoro rpadga

p(A)+p* (A) =~k (1)

Ecan yncso xoMaHa HeYeTHO, TO B KaXK/JAOM Type OfHa
u3 KoMana cBoboaHa OT Mrpel. JIas KoMaHA, MrpaBIIuX
B Kam}?m Type, ocTaercst cpaseJJuBEIM paseHcTBo (1),
a g kR KoMaHA B, nponycTHBLIMX 1O OJHOMY TYpY, MO«
JIy4aeTcs paBeHCTBO

p(B)+p*(By=k—1. (2)
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§ 4. EHEAJJOTMMECKHE ,FPA®LI

YnpaxHeHusn

1. TocTpoiite rpadsi, oTBeyalLIHe NOJOXKEHHIO B TYPHHPE C NATHIO
YUaCTHHKAMH NOCJie ABYX H TPeX TYpOB.

2. Kak wu3Mmensitca cootHowenns (1) m (2), ecam ROMyCTHTL BO3-
1OXKHOCTb HHUbHX?

3. Moctpoiite oaHOpoaHble OpHEHTHpOBaHHble rpadw cremenu r= 2
¢ uyucaoM Bepmnn o =5, 6, 7, 8.

§ 4. Teneanoruueckne rpads

Pucysa ube-1160 poaoC/10BHOE HepeBO, MOXKHO BOCNO/b-
30BaThCsl OPHEHTHPOBAHHBLIM rpaoM, uTOGBI MOKa3aTh
Ka HeM poACTBeHHble oTHOWeHHS. OpueHTHpPOBaHHOe pel+
po (A, B), npooaumoe or uaeHa ceMbH A K ujeny
eeMbH B, yka3biBaeT Ha TO, YTO B sBaseTcss CHIHOM HJH
noyepbio A. Buosorn cucreMaTHYeCKH MNOJb3YIOTCA Ta-
KOro poja cXeMaMH OJ/s1 ONMHCAHHA Pe3yJNbTaToB TeHeTH-
YeCKHX 3KCMepHMEHTOB HAA JKUBOTHbIMH, 0603Hauas
opuentupoBaunbiM pe6pom (A, B) To 06CTOATENBCTBO,
yTo B sIBAsETCSt HeNOCPEACTBEHHHIM NOTOMKOM A.

Takne cenea.r0euveckue epagoi 0061a3al0T HEKOTO-
pPbLIMH ITIOYTH OYEBHAHBIMH CHeUHaJbHLIMH CBOHCTBAMHU.
OpaHo M3 HHX COCTONT B TOM, YTO TAaK KAaK KaJAbld MHAH-
BUAYYM HMeeT ABYX POAHTEJ]eH, OTIa H MaTh, TO Y KaA+
Ioil BepLIHHBI A0.1)KHO GbiTb ABa BXOAAWMX pebpa, T. e.

0" (B)=2. 3

TakuM o6pa3oMm, ocHOBHasi fiueliKa reHeasorRYecKoro
rpada cocToHT M3 ABYX peGep, Kax Ha puc. 64, rie B
SIBASIETCA HEMOCPeACTBEHHBIM NMOTOMKOM ABYX HHAMBHIY-
ymoB — otua O u Marepu M.

371ecb MOXKHO 3aMeTHTb, YTO PONOCHOBHHIE JAepeBb
(noao6io0 OGBIUHBIM JepeBbAM) He [IPOCTHPAIOTCH J0 He-
6ec. Tak Kak Halld 3HAHHA OrpaHHYEHHBI, Heu3beXHO
HacTYNHT MOMEHT, KOrjJla HaM HeH3BECTHbI ONHMH HJH
o6a poaurens. I[Tostomy pasencTso (3) npaBHabHEe
6b110 Obl 3aMeHHTb HEepPaBeHCTBOM

0" (B) <2 (4)
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TJIABA V, OPHEHTHPOBAHHBIE TI'PA®LI

Besixoe poACTBEHHOE OTHOLIGHHE NPeACTaBJASeTCs Hes
KOTOpO#i omnpejeneHHOH KOHQMrypalueii Ha reHeaJorH-
yeckoM rpace. Tak, Hanpumep, pHc. 65 nokassiBaer, 4TO

1, B2, B3 aABas0TCA GpaThbAMH WJM CECTPAMH, TAK Kak
BCE OHH — JIeTH OfHHX H Tex Xe poaurteaeii O u M.

/] M

B
Puc. 64

Ananornyso u3s puc. 66 Buano, uro By ssasercs cBoa-
HbIM 6pPaTOM HJIH CBOJAHOH CEeCTPOif No OTHOLIEHHIO K B,
B,, B;, Tak KaK y HHX OflHa W Ta Xe MaTtb M, HO pa3Hbie
otusl O u O;.

0 | M

P
B, 3, B,
Puc. 65

Mpbr npuusig Tenmepb K MHTepecHoMy Bonpocy. Ilpen-
NOJIOXKHMM, UTO Yy HAC HMEETCS OPHMEHTHPOBAHHHIK rpad
CNEUHANLHOIO THIIA -— B KaXK/IYI0 €r0 BepUIHHY BXOAUT
He GoJee aAByX peGep, T. €. uTo ycjosye (4) BBHIIOJNHEHO.
CrnpaunBaeTcsi, MOXKHO JIM CUHTATh 3TOT I'pad reHeasoru-
yeckuM rpacdom, T. e., HHBIMH CJIOBaMH, MOXXHO JIH pa3«
JleJINTh €ro BeplIHHbI, HJIH OTBEUAIOIIHX STHM BepHIHHAM
HHIMBHAYYMOB, Ha 1aBa kjaacca — kmace O (oTuos) u
knacc M (marepefi) — takum 06pa3om, UYTO AN KaXKAOH
BeDUIHHBI [Ba BXOASIKHX B Hee pebpa Bceraa ob6pasyror
durypy, nsobpaxeHHywo Ha puc. 64.
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§ 4. TEHEAJIOTHUYECKHE T'PA®LI

TMpumep (puc. 67) noxasmiBaer, YTo 3TO He BCeraa
Bo3MoxHO. [Tpeanonoxum, yto A, otTHocHuTCa K Kaaccy O.
Torna Tak Kak ero peGenox B, sBasiercs Takxke pe6en-
koM Aj, 10 A, otHocuTes K Kaaccy M. Tak kak A; u A;
uMeloT pe6Gerka Bj, 1o A3 TakkKe AO0NKHO OTHOCHTbCS K

0 M 0

B’ Bz B.! Be
Puc. 66

knaccy O. OnHako 3TO MPOTHBOPEUHT TOMY, YTO, B COOT-
BeTCTBHH ¢ rpadom, B, sBasercs peGenkom A, u Aj,
KaXIbli U3 KOTOPbIX OTHOCHTCA K KJaaccy O. Ananoruus
HOe NMPOTHBOPeYHe MOJIYYHTCH H B TOM cJyuae, eclH npel-
noJIOXHTh, 4To A; OTHOCHTCA K Kaaccy M.

A, A, A,y

Puc. 67

Ins Toro 4toGbl BBLIACHHTL MPHUYHHY ITOrO 3aTpyane-
HUSA, OTNPaBHMCH H3 HeKOTopoil BepiiHHbl Aj, KoTopyw
Mbl 6ysnem oTHocHTb K Kaaccy O. Ecau Ay ssaserca oa-
HHM H3 poauteneft By, To aApyroit ero poautenar A, or-
Hocutcs K Knaccy M. Ecaum A, kpoMe Toro, ssasercs
poauteneM B, 1O apyroii pomuTeab nocaexxero Aj



T'JIABA V, OPHEHTHPOBAHHbBIE I'PAGH

otHocuTcs K Kaaccy O u 1. A, Tak Mbl nmoayuum «uepes
AyOLLYIOCa» 10C/Aef10BaTeabHOCTh

Ay Ay ooy A, (5)

HHAMBUAYYMOB, IICTIepeMeHHO OTHOCHIIMXCS K KiaccaM
O u M. Ha nawem rpade oHu CBS3aHBl N0C/I€J0BATEN b+
HOCTBIO pebep

(Av Bi), (B, Ay (Ay By), (By Ay -,

B KOTOpOil Kamible ABa cOCefHHX peGpa npoxoasaTcs B
MPOTHBOMO/IOKHBIX HanpasJ/eHuax (pHc. 68).

Al A2 A3 [ . . An

B, B, By . . * Bp, Bp

Puc. 68

Tpeanonoxum tenepb, uto A; u A, ABAAIOTCA POAH«
TeasiMmu By, Kak Ha puc. 68. dTo paer «uyepeayomwuica»
LM KJI

(Av B), (An B), (Ay By), -..s (An Ba) (An By). (6)

Torpa sicho, uto BepwHHbl Ay U A, AOMKHBL OTHOCHTBCS
K pa3HBIM KJaccaM, a 3Ha4yHuT, n JOJXKHO GHITb YETHBIM.
STO MPUBOAHT HAaC K CJeAYIOLIEMYy pe3yJbTary.

Ycaorue poacrsa. ITycre G — opuentuposansivii zpag,
0as kotopozo ycaosue (4) ewvinoaneno. Ecau moxcro
pa3deauts sepwuns. zpaga G Ha 0sa Kaacca: Kiacc
emarepeii» M u «oryos» O ¢ cobaiodeHuesm YKa3aHHbLX
8biue ycaosud, 1o Kawoas nocaedosaresdbrocts (5) po-
Oureaeil A; 8 at06om cuepedyoujemcas yuxre oaxHa co-
CTOATb U3 4ETHO20 4UCAQ 4NEeHO8. DKBHBAJEHTHOE 3TOMY



§ 4 TEHEAJIOTMYECKHE TPA®BI

yCJOBHE COCTOHT B TOM, YTO UYHCIO peGep KaXKAOro «uyes
pelylollleroca» urkjaa (6) KpaTHO ueThipeM.

Ecan ycnoBHe POACTBA BBINMONHEHO, TO Ka)KAylo Beps
WwHHy rpadga MOMHO OTHECTH K OQHOMY M3 YKa3aHHbIX
kJaccoB. HauHeM ¢ Beplu#HBI A; H OTHECEeM ee K IIPOH3-
BoJbHOMY kaaccy (O uau M). Ecan A, He umeer aereit
WIH eclH 3TH JeTH He HMEIOT APYTHX H3BECTHBIX HaM
ponuTenei, To U3 onpeleneHHs: Kaacca A, He BbITEKaeT
HHKaKHX caefctBuit. Ecau ke A, nmeer aere, o6pa-
3yeM BCEBO3MOXKHble <«uepelylolllHecs» UeNnH, KOTopble
naunHaiotcsi B Ay, Otum GyleT ogHO3HAUHO onpejedeH
Kaacc anas Ja060ro H3 poxureneil B NOCA€R0BaTeNbHO-
ctu (5). HeficTBHTeNbHO, ecan Obi NOJMYYHJIHCH OBe Ye-
penylowuecs uend, peayuiie or A, Kk A, u otHocsauue A,
K ABYM pa3iuuHbIM Kiaccam O u M, 1o MOXHO Gblio Gul
npoiitu or A, Kk A, no nepsoii uenu ¥ BepHyTbcs K A,
110 BTOPOIi, a 3T0 NpuBea0 Gbl K «uepejyloleMycs» LHK«
Ny C HEYETHBIM YMCJIOM BepLIHH, YTO NPOTHBOPEUHT YCJO~
BHIO DOACTBA.

Ha 3tom nepBoM 3Tane Gyner onpejeded Kjaacc elle
ne Bcex BepluHH rpadad. Ha caenyiouieM ware Mbl BhiGe-
peM HeKoTopylo BepmuHy A, He cBsizaHmylo ¢ A; HHKas
KOH yepelyloOlIeiCs Lenblo, H oTHeceM A K NPOH3BOJIb-
HOMY KJaccy, NpomoJKas npejbiAyliee NOCTPOEHHe.
3arem B KauecTBe HCXOAHOII TOUKH BbiGepeM TPeTbio Bep-
wuHy A;, He cBasanuyio ¢ A1 ¥ A, M T. 1. 10 Tex nep,
noka He 6yneT onpeaesieH KJacc Kaxaoit u3 pepund. Ta-
KOH cnoco6 onpefesieHHs KJacca, OYeBHIHO, HUKOrAa He
NpHBeAEeT K NPOTHBOPEUHIO, COCTOAILEMY B TOM, YTO Ka=
KOH-HHOYAb HHAMBHAYYM HMeeT pOJHTejeH H3 OZHOrO H
TOro e Kaacca. Ilpy sToM He HMeer 3HAYeHHsS, YTO
OGLIYHO BepIIKHBI rpada MOXKHO Pa3GHTb Ha KJAacChi He-
CKOJIBKHMH crioco6amu.

Tlocne Toro Kak MH HawAx yCAOBHe, NO3BOJAAIOULES
HENpPOTHBOpPeYHBLIM 06pa3oM pa3GUTL Bce BepLUHHBI ipa-
¢a Ha ABa KJacca, eCTeCTBEHHO 3alaTh BOMpPOC, MOXKeT
au rpad, ynOBAETBOPAIOUIHH 3TOMY YCJOBHIO, orofpa«
XKaTb pe3yJbTaThl HEKOTOPOro IEHEeTHYECKOTro 3KclepH-
MeHra. HerpyaHo BHAeTs, 4TO JIs1 3TOTO MPHAETCS HAJO«
KHTh Ha rpad eille OXHO IOMOJNHHTENbHOE OrpaHHYEHHE,
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FJIABA V. OPUEHTHUPOBAHHHE - T'PA®BL

[MpeanoNoKHM, 4TO MBI HMeeM TIOC/IeJ0BaTeNbHOCTL
HHAUBHAYYMOB
D, D, ..., D, 7)

rae Kaxiawii D; apiaserca notomkom npeabiaymero. Ha
rpade 3T0 naeT OpHEHTHPOBaHHYIO Lenb (puc. 69). Pox-
neHus 3THX ocoGeil (7) MOJMIKHB H [0 BPeMeHd NPOHCX0+
JUUTb B TOM JKe NOpAJKe; CJel0BaTeNbHO, He MOXeT CJy-
yntbes, 4T066 D, okasaaca poaurtenem D; (puc. 69),
T. . Hal rpad He JOJXKeH cojepXKaTb HHKAKOro OpHeH-
THPOBAHHOTO 1IMKJad; Takue rpadbl Has3blBalOTCA a1l H-
KJAHYECKHM H.

D, D,
i
:” DJ
d
Ds \\
D4
Puc. 69

Mrak, MBl Halud TPH YCJOBHA, HeOOXOLHMEIE Jif
TOro, 4ToOh HEKOTOPHIH OpPHeHTHPOBAHHBIH rpag Mor
ONIKCHIBATh F€HETHYECKHH SKCTepUMEHT.

1. Aan scex A cnpasedauso nepasencrso p* (A) <2,
T. e. HUKaKan sepuiuna He umeer Goisee 08Yx 8xo0awjux
pebep.

2. Yucao pebep ramdozo <«uepedyroujeeocss yuxkaa
KDQTHO 4eTbipeM.

- 3. I'pagh asaserca ayuxkaudeckum.

O6paTtHO, ec/qH BHIIOJHEHB 3TH YCJOBHS M BCe Bep-
HIMHBl COOTBETCTBYIOIIMM OO0Opa3oM Da3bHThl HA KJacchl,
TO Bech rpa() MOXHO PacCMaTPHBATh Kak OMHCAHUE HEKO«
TOPOro reHeTHYeCKoro 3kcrnepuMeHnTta: peGpo (Ao, B) yka-
3biBaeT Ha TO, YTO B sABAsfeTCS HENOCPEeACTBEHHHIM MO-
ToMkoM Ao, ApyruM poautesem B saBasiercs HekoTopas



§ 4. TEHEAJIOTHYECKHME rPA®DLI

(xoTs,, BO3MOXHO, H HeM3BecTHas Ham) ocol6b APYyroro
Kaacca.

Hawn Tpu ycnoBus MOXHO, c/leloBaTeqblio, paccMar-
pUBaTh KaK YyCJOBHS, KOTOPHIM MOAYHHSieTCs oblias re-
HeTHuecKas cxema. Ha oGbiuHOM s3biKe 3TO COBEpILEHHO
OYeBHHbIE MCTHHMI:

1. Kawdoe cyujecteo umeer, camoe 6Gorovwee, dsyx
podureaell.

2. Odun u3 poduteseil aganeTca OTYOM, a 8TOPOU —
marepsio.

3. Huxkro He momer Goiro cBoum cOGCTBEHHbIM NOe
TOMKOM.

Puc. 70 Puc 71

B sakniouenne cienaeM ellle ONHO 3aMeyaHue OTHO-
CHTeJIbHO reHeaJsorHueckux rpados. Mbl paccMaTpuBadu
Hall rpa Kak npeacTaBieHHe Pe3yJbTaTOB NPOH3BOJb-
HOro reHeTHueckoro skcnepumeHta. Ecan peub ket o
yeJIoBeKe, Mbl JOMKHB HCKAIOUHTb M3 Hallero pojaoc/oB-
HOTO JiepeBa ellle HEKOTOpble CrelHajbHble KOHQHUrypa-
unn. Tak, HanpuMmep, NMOCKOJAbKY HHUKTO He MOXeT ke«
HHTbCA HA ceCTpe WJIHM BHIHTH 3aMyX 3a 6Gpara, Ha HallueM
rpadpe HeBO3MOMHH KOH(PHrypauHM TaKoro BHAA, Kak
Ha puc. 70. Tak Kax HHKTO He MOXeT BCTYNHTh B 6pak
€O CBOHM pOJHTes]eM, He MOXeT OhTb H KOHOHUTYypaumuil
Takoro BHJa, KaK Ha puc. 71, u T. 4.

YnpaxHeHusn

1. Haueptute rpat, nokasmiBamoluuii, 4TO ABa HHAMBHAYYMa 8-
JAA10TCA: 8) ABolopoaHHIMH GpaTbAMK (WM CECTPAMH, uau GpaToMm
n cecrpofi); 6) terehrt (maum Asaeit) M NJAGMAHHHKOM (MAH RJe-
MSIHHHLEH) .
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TNABA V. OPUEHTHPOBAHHHE TIPAOH

2. Onpenennte BCeMH BO3MOXKHLIMH CIOCOGaMH KJacCHl BEPUIHH rpas
¢a, u306paxKeHHOrO Ha puc. 72.

Puc 72

8. Haueptute kondurypaumio, KoTopas HCKJIO4Z€TCA H3 POAOCJIOR-
HOro JepeBa HaJIOXKEHHEM 3anpeToB Ha Gpaku: a) MeXay CBOA-
HEIMH GpaToM H cecTpof; 6) MexAy AeAylWIKofi U BHY4YKOH; B) Ad-
JH HAH TeTH C NVIEMAHHHKOM HJIH TJIEMAHHHIEH,



rfPABaA Vi

Urpbl ¥ ronoBosOMKH

§ 1. Ton0BOMOMKH H OpPHEHTHPOBAHHHE TI'padul

Beime (§ 6 ra. 1) Mbl yXe nokasaJiu, Kak MHOTHe TO-
JIOBOJIOMKH MOTYT OBIThb H3J0XeHbl Ha f3blke TeopHH
rpados. Ilpn 3TOM pa3nHyHbIE NONOXKEHHS COOTBETCTBYIOT
BepuminHaM rpada; peGpa rpada OTBeYalOT BO3MOXKHBLIM
nepexofaM M3 OQHOrO MOJOXeHHs B apyroe. PemeHue
TOJIOBOJIOMKH CBOAHTCS K HaXOXIEHHIO Llenu, Beaylle
H3 3aJaHHOrO HayaJbHOTO INOJIOXKEHHS K OLHOMY HJH,
6bITH MOXKET, HECKOJIbKMM KOHEYHBIM, MM BLIHTPHILIHBIM,
TI0/TOXKEHHAM.

Has TakuX rosoBOJOMOK Mbi HCIOJb30BAAH HEOpHEH-
THPOBaHHble Irpadbl. 3To GbJIO OCHOBAHO Ha MOMYaJHBOM
npeAnosoXXeHHH, YTO NepeMellleHHss W3 OLHOTO MOJoXKe-
HHSi B JIpyroe BO3MOXHbHI B 060MX HanpasjeHHAX. DTO
JleHCTBUTENEHO OBLIO TaK ANS TOJOBOJOMOK O TepeB03<
YHKe, O TpeX DPEBHHMBBIX MYXKbfiX H O IepefBHXKEHHAX
KOHSI Ha ILNaXMaTHOM JOCKe.

Ho ans MHOrHX rosoBOJIOMOK TakHe MepeMelleHHs
PO3MOXHBI TOJBKO B OJHOM HampaBJeHHH, H B 3THX CJY-
yasix Mbl BBIHYXAEHBI MOJNb30BaThCA OPHEHTHPOBAHHBIMIl
rpadpamu. Ecan orgenpHble NepeMellieHHsi BO3SMOXKHH B
060HX HampaBJIeHUSX, TO COOTBETCTBYIOLHE BEpLIHHK
COEIHHAIOTCA JABYMS NMPOTHBOINOJOXHO OPHEHTHPOBAHHbI-
MH pe6paMu; B 3TOM CJyYae MOXKHO TaKXKe BOCIIOJB30+
BaTbC CMellaHHBIM rpadoM, OCTaBHB COOTBETCTBYIOLLHE
pe6pa HeopueHTHpOBaHHBIMH. [l Toro uro6H pewuTh
TaKyl0 TOJOBOJIOMKY, HYXKHO HalTH OPHEHTHDPOBAHHYIO
llenb, BeAYLLYI0 H3 HayaJbHOTO MOJOXeHHsi Ha rpade B
Tpe6yeMoe KOHeYHOe IMOJIOXKEHHE,
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TJABA VI. HIPHl U FOJIOBOJIOMKH

B kauecTBe npHMepa pacCMOTPHM OAHY H3BECTHYIO
CTaDHHHYIO TOJI0BOJIOMKY. Hektro umeer Tpu KyBilMHA
A, B, C o6bemoM coorBercTBenHo 8, b u 3 antpa. Kys-
WHH A HanoJHeH BHHOM, H. BjajeJell XOu4eT pa3feNIHThb
BHHO Ha [(Beé PaBHble YacTH, NepeNHBasl €ro 3 ORHOro
KYBUIHHA B JPYroOH, T. €. HE HCHOJbL3Yys HHKaKoit Apyroil
TIOCY/Abl, KPOME CAMHX 3THX KYBIUIMHOB,

A, A

0(0,0)

Puc. 73

Hna rpaduueckoro pelieHus 3TOH rOJIOBOJIOMKH MLl
BOCMOJIb3YyEMCS chefyloweit cxemoi. Kaxaomy pacnope-
JeNIeHHI0 BHHAa No KyBluMHam B u C Mbl cOMOCTaBUM
napy uucea (b,c), rae b — KOnuyecTBo BHHA B KYBILH-
He B, a c¢—ero koauuectso B KyBmnHe C. BHauaune
(b,c) nmeer 3uauenue (0,0), a TpeGyeMoMy OKOHUYATEJD-
HOMY pacnpe/ieIeHHI0 COOTBETCTRyeT 3HaueHue (4,0) —
KyBlwHHE A u B pomXHBI conepxKaTh BMHA NOPOBHY, 4
KyBuiniH C gomkeH GBITb MyCTHIM.

Tak kKak Kaxayio napy selectBeHHslx uucea (b, c)
MOJXHO NPEeACTAaBUTL TOYKOH Ha IJIOCKOCTH ¢ KOODJHHa-
TaMu b, ¢, To BCeBO3MOXHble pacnpeiefeHusi BHHa [0
KYBIIHHAM MBI MOXeM NpeAcTaBaaTh cefe Kak TOUKH,
KoTopbie B O6yayr BepmmuHaMu Hauwero rpada. M3 dop-
MYJIHDOBKH 3a/1auH fCHO, YTO MBI He MOXEM HaJHuTh B
KyBuiuHe B n C TOYHO Kakne-To ApoGHbE 4acTH JHTPa,
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§ 1. TONIOBONMOMKH W OPHMEHTHPOBAHHBLIE FPA®H

[O3TOMY B JyvylueM ciyyae b MoxKeT npuHUMAThL 3Haue-
aua 0, 1, 2, 3, 4, 5, a ¢ — 3nauenun 0, 1, 2, 3. Caenosa-
TeNbHO, Bcero uMeercs 6X4=24 BO3MOXKHBHIX Pa3JUYHBIX
nap (b, ¢), 1. e. Haw rpad coaepxut 24 BepiwnHL. B TOM
cayvae, Koraa, pa3nuBas BHHO MO KyBIUHHAM, MOXHO 3a-
MEHHTbL AaHHOe pacnpefeneHHe (bo, Co) HOBHIM pacmpe-
nenenneM (b, ¢;), Ml coepuusiem sepuuny (bo, o) ¢
Bepwnnoit (b;, ¢;) opHeHTHpOBaHHLIM peGpom. B Hawem

c

) | |

) —

]

OC'L ! 2 3 Tr‘z"" 50

Puc 74

npuMepe u3 ucxogsoro nonoxenus O(0, 0) BHXOAAT
pe6pa OA; u OA; (puc. 73). Buixons us A;, MOXHO J10-
cturayts BepwnH Ay (5, 3) u Ay (2, 3); Bbixoas u3
Ay —epunn Ay (3, 0) u A» (5, 3). 3ateM MH MO-
JeM NepevyHCJAHTb BCe BepIIMHbI, JOCTHXHMBble H3 3THX
¢ cobaioileHeM NPaBua Wrphbi, H Aajnee NPOAOKATH Ta-
KHM e o6pa3oM. Ecnu koHeunas sepwuuna T (4, 0) Bo-
o6uie MoxeT GbITb JOCTHTHYTa, TO 3TOT METOA B KOHlLeE
KOHUOB K Heit npuseser. Ha camom nese cywecrsyer
mHoro uenef, uaymux ot O K T, 1 Mbl MOXeM NOCTaBHTb
cebe nesbio BLIOpaTh «nydliee» pelledHe (B TOM cMbice,
yTo6bl HA NepejMBaHHe BHHA GbLIO 3aTpPaueHO KaK MOX-
HO MeHblle BPeMeHH), onpelenss uenb, Beayuyio or O
xg‘ H COAEpXKAllyi0 HauMeHblllee BO3MOXKHOE YHCJO
peGep.
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TJIABA VI, UTPbl H TOJIOBOJIOMKH

B To BpeMs Kak M3 HEKOTOPOH HaAYaJbHOH BepPILIHHBI
O K 3anasHOi BepwiHHe T MOXKHO NPHATH MHOTHMH my-
TAMH, HMeIOTCs, Booflle roBOps, H Takde BepuiuHb U,
KOTOPBIX HeJh3sl AOCTHTHYTH U3 () OMHUCaHHBIM crocoboM.
B HaweM npuMepe TakMMH HeNOCTHXHMBIMH BepllIHHaA-
mu U asasiorcs

U: (1,1), (1,2), (2,1), 2,2), 3, 1), 3,2), 4, 1), (4,2).

HMubiMH  cnoBaMH, M3 24 BepiIHH, NepPBOHAYaJbHO
BKJIOYEHHBIX B YHCJIO OTBEUAIOUIMX «BO3MOXKHBIM» pac-
npesfejeHusM BHHA, 8 Boo6Glue He MOryr GbITb JOCTHI-
HYTHI H TOJIBKO s 16 mpHuBoAsiee X UeJH mepejHBaHHe
BHHA BO3MOXHO. '

3aMeTuM, 4TO Halle pelleHHe 3TOil TOJIOBOJOMKH O
KyBIUHHAX (pHC. 74) He sABAsETCA JMOCTATOYHO XOpotueit
WIIIOCTpanHeii MeTofla OpPHEHTHPOBaHHBLIX . rpados, Tax
KaK BCe 3TH NEepeJHBaHUS, KaK OYeHb JIerKO NPOBEPHTH,
ob6parumbl. OnHAKO ecin Mbl HauHEM ¢ APYroro pacrpe-
JleJIeHHs BHHA, HMes, CKaXeM, B HauajbHblH MOMEHT M0
OIHOMY JIMTPY BMHA B KaxJoM u3 KystuuHoB B u C, T. e.
c B(e‘pmly;um (1,1), To Bce pebpa O6yayT HanpasjeHsl
or (I, 1).

Ynpaxnenusn

1. Tlokaxure, YTo, NOBTOPSA NEPENHBAHHSA, HHKOrJA Heb3sl MepeiTH
OT OHOrO H3 pacnpejienenuit MHoxectsa U K Apyromy.

2. Mao6pasute Ha puc. 74 Toukw Muoxkecta U. Ha uro ykassipaer
HX pasMelleHue?

3. Pemmnte Ty XKe 3ajauy 148 KyBIIHHOB KaKoro-uw6yias JApyroro
o6bveMa, HanpuMep A=12, B=7, C=4.

§ 2. Teopusa urp

Penrasg ronoBOMOMKY, Y€JOBEK HMeeT Nen0 ¢ TPYAHO+
CTAMH, TPUCYIIHMH caMOil 3ajaye, B TO BPeMs KakK B HTrpe
OH BHICTYIA€T MPOTUB APYroro vesaoBeka. Tak Kak MKl
yXKe NPHCTYNHJY K 3ajayaM u3 o6jacTH MaTeMaTHUYeCKuX
pa3ejeueHud, crenaeM ellle HeKOTOpble o6llne 3aMedas
HUS OTHOCHTeNbHO Hrp. Teopus urp ¢ AByMs yuyacTHH-
KaMH B NOCJE€JHHe TOAbl CTaJja BaXXHOH 006JacTbi0 MaTes
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§ 2. TEOPHUA HUTP

MaTHUECKHX HccaenoBaHuil, OHA NPHMEHAETCA KO MHO+
rUM 3ajlayaM MPHKJIAAHOrO XapakTepa, HanpuMmep B Tex-
HHKe H B SKOHOMHKe, Ile TEOPHS HI'D HCTIOJb3yeTcs NS
pellieHHs BOMNPOCOB, CBA3aHHBIX ¢ HAXOXKJAEHHEM HauG0<
qee 3¢ deKTUBHOrO HAM HanbGoJee SKOHOMHYHOTO crnocoda
BBHINIOJIHEHUA KaKUX-MHG0 CJOXKHBIX 3ajaHuil.

3mech MBI He MOXeM H3y4aTb OGILYI0 TEOPHIO Hrp.
Mul TONBKO MOKaMceM, KaK MOXHO HCNOJIb30BaTh OPHeH-
THPOBAHHbIE I'padhbl AJs onpeleleHHsi CTPaTerHyH B TaKkOM
Mrpe, rje XolAbl 3aBHCAT JHLIb OT BOJH HrpaiolllHX, HO
He oT cayyas. [TpeBocXoAHBIM MPUMEPOM HI'P TaKOro poja
MOTYT CJAYXHTb IIaXMaThl WIH IIALIKH, H AaXe HaHBHAs
Mrpa <«KpPeCTHKH M HOJMKH» NpHHAAJMEXKHT K 3TOH Kare-
TOPHH.

B nopo6Hbix Mrpax Mbl MMeeM, Kak OOBIYHO, HEKOTO-
pble MOJNOXEHHsl, COOTBETCTBYIOLIHe BepLIMHAM, M HeKO«
TOpPble NMePexoAbl OT OJHOTO MOJIOXEHHA K APyroMmy, coor-
BETCTBYIOIHE OPHEHTHPOBaHHHIM pebpaM. B Kaxigom
MOJIOKEHHH Mbl IOJKHBI TaKXKe 3HaTb, KTO H3 JABYX Hrpo-

koB A u Aj uMeer npaso caenaatb xoi. IToatomy ecte-
CTBEHHO pasfeJINTh BCE MOJIOKEHHS Ha ABe IPYNMbl, CKa«
&eM Ay u Ag, Tak yTo6bl KaXAbli X0 Obl1 MpeacTaBaeH
OpHEHTHPOBaHHbIM pe6poM, naywum ot Ay Kk A, uau or
A; x A;. OnHO M TO Ke MOJOXKEHHe MOXKeT MpHHaAJe-
XaTb ogHOBpeMeHHO H K Ay u Kk A,.

. Hrpa Torna cocToHT (aKTHuUeCKH B TOM, YTO HrPOK

A nenaer XoA4 BAOJb HEKOTOPOro pe6pa B HOBOE MOJIO-

*eHHe M3 MHOXectBa Aj, a Az BO3Bpallaercs o6paTio
B A;. MBI MOXEM CUHTATh, YTO 3TO — Urpa C €AUHCTBEHHOM
¢burypo#t, KoTopas .ABUXKETCH BAOJb OPHEHTHPOBAHHBIX
pebep B3al H Brepe] MeXJy AByMd MHOXecTBaMH. B ka-
XKJIOM TOJIOXKEHHH KaXIblfi MrPOK, NMO-BHIAHMOMY, 3HaeT,
KaKoi Xxoi OH Xxouer cAenartb. CjeRoBaTelbHO, Mbl MO-
XKeM Ja)ke COBCEM OTKa3aTbCs OT MIPOKOB, CYHTas, UTO
KaXKAblit U3 HUX 3aMuCaj B HEKOTOPYIO KHHTY CBOIO CTpa«
TeTHIo, T. €. YKa3aJ, Kako#l Xox oH Bei6pan Obl mpH 3a-
naHHblX ychoBHaX. Takum o6pa3oM, Bcg Wrpa ompeje-
lieHa, ecl M3BecTeH ee rpad, T. e. JONYCTHMbBle B Hrpe
XOAbl H CTPaTeruf Hrpaioiiux.



TJIABA VI, UTPBl U TOJIOBOJIOMKH

Has Toro utoObl BHIMFPATh HIpY, Al jomKeH ABH-
raThcsi H3 HEKOTOPOrO HaYaJLHOTO NOJOXKEHHs N0 OpHeH-
THPOBAHHOM IENH, YACTHYHO ONpexeaseMoli urpokom Agz,
JI0 HEeKOTCPOro BHIHTPHIIIHOTO NoJoXeHus Ba, B MHOXe-

cTBe Aj; aHAaNOrWuHO, AJS TOTO uTOGH BHErpan A;, ero
NOCJAeAHHM XOROM HOJMXKHO OBITh MepeMelleHHEe B HeKOs
TOpOe BBIMTPHIIHOE NoJjioXeHne Ba, B MuoxecTBe A).

Huubsi MOXET MOJYYHTLCS B ONHOM H3 C/ENYIOWHX
AByx cayuaes. C ofHOH CTOPOHH, MOT'YT GLITb HEKOTOpbIE
KOHEUHble MOJOXKEeHHs B MHOXecTBe A; wmam A; — ux
MOXHO Ha3BaThb HH Y€ i H Bl MH, — H3 KOTOPHIX He BbI-
XOIUT HH ojHoro pe6Gpa. B maxmarax Takoe noJjoxeHue
HasbiBaerca «natoM», JIpyroit TMn HHYbHX — KOTAa HIpa
MOXKEeT <«IPOJOKATECA A0 GECKOHEYHOCTH»; yalle BCEro
3TO CBSI33HO C MOBTOPEHHEM HEKOTOpHIX xoxoB. Jlsia Toro
4TOOBl MCKJIOYHTH 3TO, MOXKHO NMOTpeboBaTh, YTOGH Hrpa
OKaHYMBAJAacCh MNocJe HEKOTOPOro YUC/Ia MOBTOPeHHH 0«
HUX M T€X Xe XOA0B. B maxmarax Hrpa OKaHuUMBaeTcs
BHEYBIO 1I0C/Ie TOrO, KaK OJHa W Ta e NocJie/J0BaTeNb-
HOCTb XO/IOB NOBTOpPEeHa TPH pa3a; Hrpa TaxmuKe JHMUTH-
pyercs npaBuioM, uyTo6bl B TeueHne 50 xoa0B Kakasi-Hil+
6yab ¢urypa Gbuia B3aTa MM Kakas-HUOYAb nelika Gnlia
nepeaBHHYTA.

Tenepb Mbl HMeeM COBEpIUIEHHO SICHYIO KapPTHHY HIpBL
OcTaercs JuibL OfHH CYLIECTBEHHBIH BOMPOC: MPH KaKHX

YCJIOBHSIX A (unu Ar) MOXET, Mrpasg AOJKHBIM 06pas
30M, HaBepHsiKa BHIMrpaTh? Ha aToT BONpOC Takke MOXK-
HO OTBeTHTh ¢ nomombio rpada. Jlyuwuit cnoco6 paso-
6paThCsi B 3TOM — MATH Ha3aJl OT KOHEUHBIX BBIHTPbILI-

HbIX MOJOXEHUHH aas Al- ATy XKe NOJOKEHUs SIBJSIOTCH

NPOUTPHILHLIMH  JJ5 Az, no3ToMy 0603HAYHM COBOKYII<
HOCTh TakKHX nosoxenuii uepes [ly(A.). B mHoXKecTBe
A, MMeIOTCS HEKOTOphle NMOJIOXKEHHs ¢ peGpaMH, Win xo:
namu, seaywuMa B [lo(Ag). M3 Takux novioxeHuit Al
MOXKeT BHIMI'DATb OJHHUM XOLOM; Mbl 0603HAYHUM 3TO MHO-
xectBo Bi(A4,). Jdanee, o6o3naunm uepes I1,(A4,) coso-
KYNHOCTb TOJOXKeHH#, Au6o npuHaatexawmx I1(4,),
JH60 TakHX, UTO H3 HHX BO3MOXKHO MepeMelleHne JHIIb B

B;(A,). Ecan urpok A AOnajiaeT B TaKoe MOJOXEHHE,
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§ 2. TEOPUA UTP

OH au60 yxe npourpaj, JaH60 He MoxKeT H30exaTh
NPOUrpbillia B TeyeHHe OAHOrO xoda. Mul Moxewm, caeno-
BaTe/IbHO, paccMaTpuBaTh H 3TO GoJjblllee MHOXECTBO
l'l,(Az) KaK MHOXXECTBO NPOHIPHILIHBIX M0J0XKeHH AN

A (puc. 75).

Puc. 75

31oT npouecc PACHIHPEHHS MHOMKECTBA MPOHTPbIMI-
HBIX nonoxKenui aas Az MOXKHO NPOLOMKHTb. Mbl noay-
YHM TOrZa HeKoTopoe MHOXecTBo'!) By(A;)=2B,(4))
BepwuH u3 4, ¢ peOpaMH, BelylWHMH K 1,(Az). U3 Ta-
KHX nosoxenuiit A1 MOXeT BBIMrpaTh, camoe GoJbluee,
3a zxBa xopa. Jdanee, Mbl nonyyuM MHoxecTBo [15(Az)
NoJOXeHu#, U3 KOTOPHIX Bce pebpa uayT K By(A4)) u B
kotophix A; He Moxer W36exaTh MOPaXKeHHs, CaMoe
Gonbuee, B ABa Xxona. IToBTOpeHHe 3TOro paccyXiaeHus

NPUBOAMT K JBYM I10C/AEJ0OBAaTeNbHOCTAM MHOXECTB COOT~
BeTcTBeHHO B A u Aj:

B,(4)eB(4) <.
MA)ehA)s ...,

1) Tlo nosoay cuMBONa & CM. HHxe, cTp. 121.
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TNABA VI. UTPHI U T'OJIOBOJIOMKH

*
TaKHX, UTO ecmx A, nonajaer B nojoXeHHe M3 MHOXe-
ctBa Bx(A)), oH MOXer BBIMIpaThb uepe3 k2 XONOB HaH

paHbLIE. 3Ha‘lHT €CJIH HayaJbHOE IMOJIOXKEeHHe /4 Al

NPUHANJIEXHUT HEKOTOpoMy MHoXecTBy Bi(4;), To Al
BCErAa MOXKET BBIHIDaTh, €CIH e 3TO He TaK, TO A; non-

2KeH <¢TapaThCsa NMOMeuaTh Al nonacrb B TaKoe IOoJIOXKE-

Hue. BHIMTpHINIHEIE NOJOXKEHHS A4 A; MOXHO HaiiTH
TaKuM Ke 06pa3oM, a B OCTAJIbHBIX CJy4asiX BCETAa MOXK-
HO JOOGUTbCS HUYbEH.

B npuHuune Bce 3TO paccyX/leHHe MPEKPacHo: OHO
NOKa3blBaeT, Kak coBceM He6oJbllIce 3HAKOMCTBO C Teo-
pueil rpadoB no3BoJIsieT NPOAHAJH3HPOBATL BCE TOJOKE-
Hus urpbl. Ecam 6bl 3T0 OBUIO BCerga OCYIIECTBHMO H
NPaKTHYECKH, BCe TAKHe HIPhl C JBYMS MIPOKaMy CTailH
Gbl TPUBHMAJbLHBIMH M KaXXAbIH HIPOK BCerja 3Haua 6bl, Ka-
KOH Xoj sBJAseTcs IUVIOXMM M Kaxoil xopownM. K cua<
CTbIO, COBEPLIEHHO HeBEepPOsTHO, UTOOb, HAanmpHMep, Haly
JIOGHMYIO MIpy B LIaxMaThl OXHjajda CTOJNb NeyaljbHas
yuyacTb. UHC/IO noJIOXEHHH B 1IaxMarax HacTOJbKO Be-
JIHKO, YTO [aXe HaIl{ CaMble MOIIHblEe BbIYHCAUTENbHbIE
MalUKHBl BPSA JH CMOTYT YPOHHTb DENMyTauuio MaxMar
KaK Jydliedl HHTeNNeKTyaabHOX wurpel. ONBIT KPYMHBIX
TYPHHPOB YKa3blBaeT Ha TO, YTO Mrpaiolliuii 6eJbIMH, NO-
BHAHMOMY, MMeeT HEKOTOPOe NPeHMYUIecTBO, HO BONPOC
O TOM, SIBJISIETCS JIM 3TO MNOJIOXKEHHEe BHIUTPLILIHBIM B TOM
CMBICJIE, YTO HEKOTODBIH CBEPXBecTeCTBEHHBIA MO3r Bce-
raa MOXeT npuBecT Gesable GHUryphl K nobene, BEPOSATHO,
HaBCerja OCTAHEeTCS] HepelUeHHHLIM.

B saxjioueHne paccMOTPHM B KauecTBe NpHMepa ABe
npocreie urpol. [lepBasi M3 HHMX COCTOHMT B CJeAylOLIeM.

* *
Ha crone nexur kyuka cnudek. Mrpokn Ay u Az no

ouepenyu OepyT M3 Hee IO HECKOJBKY CIHMYEK, CKaXeM OT
1 no 5. BHHI‘prBaeT TOT, KTO BO3LMET MOC/AEHIOI CIHY-

Ky. Hrpok A MoXeT mOCTHUDL BBLIHTPBINIHOIO TOJIOXKE-
Hust 0 u3 nonoxenwit B)(A,), korma ograercs 1, 2, 3,
4 unu 5 crnMyex. Tom:xo B OJIHOM CJIyyae — KOrja UMeeT-

ca 6 couuek — A, BHIHYXKJeH mepeiitu B By(4;). Dro
YHCJI0 6 B CBOIO ouepellb MOXeT OLITh AOCTHTHYTO HIpO-

kom Ai B Tex cayyasix, Korga ocraercsa 7, 8, 9, 10 nau
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§ 2. TEOPHA HIP

11 cnuuek. CrenoBaTenbHO, MHOXKECTBO By(A;) coctour
U3 Bcex uMcesa ot 1 go 11, 3a uckaoueHuem 6, a MHOXe-
ctBo I13(A2) cocTouT H3 uHcen 0,' 6, 12. TTpononxas 3to
paccykieHHe, HaxoiuM, uTo A; MOXeT BHIHrpaTh W3
BCEX MOJOXKEeHHIl, KOTZa YHCIAO CIIHYeK He AeauTcs Ha 6.
Tlocsie XaXa0ro CBOEro Xofla OH AOJMKeH OCTABHTb UHCJO
cnuyek, aeasieecs Ha 6. Ecau uucno CMHYEK B NEPBOHA-
YaJbHOM Ky4Ke J1e/IHJI0Ch Ha 6 u ecin A nenaer mepBblit
Xom, To A Bcerza MOMKeT BbIMrpaThb TOYHO TAaKHM e
o6pa3oM.

Ham BTopoit mpuMep — cTapHHHAasA KHTaHcKkas Hrpa
«HuM». B mpocrefiweit popme oHa cocTOUT B caenyioleM,
Ha crone snexar TP Kyuku ¢uitek. Kaxawii xoa 3a-
KN10YaeTcsi B TOM, UTO HIPOK BhIGHpaeT Kyuky u Geper
H3 Hee NO Kpafineii Mepe oAHY (HMIIKY, OH MOXKeT Aaxke
B35ITh MX Bc€. 31ech CHOBA BLIUTPLIBAET TOT, KTO BO3bMET
nocaenHow ¢uiiKy. B 3TOM cayuae Mbl AaZHM OMHCaHHE
TOJIbKO BCeX BHIHTPHILHBIX nojoxenuit. Kcratu, ato 6y-
IeT ynpa’KHeHHeM Ha MpejcTaBleHHe YHCENT B NBOHYHOMU
CHCTeMe CUHcJeHHsi. BB, BepOATHO, yXKe 3HaKOMBHI C pas-
JIOXKEHHEM LeJBIX YHCeJa MO cTeneHAM ABOHKH. [Tepsbie
HEeCKOJIbKO NpeACTaBJeHHH TaKOBH:

1=(1),

2=(1, 0)=1-2+0,

3=(1, )=1-2+1,

4=(1, 0, 0)=1-2240-240,

5=(1, 0, )=1-2240-2+1,

6=(1, 1, 0)=1-2241.240,

7=(1, 1, 1)=1-2241-2+41,

8=(1, 0, 0, 0)=1-2840-2240-2-40,

9=(1, 0,0, 1)=1-2940-2240-241,

10=(1, 0, 1, 0)=1-2840-22+41-2-4-0.
Menee MPHUBBIYHO TAK Has3blBaeMoe «MNopaspsiaHoe Cloxe-

HHe», KOTOpPOe MOXHO NPOH3BOAHTb HaJ 3THMH «IBOMY-
HeIMM Yncaamu», as Toro urofbl mokasaTh, KaK 3TO
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TVIABA VI. UTPBI U TOJNOBOJIOMKY

penaercs, pacCMOTPHM [ABa IpuHMepa:

1011 1111
1 01 110
110 11
1100 1010
0100

Kak o6blyHoe cj0XKeHHe, 3TO CJOXKEeHHe BLINOJHSAETCS Mo
cronbuaM, HO CyMMa CUHMTaeTcs PaBHOH HYJIO, €clH B
COOTBETCTBYIOILEM CTOJIOLE YHCJIO €JHHHUI, YeTHO, H €aH-
HHLlE, €CJM HMX uvca0 HeueTHo. Kax BHAHTE, 3TO cjoxe-
HHME OTJMYEETCst OT OGLIYHOTO CJOMKEHHS B ABOHYHOM CH-
CTeMe CUHCJIEeHHs.

Bepuemcs Tenepb K urpe «Hum». Jas kaxjoro moJo-
JKEHHS Hali/leM NOpa3psiiHyl0 CyMMY TpeX 4YHCeJ, MOoKa-
3BIBAIOIKX, CKOJBKO (HINeK B KaxJoi kyuke. Ecan stu
uucaa paBHbl, HanpuMep, 13, 12, 7 uan 14, 11, 5, T0 co-
OTBETCTBYIOIIKE CYMMBl OYyAyT HMETb BHA

1101 1110
1100 1011
111 1 01
0110 0000O0

Ha3oBeM Hy/ieBbI M TakOe MNOJIOXKEHHe, HJIi KOTOPOro
nopaspsiiHas cymma, Kak BO BTOPOM NpHMepe, COCTOMT
H3 ONHHX HYyJieH; OCTasbHble NOJIOXKEHHS] MBI OylaeM Hil-
3bIBATh PE€ryJNApPHB MH. BhIUTPHILIHBIMHA MOJOMXKEHHS-

*
MH 18 Ai SBJASIOTCS BCce pEryJ/sipHble N0JI0XKEHHS; PO~
UTpbIBAeT OH B HYJEBHIX MOJOXEHHUAX.

*
Jloxasate 3to npocto. Ecam Ar naxopurcs B pery-
JASPHOM MOJIOXKEHHH, OH MOXeT B3ATb HECKOJbKO (PHIIEeK

*
tak, uTo6H A; focrajock HysneBoe mnoJoxenue. Jas
5TOr0 MOXHO BbIOPATh KYUKy, 4YHCJIO (uillek KOTOpOii
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§ 2. TEOPUS UTP

uMeeT eAuHHUY B TOM crosiblle, rAe CTOUT NepBas eaM-
HHMLA CYMMBbl; M3 3TOH KYYKH MOMHO B3§iTb HECKOJLKO
¢uulek Tak, uto6H HOBas NOpaspsfHas cymma Gblia paB-
Ha Hymio. Tak, B HalleM MepBOM NpPHMeEpe MBI MOXKEM Bbi-
6patb Kyuky, B Koropoit 13=(l, I, 0, 1) dumek, u
B3aTh 2 ¢umkyu, ocrasuB l1=(1, 0, 1,1}. B stom uacr-
HOM cJyyae Mbl Moryiu Obl TakKe Opath (HWKH M3
KaXXI0H H3 OCTaJIbHBIX JBYX Kyuek, 3aMeHsss 12 unciaom
10=(1,0, 1, 0) uau 7 uucaom 1=(0, 0, 1).

. -
Ecau A nepesezer A; B HyseBoe MNOJOXKeHHE, TO

L] *
uto 6bl HH aenan Aq, oH BepHer A cHOBa B peryaspoe
noJioXKeHHe; AeHCTBUTENbHO, KaKoe 6H YMC/I0 QHLIEK HH

®
B3s1 A2, OH U3MEHUT B OZHOM M3 YHCEN XOTsi Gbl ONHY M3
undp; caea0BaTENbHO, H3MEHHTCH M COOTBETCTBYIOLLAs
undpa B nopaspsignoit cymme. Mrpa 3sakonuurcs, ecnu

A nepesejer A; B HauMeHblllee HYJeBOe MOJOXKeHHe,
Koraa Bce Kyuku nycTble. Kak BHAHTe, 3Ta HIpa HeCKOJb-
KO HamoMHHaeT Ty, KOTOPYIO Mbl pacCMaTpHBaJHu B fep-
BOM TNpHMepe. ' '

SIcHO, 4TO TOT Xe MeTOJ NPUMEHHM H B TOM CJayuae,
Korjaa nMeetcs GoJsiee Tpex Kydyek. 3aMeTHM, YTO MPH pac+
CMOTPEHHH MTPhl «HHM» Mbl He HaYHHAJNH C MYCTOro no-
N0XKeHHs, 4TOOb!, ABHrasch Hasaj, HalTH BCe BHIMMPHILI-
Hble MOJIOXKEHHAA. DTO MOXKHO GhiJio 6bl cleNaTh H, KOHeY-
HO, C TeM Xe caMmblM pe3ysnbratoM. OaHako Jerve 6ulI0
HCNOJIb30BaTh H3BECTHOE pelleHHe H TOJNbKO MPOBEPHTH
€ro MpaBHJbLHOCTb.

YnpaxHuHenunn

1. CurpaiiTe B FPY «HHM» C OIHHM H3 BalllHX Apy3ei.

2. Onpeneante nepshle BHIMIPHILHbIE W MPOHTPHILKBE MHOXECTBA
Bi(A4)), By(A)), 11, (As), IT2(A2) B urpe «HHM>.

3. PaccmoTtpuTre Takyio urpy. MmeioTca aBe KyukH COHueK, H KaX-
Abifi Mrpalomuii MoXeT B3ATb AuG0 OAHY CNHYKY H3 OIHOH KYUKH,
au6o no oaHoRt u3 Kaxaofi Kyukd. BHurpeiBaer TaT, KTo Geper
nocaeanolo cnuuky. Hadth muoxectBa B,(4,), By(A4)), I1{4z2),
INy(A;). Moxere au BW yKasaTb ofillee NMpaBuno onpeseneHys
BLIHTPHILHBIX TO/IOKEHHH?
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IJJABA VI. UFPBl U TOJJOBOJIOMKH

§ 3. NMapanokc cnopTHBHHX o6o3pesareJedt

IMocae okoHuaHus GyTOOJNBHOTO Ce30HA, KOrja BHOBh
H BHOBb OOCYXIAIOTCS BCe NMPOHMCUIECTBHS BO BpeMs HIp,
0co6EeHHOCTH KOMAaHJ M MrpPOKOB, A0 TeX AOp moka 3Ta
TeMa IIOJHOCTBIO ce6si He HCcYepnaer, NMOYTH BCErJa HaXo«
AUTCA JIOBKUH JKYDHAJHCT, NPENOAHOCAIINHE CBOHM YMTAa-
TEJSM TOT NOPa3HTeJNbHBIH (PAKT, UTO CHJbHeflIed KOMaH-
JIOH Ha CaMOM JeJie 0Ka3ajach He BeJIHKOJeNHas KoMaH-
na «Pyku BBepx» (P), a ckopee YHBIIBLIH CHOPTHBHBII
k1y6 «[loxaneiite meus» (IT).

B noarBepxxaeHue 3TOro MPHUBOJUTCSH MOCJEI0BATENb-
HOCTb Urp, B Kotopbix Il Bourpasa y A, A—y B ur.
[0 Tex mnop, noka P He oKa)keTcs B CaMOM KOHIle 3TOro
pana.

Jns Toro 4ToObl BHISICHUTH, IPH KAaKOM YCJOBHH Ta-
Kasi OpDHEHTHPOBAHHAs 3JIeMEHTapHas uenb RefiCTBHTENb-
HO MoXeT ObITh HafijeHa, PacCMOTPuUM cjayyail, Koraa
HMeeTCsA f KOMaHJ UM HrPOKOB

Ay Ay i AL (1)

KaX[blil 3 KOTOPBIX HTPaeT CO BCEMH OCTaAbHHIMH, s
IPOCTOTHl NPEANOJNCKHM, UTO HUUeliHble pe3yJabTaThl HCK-
qioueHbl. CoorBercTByOWMi rpad Gyaer B 3TOM cayuae
nosueiM (cM. § 2 o I), T. e. KaxKAble [Be €ro BEpPLIMHLI
O6ynyT coeauHeHbl HEKOTODHIM OPHEHTHPOBAHHLIM peGpoM.
Haur nepBblit pe3yabTaT TakoB.

TeorEMa 1. B noaxHom opuenTuposanHom ezpage
scez0a HalideTcsi OPUEHTUPOBAHHAS IAEMEHTAPHAA yeno,
npoxodaujas uepe3 ace e20 8epPULUHBL.

JLOKA3ATENLCTBO. [J0CTAaTOYHO NOKAa3aTh, YTO €CJH Ml
HMEEM ODHUEHTHDOBAHHYIO 3JEMEHTapHYIO LeNb

& = (A Az)' (Az» Aa)- vy (Ak—b Ap), 2

NPOXOJsINYI0 TOJBKO Yyepe3 HeKoTopble u3 Bepuwnu (1),
TO MBI BCErJa CMOXEM HAHTH OpPHEHTHPOBAHHYIO 3JieMeH-
TAapHYIO LeNb, COAEPKAIYI0 HAa OJHY BepLIHHY GoJblie,
Hrak, no6aBuM K ¢ NPOH3BONBHYIO BepPWIHHY Apyy H
PaccMOTPHM pa3jHYHble BO3MOXKHBIE ODHEHTalUu# pebep,
COeUHAIOMWHNX Apyy C BepUIHHAMH U3 &

102



§ 3. TIAPALIOKC CTIOPTHBHBHIX OBO3PEBATEJIEM

Ecan naiinerca peGpo, nanpasaennoe ot Ap K Ay,
MBI MOXEM MPOCTO NpoROMKHTh & no Ayy1. [Tpeanono-
KHUM N03TOMY, uto pebpo (An41, Ar) HanpasiaeHo OT
Art1 (puc. 76), u paccMOTPHM nocJefoBaTesbHo pebpa,

coenuHsomme Aryy ¢ Ap-y, An-a, ..., Ay Tlpeanonoxum,
UTO NO KpajiHeil Mepe OAHO M3 HUX HANpamJeHo K Apy1, H
A.
‘ Ajoy

Ak«l
Puc 76

nyctb (Aj Apy) — nepBoe Takoe pe6po B mnocnenosas
1eqbHOCTH (Anys, An-1), (Anst, An-2), ooy (Aise, Ainr),
(Ai, Apg1). Torma Mbl MMeeM mapy CMeXHBIX peGep

(Au Ak-&-l)' (AkH' AH—])» (3)

npuueM nepBoe M3 HUX HanpasaeHo oT A; K A4y, a BTO-
poe — OT Ap41 K Aiyy. ITO AaeT OPHEHTHPOBAHHYIO 3Je-
MEHTapHYIO Lenb

Al’ ve ey A[, Ak.,.p AI-H' seey Ak'

Ocraerca paccMoTpeTh cayuaii, Koraa 8ce pe6pa Ha«
npasgensl 0T Ay K &. B 3TOM cIyuae MBI MOKeM Ha~
yaTh SJeMeHTapHylo uenb ¢ pebpa (Ary1, A1) u nporoa-
KuTh ee 1o &. 3aMeTuM, YTO 3TO €JUHCTBEHHbI Cayyai,
KOrla MPHXOLHTCSH MeHATb Haua/bHYIO BEPIUHHY UenH.

DToT peaysbTaT NOKa3HBaeT, YTO INOCJAe OKOHYaHHS
TYPHHpa BCersa MOXHO PacnoJiOXKHTb NPOTHBHUKOB B
OpHEHTHPOBaHHYIO Uenb noGexuteneil. Teopema He BROJ-
He OOGBACHAET, OAHAKO, YTO MBI HMeJH BBHIY, FOBOPS O
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IJTABA VI. UTPEI U TOJIOBOJIOMKH

napajaokce cCNopTHBHHX o6o3peBatesnell. Beap anech Tpe+
6oBasioch B35iTb HEKOTOPYIO (DHKCHPOBAHHYIO BepuIMHY A,
H TNpOBECTH OPHEHTHPOBAHHYIO LieNb OT Hee 4Yepe3 Bce
OCTaJsbHble BeplIHHbl. BO3MOXHOCTL 3TOro He BBITEKaeT
M3 NpeLUIeCTBYIONIEro PacCy»KJIeHHsl, TaK Kak NpPH mpo-
ROJIKEHHH LeNd & MOIJIO CJAYYHThCS, YTO HaM NPHILIOCH
6bl H3MEHHUTb €e HayaJbHYIO BepHUIHHY.

Ha caMom nene He Bceria MOXHO NPOBECTH TaKylo
nenb. JTO OueBMJHO, Hanpumep, ecan A, — «noGuras
KOMaHJa», T. e. TaKas KOMaHj1a, KoTopas HMeaa B Typ-
HHpe OIHH TOJMILKO mopaxeHus. B Gonee obuieM cayuae

Puc. 77

tTakasi uenb M3 A; He Moxer GOblTb HaljeHa H TOraa,
koraa Ay mpuHaanNeXuT K «no6utoil rpynne» O, ujenbl
KOTOPOH KOHKYPHPOBa/NH, TaK CKa3aTb, TOJbKO JApYr ¢
APYroM, MOCKOJbKY HH OQHH M3 YJIEHOB 3TOH IPYNMNbl HE
MOr ojepXaTb noGefy Hal NPOTHBHHKOM, K HEH He Npu-
HaanexawuM. Ha coorBerctBylowiem rpade (puc. 77)
HMeIOTCS TOJIbKO OPHEHTHPOBaHHble pe6Gpa, HamnpasJeH-
Hble K O, ¥ HM OHO M3 HHUX He HanpasJgedo ot 0. Onnako
HMeeT MECTO cJeayloulas Teopema.

Teopema 2. Ecau A, ne npunadaexmur Hu & Kaxkoti enn-
Guroli epynne», T0 8cee0a HaLOETCA OPUEHTUPOBAHHAA
yens, Hauurarouwjaaca 8 Ay u npoxooawas Yepes ace gep-
wuHsL epaga.

HokasatEabctso.  Mbl noctpouM u3 A, 3’aemenrap-
nyo uenb &, Takylo xe, Kak (2), ¥ NPONOMKUM ee Ha-
CTOMIbKO [aJeKO, HACKONbKO 3TO Bo3MOxHO. M3 pokasa-

104



§ 3. MMAPAIOKC CMOPTHBHHIX OBO3PEBATEJIER

TeNbCTBAa TeopeMsl 1 BHIHO, YTO Henb ¢/ MOXKHO NPONOJ-
JHUTh, He MEHAA HavyaJbHOH BepinHM A,, 10 n1060ii Bep-
wHHe Ay, A0S KOTOPOH HaiAeTcs OPHUEHTHPOBAHHOE
pe6po, BhixoAsllee U3 ¢°. 3HAUHT, B TOM Clyyae, Koraa
& He MoxeT GBITb NPONOJXKEHA, ee BepPUIHHH 06pasyioT
«no6utyo rpynny». OaHako no ycsaosuio A; He npuHaj-
JeXHT K TaKoift rpynne, H, cjejfoBaTelNbHO, LEeNb
JOJIKHA NPOHTH yepe3 BCce BepUIMHM rpada.

Ha camoMm nene cnpaBeanuso naxe cheayiouee yT-
BepxaeHue.

TeoreMa 3. Ha opuenTuposannom noanom epagpe, He
codepycauyem «nobuTbIX 2pynns, UMeeTCA OPUBHTUPOBAH-
Kbl yuka, npoxodswull yepe3 ece sepuiunst epaga.

Doxasateascto. Ecnu & ectb saeMeHTapHas uens,
NpoxoAsilas Yepe3 Bce BepIUHBI rpada B KOHEUHYIO TOY-
Ky An, TO HenmpeMeHHO HalAayTcss peGpa, BHIXOAsAIMe H3

Akol

Ap

Ay
Puc. 78 Punc. 79

Ay, Tak Kak A, He asasercs «no6GuTofi KomMannoii». Takoe
pebpo (An, A;) nonkHO BecTd K ONHOH M3 NpelblAyuinX
BepuwinH A; Ha &, a 3T0 yXe [aeT HEKOTODPbIl OPHEHTH-
posBaHHBI uuKA (puc. 78).

IIpennonoxuM, uTo Takol OPHEHTHDPOBAHHEIN LHKJ

@:(Al, AL’)' .oy (Ak_p Ak)' (Ak' Al)

CONEPIKHT He BCe BepIUHHLI rpada, H nycTh Agy — TaKas
BepiuMHa, YT0 Mexay C H Azyy ecTb peGpa o6oux Hanpas
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TJABA VI, UTPBl H TOJOBOJIOMKH

Baenuit. Toraa, Kak Ha puc. 79, HaflnyTcsa cmexcHole peG-
pa, coepunsiolide Ay ¢ C H NPOTHBONOJIOXKHO OPHEHTH-
pOBaHHBIEe; B 3TOM CAyyae MOXKHO paciuupuTh G, 3ameHas
pe6po (A, A;yy) pebpamn (A;, Appi) # (Apgy, Ain)
(puc. 79).

Ocraerca paccMoTperb cayuail, KOrma BepiUHHBI, He
npuHaaaexaimne C, pacnafalTcs HA ABa Kjaacca: Bep-
wHHL M, u3 KoTOphIX Bce pe6pa Hanpasaenn K G, uBep+
wHHb N, Bce peGpa KoTopbix Hanpasiaens oT C. [Ipu

M,

v,

Puc. 8

STOM JOJUKHBI CYL1eCTBOBATh BEPIIHHB 0GOHX THIOB, TaK
KaK ecqau Obl He Hawioch BepumuH M, To MHOXKecTBO {N}
Bcex BepuudH N o6pasoBanio 6l «MOGHTYIO rpynny», a
ecan Obl He Gbio BepmuH N, To Takylo rpynmy o6pa3zo«
Banu Obl Bepuuubl 3 C (puc. 80).

Bepmuns Muoxecrsa {M} coenunersl pe6pamu ¢ Bep-<
niHaMu u3 {N). Tounee, HOJMXKHO HaHTHCL 1O MeHbIUEH
mepe ofHo pe6po (N, M,), HanpaBJeHHOEe OT HEKOTOPOii
sBepmunbnl Ny MHoxectBa {N} x HekoTopoi Bepuiumne M;
MHOXecTBa {M}, Tak Kak B HDPOTHBHOM CJlyuae MHOKe-
ctBo {N} 6u1o Gu1 «noGuTHIM», Ho TOrga cHoBa MOXHO
pacuuputh C, 3aMensis pe6po (A; Ai1) TpeMa pe6-
pamu

(Ah Nl)v (va Ml)v (MI' AI-H)'
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§ 3. TTIAPAIOKC CIOPTHBHBIX OBO3PEBATEJIER

Tak MBI MOXXeM HOCTENeHHO paciupaTs uuka C Ko Tex
nop, mMOKa B Hero iie BOHAYT Bce BeplUHHH rpada.

Ynpaxkuenus

1. Paccmotpure TaGauiy pesysibTaToB KaKoro-HuGyAn KPYrosoro
mwaxmatHoro Typuupa. Hafixure opueHTHpPOBaHHYIO S/eMeHTap«
HyIO Lenb, NMPOXOAALIYIO uepe3 BCe BEPUIHHH COOTBETCTBYIOLIETO
rpada. BuacHute, HMeIOTCA JH KakHe-HHOYAb «NOGHTHe Ipym+
Nbi»; €CJAH HeT, NOnbiTafTech HARTH OPUEHTHPOBAHHBIA UHKJ, MpPO<
XOAAULHA uepe3 Bce BepLIHHB rpada.

2. Kak H3MeHATCA npeALAyWIME PacCyKACHHA, €CAH CYUHTAThb BO3-
MOMCHHMH TaKie H HHYbH?



ri1ABA VI

OTHOWeHNA

§ 1. OrHomenus u rpadu

o cux nop Mbl paccMaTpHBAaJH PAa3JHYHBIE «NPaAK+
THYECKHe» MNpPHIUKeHHs rpadoB — K HEKOTOPHIM 3aaa-
YyaM, BO3HMKAMOIXM B NOBCEAHEBHON KM3HH, a TaKXKe K
HrpaM M roncBojoMkaM. Mel nogoGpain Marepuasa Tar,
uyroOBl OH OBL1 CBSI3aH TOJBKO C OOLIEH3BECTHRIMH H
NPOCTHIMH MOHSATUAMH. B 370l riaBe MBI mocrapaemcst
NOKa3aTh, YTO rpadsl TECHO CBA3aHBLI C HEKOTOPHIMH OC-
HOBHBIMH TNOHATHAMH MaTeMaTHKH, NpeicTaBisis coboH
(hakTHUeCKH UL APYroH cnocol ONMHCAHWST 3THX MOHS-
THH.

Beakas MaTemaTHuecKasl cuCTEMa HMeEET [JeJ0 ¢ MHO-
KEeCcTBOM KaKHX-TO O0'beKTOB, HIM 3neMeHTOB. Hanmpuwmep,
TaKMMH 3JIeMEHTaMH SBJSIOTCA yHcia GoJiee wiu MeHee
ofilleli NPHPOABI: Mbl MOKEM PaccMaTpHUBaTb MHOXECTBO
HATypaJbHBIX (LeJbIX MOJNIOXKUTENBHBIX) UYHCEN, MOJOXKil+
TeJIbHBIX YHCeJl, PALHOHAJbHBIX YHCeJl, BelleCTBEHHbIX UM«
cesi, KOMIIEKCHBIX uHces. B anreGpe Mbl nMeeM Aeso ¢
3JIEMEHTaMH, KOTOpbleé MOXXHO CKJaJAblBaTh, BHIUHTATH,
nepeMHOXaTh U T. A. B reomerpuu Mbl 0GBIYHO paccMa-
TPpHBaeM onpejae/ieHHble MHOXKeCTBAa TOYEK HJH COBOKYII+
HOCTH TOYeK CIIelHaJbHOro BH/ad, TAKHE, KaK NpsAMble JiH-
HHH, OKDY2KHOCTH, IUIOCKOCTH H T. A. B JIOTHKe MBI H3y-+
yaeM CBOMCTBA Pa3JIMUHOIO pOAa YTBepPKIEHHUH.

Hast Toro 4To6H NOCTPOUTH MATEMATHUYECKYIO TEOPHIO,
HaM HYXKHBl He TOJbKO CaMM 3TH 3JIEMEHTHI, HO TaKXe H
OTHOWenus MeXay HUMH. [IpuBeaeM HECKONBKO NpHMe-
poB. [las unces MMeeT CMbLIC] MOHATHE PABEHCTBA: a=b.
Ecaun uncaa a u b pasauunb, Mpl numeM a¥b. 3anucs
a>b o3nauaert, 410 a Goablue, yeM b, aHanoruydHoa 2> b



§ 1. OTHOWIEHHA W TPAOHI

o3HayaeTt, 4to a auGo Goabiue, AuGo pasHo b. Ecau a u
b — uenbie uucaa u b geautcs Ha a, Mb nuileMm a|b.

B reomerpuu npe HUrypH, CKaxKeM JBa Tpeyrods-
HHKa, MOTYT ObiTb PaBHBIMH (3TO OTHOLUEHHE 3aMHChl-
Baercs Tak: A=B) nin olHa GHrypa MOXeT cofepxarth
BHYTpH cebsi apyryio (B 3TOM ciyuae Mbl muweM ADB).
/se npsambie Moryr Gbith mapaaneasHbiMu (AllB) wuau
B3aMMHO TNeEpPNeHANKYJSPHBIMH (nepeceKaTbCsi NOX Nps-
MbiM yraom, AL B). B Jorike OfHO yTBepXKJaeHHe HJH
npepsioXXeHue MoxeT BbiTekaTh M3 japyroro (A->B).
B Teopun MHOXecTB OTHOlIeHHe @ €S MeXIy 3JeMeHTOM
a ¥ MHOXECTBOM S 03HauaeT, YTO 3/IeMEHT a NMpHHaJe-
XKUT MHOXecTBY S.

Bce 3TH OTHOWEHHS KacaloTcsd ABYX OGBEKTOB, MO-
3TOMY OHH YaCTO Ha3biBalOTCA GHHAPHLIMH OTHO-
WEeHHAMH, HAH, AN8 KPATKOCTH, NMPOCTO OTHOUIe-
HusaMH. HMeioTcs m apyrue THNbl OTHOWIEHMH, HanpH-
MEp TepHapHBHEe OTHOLWIEHMWS, Kacaoiuuecs Tpex
o6bekToB. B kauecTBe npuMepa Takoro OTHOLUEHHsI YKa-
KeM caenyiouree: Touka A nexuT Mexay roukamu Bu C.

BBHAY Ba/KHOCTH MOHATHA OTHOILUEHHS B MaTeMaTHKe
HeoOXOAHMO BBECTH Ajs Hero obiuee onpenenenue, Has
o6meroR(6nHapHoro) OTHOLIEeHHSl, 0003HauUaeMoro CHM-
BOIOM R, Mbl nuieMm

aRb (1)

u rOoBOpHM, uTO b Haxodurca 8 orwowenuu R k a. Ao
3HaYuT, YTO b NPHHAAMNEKHUT HEKOTOPOMY CleLHaNbHOMY
uHOXKecTBY P,, onpexensieMOMy 3THM OTHOLUEHHEM AN
kaxaoro a. Tak, HanpuMmep, oTHouleHHe a>b o3Hauaer,
YTO b NPUHANNEIKHT MHOXKECTBY BCEeX YHCeJ, MEHbIUHX
yeM a. [las uenwix uucen a u b orHoueHue a|b, wau a
ABaseTca JAenuTesneM b, o3Hayaer, uTo b mMpHHAANEKHUT
MHOXXECTBY BCeX leJbiX YHCeJ, KpaTHbX a. TakuM o6pa<
3oMm, 3anuck (1) sBAsieTcs auwb APYrHM crnoco6oM Bhi<
paxenus Toro ¢akra, uTo b NPHHAANENKHT MHOXKECTBY
R., kotopoe oTHouweHHe R comocraBiser 3JeMEHTYy 4.
BepueMcs Tenepb kK rpadaM. PaxkTHUECKH KaxkKAblH
opueHTHpoBaHHbIl rpad G onpenensieT HEKOTOpPOe OTHO-
WeHHe B MHOXXeCTBe ero BeplIuH. DTO OTHOLIEHHE MOXKHO

3anucaTth B BHAe
aGb; 2



TJIABA VII. OTHOWEHHSA

OHO 03HAyaeT, YTO HA rpade MMeeTCs] OPUEHTHPOBAHHOE
pe6po, uayumee or a K b. CooTBeTCTByIOllEE MHOXKECTBO
Ro=G, coCTOHT U3 BceX TaKux BepuwdH b rpada G, k Ko-
TOPHIM HAYT peGpa or a. Takum o6pas3oM, cKa3aTb: HA
rpade G umeercs pebpo (a, b) —3TO Bce paBHO 4yTO
CKa3aTb: HMeET MeCTO OTHOolueHHe (2).

Sto Morso OBl CKIOHHTB Hac paccMaTPUBATh TEOPHIO
rpagos- Kak HEKOTOPYIO CIeLHaqbHYI0 YacThb TEOPHH OT-
Homenuii. OMHaKO Ha caMOM Jesle 1Be 3TH TEOPHM B He-
KOTOPOM CMBbIC/Ie 3KBHBaJieHTHbl. Ilpeanosioxum, yrto B
MHOXeCTBe S oOnpeleneHO HEKOTOpoe OTHolienue R, Ko-
TOpPOe KaxKJAOMYy 3JeMEHTY a H3 S OTHOCUT HEKOTOpoe

(Yo

Puc. 81

mHoxecTBo R,. Toraa moxuo nocrpouts rpadp G oTHO-
wenust R, npocro npoBoas pe6pa M3 BEPLIHHBI @ K KaX-
noit Bepunne u3 R, (puc. 81).

Hrak, Teopus oTHOuIEHHH M TeopHs rpadoB OTJAHYA«
I0TCA TOJBKO MOAXOAAMH, HO He COJepIKaHHEM; NOYEMY
Xe B TaKOM CJlyyae MaTeMaTHKH PaCCMaTPHBAIOT HX pa3-«
IenbHo? JTO OGBbACHAETCS OTYACTH NMPHUBBLIYKON M TPaiH-
UHSAMH, NOA0OGHO TOMY KaK B aHAJMTHYECKOH reoMeTpHu
FOBOPAT O NPSIMOH JIMHHH, a B ajre0pe TO Xe camoe NO-
HSTHe pacCMaTPHBAeTCA KakK JMHEHHOe ypaBHEHHe C [IBY-
Msi HeH3BecTHHIMH. OZHAaKO Ha caMOM JeJle HMEercss He-
6onbioe pa3nnude B MeTo#ax 3THX Teopuil. OHo co-
CTOHT B TOM, YTO TEOPHs OTHOLIEHHH MMEEeT JeJo IJaa-
HHM o6pa3oM ¢ GeCKOHEUYHRIMH MHOXecTBaMH R,; B Ka-
yecTBe NpHMepa NpHBeJeM OTHOLIeHHe a>b [as Beiues
CTBEHHBIX uHceJ. Ha coorBercTBylOlIeM rpade AOMKHO
6610 6b1 OHITh GECKOHEYHO MHOrO BepLIMH H B KaMJoii
BepluHHe — OecKOHeuHo MHoro peGep. Ilpu u3yueHnu Ta-
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§ 2. CIELIHMAJIBHBIE YCNOBHUSA

KHX rpadoB Halla reoMeTPHYeCKass WHTYHLHS TNOUTH He
MoXeT HaM mnoMmouyb. Korza Bolile MBI paccMaTpHBaJH
HeKOTOpble BOMpPOCHl TeOpHH rpadoB, Halle NOJOKEHHE
oyeHb 06Jeryajioch BO3MOXHOCTBIO HarJsiAHO MNpecTas
BAsATL ce6e rpad Kak COBOKYMHOCTh KOHEYHOro YHcia
BepILIHH H cOeAMHsoWHX uX pebGep. OAHAKO AAS MHOTHX
THMOB OTHOLUEHHM MpeflliecTBYIOLIMe pacCyXAeHus moTe-
PAOT CBOI0 YyG6eaHTeNbHOCTh; B AEHCTBHTENBHOCTH OHM
MOTYT Haxe OKa3aThCsi HeBepHHIMH AJs rpagos c OGecs
KOHEUHBIM MHOXECTBOM BepLIHH U peGep — M YXK, BO BCA-
KOM cJyuae, 31ech NMPHIVIOCh Gbl 1aBaTh COBEPLIEHHO HO-
Bbie JI0Ka3aTe/bCTBa.

YnpaxHueHus

1. Tepeuncante KakHe-HHGYAb OTHOLIEHHS, OTIHYHBIE OT YMOMSHY-
Teix Boime. [lonbitTafitels camocTOATENBHO NPHAYMATh KakHe-
HH6ynb HOBLIE MPHMEpH.

2. Ona MmHoxectBa uncea 2, 3, 4, 5, 6 uaueptHTe rpadn H nepe-
YHCAHTE MHOMKECTBA R AJIA KaXI0To M3 CHeAYIOLIHX OTHOUIEHHHA:

a) x>y, 6) x£y, B) x|y.

§ 2. CnenuajabHHe yCJHOBHSA

HoBble Touku 3peHHst OGBIYHO NMPHBOAAT M K HOBBIM
sakaiouenusaM. HaM npugercs BsecT B TeopHio rpados
EE€KOTOpble OCHOBHBIE TOJIOXKEHHSI TEOPHH OTHOLLIEHHH,
yToObl CclleNaTh MapajenusM Mexay o0eHMH TeOpHAMH
Gonee MOJHBIM.

[Mycts naHo HekoTopoe ornouwleHue R. Moxer cay-
YHTbCA, YTO KAKOH-TO 3JeMEHT @ HaXOJHMTC B 3TOM OT-
HOLIEeHHH K camoMy cebe:

aRa. &)

Tak, nanpuMep, Kaxnas npaMas A cuutaercs napasi-
JenasHoi caMoi cebe: AJJA '), kaxnoe UHCAO YAOBJETBO-
psieT ycioBHIO a>a u T. 4. Ha rpadax XKe y Hac no cux

) B pycckoit yye6GHO JHTepaType COBEpIUEHHO €CTeCTBEHHOE
oTHouienne A[lA wacTo, K cOXa/leHHIO, 3aTylleBLIBAETCH.,

1



TJABA VII. OTHOWEHHUSA

nop He Obl NpPeAyCMOTPeH 3ToT cayuaih. EMy nomxHo
COOTBETCTBOBaTh pe6po (@, a), KoHeUHble TOUKH KOTO-
poro coenajaior. Takoe peGpo Ha3biBaeTcss meTJied
(puc. 82).

OrHowenue R, aas kotoporo ycaosue (3) Bsbino.a-
Hsercs npu A060m a, Ha3nBaeTcs pedIeKCHBHB M;,
COOTRETCTBYIOMINA rpad B KaXA0H BepHIMHE UMEET NeT110.
B kauectBe npuMepa pedIEKCHBHLIX OTHOLUEHHH MOXKHO
yKa3aTh yXe Ha3BaHHOe BbIllle OTHOLIEHME NapaJJenb-
HoeTH AllB nast npsiMbIX MM OTHOWEHHe a>b ans uuce..

Ecau ycitoBue (3) He BbImONHsIETCH HU 04 00HO2O
3JeMeHTa, To R Ha3biBaeTcs aHTHPe(DAEeKCHBHB M
oTHowmweHHe M Ha coorrercrsyloieM rpade HH oaHa

Puc. 82

BeplIMHA He MMeeT neTjd. B kauecTBe npuMepa MOXKHO
yKa3aTb OTHOLIeHHe NEePNeHIHKYJ/SPHOCTH [JS NpPAMBIX:
ALlB.

Jans kaxaoro otHoweHHss R MOXHO ONpefesuTh 0 G-
paTHoe oTHoweHue R*, cuurast, uro bR*a B TOM 11
TOJNBKO B TOM cayuae, koraa aRb. Tak, nanpumep, mis
OTHOHWIEHUs al|b, T. e. a sBasierca penutenem b, obpart-
HbIM CJIYXHT OTHOLUEHME

bl a,
o3Haualollee, uro b kKpaTHo a. Yacro AasA OTHOUEHHA
R* BBogMTCA chnenuanbHBHIH CHMBOJ; TakK, IJs OTHOLUIE-
HBs a Gogblie, yem b, a>b, o6paTHHIM ABJSETCH OTHO-
wenve b<a, 1. e. b MeHplue, yem g; oTHOleHne a€ A, a
€CTbL 3JeMeHT MHOXecTBa A, MMeer B KauecTBe ofpar-
Horo ADa, 1. e. A conepxur a.

H3 onpenenenns o6paTHOro OTHOLIEHHS BUIHO, YTO
ecau Ha rpade G, cootsercTBywlNeM R, nmeercs pe6po
(a, b), 10 Ha rpade G*, cooTBeTcTByIOIEM R*, n0MXHO
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§ 2. CELMAJIBHHIE YCJIOBUSA

6uiTh pe6po (b, a). Uubimu caosamu, rpad G* ssasercs
o6paTthHHM aaa G, T. e. rpadoM ¢ TeMu ke pebpami,
yto U G, HO NMPOTHBOMOJOXKHO OPHEHTHPOBAHHBLIMH.
Moxer cayunThCsl, YTO AJS HEKOTOPOR maphul sJeMel-
TOB @ U b N HeKOTOPOro OTHOLIEHHH R Mbl HMeeM O1HO-

BpPEMEHHO
aRb n bRa €))

Ha cootsercTBylomem rpade n0MXKHH GbITh ABa NpOTH-
BOMOJIOKHO OPHEHTHpOBaHHHX pe6Gpa (a,b) u (b, a).
Takyio napy pe6ep MOXHO 3aMEHHTb OJHHM HEOPHEHTH-
poBaHHBIM peGpoM, TaK XKe Kak M B cay4yae YJaull C ABY-
CTOPOHHHM ABHIKEHHEM.

Jlns HeKOTOPHIX OTHOWIEHWHA OfHO M3 ycaosuit (4)
Bceraa BjeuerT 3a coGoit apyroe. TakHe OTHOUIGHHS Ha«
3LIBAIOTC CHMMeTpHYeCKHMHU. B KayecrtBe npume-
pa MOXHO YKa3aTb OTHOWIeHHe napajnenabHoctu AlB,
OTHOLIeHHe nepneHAuKyaspHocty A LB u oTHOWeHHe
paBenictBa A=B. B cOOTBeTCTBHH C TOJBKO YTO CAeNaH«
HbIM 3aMeyaHHeM MOXHO CKa3aTb, YTO

CummeTpuueckomy OTHOWEHUIO COOTBETCT8YeT 2pag C
HeOPUEHTUPOBaHHBIMU pebpamu; ob6paTHo, epap ¢ He-
OpueHTUposannbimu pebpamu onpedeaser HeKOTOpoe
CUMMeETpUYECKOe OTHOWeHUe.

CylecTByIOT H TakHe OTHOLIeHHS R, 1/ KOTOPHIX M3
BBHIMOJIHEHHS! OJHOr0 M3 ycsaoBHi (4) BbITEKaeT, 4TO BTO<
poe 3aBelOMO He HMeeT MecTa. B kauectse npumepa npu-
BeleM OTHoueHue a>b. TakHe OTHOlUeHUs Ha3LIBAIOTCH
aHTHcuMMeTpuuecKuMH. Hx rpapm He nmeior
HEOPHEHTHPOBAHHBIX HJH NPOTHBONOJOXHO OpPHEHTHDO-
BaHHBIX peGep, COEMHHSAIOWKX OAHY W Ty XXe napy Bep-
LIHH; KPOME TOro, Ha HHX HeT M Mnerefb, T. €. 3TH OTHO-
LIeHHs1 aHTHPe(JeKCUBHBL.

Himeercs eille omHO CBOHCTBO, Mrpaiollee BaXKHYIO
posnb B TeOpDHH OTHOWIeHHH. MBI roBOpHM, YTO OTHOMIE+
e R TPAaH3HTHUBHO, ecllH U3 ABYX YCJAOBHil

aRb wu bRce
aRe.

ITpumepoM cayxkat otHowenus napaanensuoctn AlB,
pasencrBa a=>b, oTHoweHns a GoJablie, yem b: a>b; a
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§ 2. CIIELUHAJIBHBEIE YCJIOBUSA

aBaserca AeauteneM b:alb. C mpyroit CTOPOHBI, OTHO+

wennss A LB u ab He ABAAIOTCA TPAH3UTHBHBIMHU.
Ipad TpaH3auTHBHOrO OTHOMIEHHS o6Jaajgaer Caedylo<

IIHM XapaKTepPHCTHYECKHM CBOHCTBOMI A/ KaX0H maphl

peGep
(a, b), (b, ) G))

HMeetcs 3ambikarowgee pebpo (a, ¢) (puc. 83). Ilpume-
HASl 3TO CBOHCTBO MNOBTOPHO, MBI NPHXOAMM K 3aKJIoue-
HHIO, YTO eCJIH Ha TaKoM rpade ecTb OpHEHTHPOBaHHast
uenb, MAyllass OT BEepUIMHBI X K APYroil BepllHHE Y, TO
eCcTb TaKXe M OpHeHTHPOBaHHOe pebpo (X, y).

ITpeanonoxuM, HakoHel, YTo y Hac HMeercs rpad 7
C OpHEHTHPOBAHHbLIMH pe6paMH, He ABJAIOUMACA TPaH<
autuBHbiM. Hanpumep, rpad puc. 84 ne umeer pe6pa me-
ALy BeplIHHaMH @ ¥ ¢, a rpa¢ puc. 85 umeer pe6po
(c,a) B T0 BpeMs KaK 3aMbiKalowuM Aas peGep (a, b)
u (b, c) monxHo 6Bl GHITH gedpo (a, c¢). Bo Bcex cayuasax
OpPHEHTHPOBAHHLIH rpad MOXHO CAeNaThb TPaH3HTHB-
HbIM, 100aBJIfis K HEMY OPHEHTHpOBaHHble pe6pa A0 TeX
nop, noka He OyneT NpHcOoefHHeHa 3aMbIKalouwias AJA
Kaxjoil mapsl ero mocjaenoBatedbHbix pebep. IToayuen-
Hblt Tak HoBbli rpad GT HasbiBaeTrcs TPaH3HTHB«
HbIM 3aMbikaHHeM rpapa G. Ha puc. 86 u 87 no-
KasaHbl TPAaH3UTHBHble 3aMbIKaHHS COOTBETCTBEHHO Ipa-«
¢oB puc. 84 u 85. 3aMeTHM, YTO noOcae NMPUCOEAHHEHHS K
rpagy puc. 85 3ammlkalomux pebep (a,c) — oas (a, b)
u (b,c), (¢,b) —pna (c,a) u (a,b) u (b,a) — ana
(b,¢) n (c,a), noiyyeHHoe TPaH3UTHBHOE 3aMHKAHHE
OKaxercss rpadoM HEKOTOPOro CHMMETPHYECKOro OTHO-
LIEHHS.

YnpakHeHHS

L. IlpuBeaute npuMepH APYrHX OTHOWEHHHA, OGNANAOLIHX ymOMS-
HYTHIMH BbIllIe CBOACTBAMH.

2. PaccMoTpuTe ceMeiiHble OTHOLIEHUS:
a) A ABasieTcs NOTOMKOM B;
6) A u B umeior obuero npeaxa.

3. O6pasyfite TpaH3HTHBHME 3aMLIKaHH® TpadoB, H306paKEHHHX
Ha pHc; 49 u 50, '



I'JTABA VII. OTHOHIEHUS

§ 3. OTHOmeHHs SKBHBAJEHTHOCTH

Cpein MHOTHX BHIOB MaTeMaTHYeCKHX OTHOLIEHHH
OTHOWEeHUA 3KBUGAAEHTHOCTU WTrPaioT OCOOEHHO BAXKHYIO
poab. OTHOLIEHHe 3KBHBAJIEHTHOCTH, 0ObIYHO 06O3Hauae-
MO€ CHMBOJIOM ~, XapaKTepH3yeTcs CJelyIOLIUMHU TpeMsa
CBOHCTBaAMH:

1°. Pegaexcusnocmsio: a ~ a;
2°. Cummempuinocmsto: M3 a~ b Burexaer b~ a;

3. Tpanumusnocmsro: w3 a~b u b~c BHTEKEET
a~c.

[Mpumep, HeMel/IeHHO TPHXOASIUHA Ha YM, — OTHO-
lende paBeHCTBa: a=>b. JleHCTBHTENbHO, OTHOLIEHHE 3K-
BHBAJEHTHOCTH 06Jajgaer CBOMCTBAMM, aHaJOTHYHBIMH
CBOHCTBAM PaBEHCTBA, U BO MHOTHX CJyYyasiX S9KBHBAJIEHT~
HOCTb pacCMaTPHBAeTCsi KaK CBOEro pojfia PaBeHCTBO; XO=
POLIMM TPHMEPOM MOXET CJAYXHTb KOHIPYSHTHOCTH reo-
METPHUYECKHX (Hryp, KOTOpas HeJapoM YacTO TOXKe Ha-
3EIBAETCA PABEHCTBOM.

B Teopuu uncen ucnons3yercs OTHOLIEHHe 3KBHBA-
JEHTHOCTH [APYroro Tuma, KOTOpPOe Ha3blBaeTCs C P a B«
numocteio. Ecam @, b ¥ m — TpH uenbix yucaa, TO

samuee a=b(mod m) 6)

03HAYaeT, YTO Pa3HOCTb @ — b [eNUTCH HA M WM, HHbl-
MH CJIOBAMH, YTO A/ HEKOTOPOro uenoro k

a="b- km. )

B Teopun umcesn oTHoluienue (6) BbIpaXKaloT CJIOBaMH:

YHCJ0 a CpaBHHUMO C b no MOAYJI0 m. B kauectBe np4a-
MepOB NPHBEINEM CDABHEHHSA

11 =2(mod 3),
—7=19(mod 13).
Has eauHooGpasus 3amuch (6) ucrmoab3yeTcss MHOraa M

B TeX CJAYY&sfX, KOrja oObIYHO NMPUMEHSIOTCS Apyrue Tep-
muubl. Tak, nanpumep, cpaBHenus

b=0(mod2), c=1(mod2)
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§ 3. OTHOMEHHSA 3KBUBANEHTHOCTH

O3HA4YalwT COOTBETCTBEHHO, UTO b sasaserca YeTHbIM, 2
¢ — HEUETHHM YHCJAOM. AHAJOTrHYHO CpaBHE€HHE

a=0(modm)

o3HauaeT, 4TO @ JeJHTCA Ha m.

IlokasaTb, 4To OTHOLIEHHE CPaBHUMOCTH uucesa (6)
YAOBJNETBOPAET TPeM YCJHOBHAM, KOTODBIM [OJIKHO Y10-
BJIETBOPATL OTHOLIEHHE SKBHBAJEHTHOCTH, OUEHb MPOCTO:

1) a=a(modm), Tak xak a=a +0-m;

2) ecau a=b(mod m), To, coraacuo (7), a = b km,
oTkyna b=a - (—k)m, Tak uto b=a (modm);

3) ecan a=b(modm) u b==c(modm), To no ¢op-
myae (7)

a=b+km, b=c-+Im
H, CJIefIOBAaTeNbHO,
a=c+Iim+km=c-+( +k)m,

T. e. a=c(modm).

[Mpu m=0 cpaBHenue (6) B cuay ycnoBusi (7) cBo«
JUTCSE K OGBIYHOMY PaBeHCTBY.

OTHoluleHHe 3KBHBANEHTHOCTH, KaK Mbl cefiuac yBH-
ZIMM, MOXHO HCTOJIKOBaTb H ApyruM cnocobom. [Mpexne
BCEro 3aMeTHM, YTO OHO Bcerja onpeiejeHo IAs 3Je-
MEHTOB HEKOTOpOro MHOXecTBa S; ABa 3JeMeHTa M3 S
Nn60 3KBHBAJIEHTHHI, W60 He 3KBHBAJNEHTHbI MEXIY CO-
Goii. Tak, cpaBHeHHe (6) paccMaTpHBaeTCssi Ha MHOXe-
ctBe S Becex UeabX uuced. OTHOLleHHe MapasiesbHOCTH
Al|B sBasieTcs OTHOLIEHHEM 3SKBMBAJEHTHOCTH, oOfpeje«
JEeHHHIM Ha MHOXeECTBe BCEX NPAMLIX [JIOCKOCTH HJH
NPOCTPAHCTBA.

[TpennosoxXuM, YTO AN 3JE€MEHTOB HEKOTOPOFO MHO-
XecTBa S onpefesieHO KaKoe-TO OTHOLIEHHE SKBHBAJEHT-
HocTH: @~ b. PaccMoTpuM Bce 3aseMeHTH b, 3KBHUBaJieH1-
Hble a. Onu 06pa3yioT MHOXecTBO B,, siBaslolleecs 4a-
ctbio S. Takne MHOXKecTBa B, COOTBETCTBYIOT BBEAEHHBIM
Bblllle AJS OTHOLIEHHs OO6llero BHIa MHOXeCTBaM R,,
HO B 3TOM cjlyuae MH GyJaeM Ha3biBaTh HX KJacCCaMH
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TJIABA VII. OTHOIIEHHA

5KBHBAJEHTHOCTH, OTBEYAIOIIHMH PacCMaTPUBaes
MOMYy OTHOLIEHHIO 3KBHBAJEHTHOCTH.

KaxkoBHl CBOHCTBa 3THX KJaccoB? Tak Kak oTHoumeHHe
5KBHBAJIEHTHOCTH pedJIeKCUBHO, @ ~a, TO Kaacc B, ane-
MeHTa a coJepXHT caM 3JeMeHT a. Ilpeanosoxum Tes
nepb, 4TO 3JMeMeHT b mpuHamexur B, T. e. uto a~b,
a 3JieMEHT ¢ NMPHHAJJIeXHT Kaaccy By snementa b, 1. e.
b~c (puc. 88). BBuny TPaH3HTHBHOCTH OTHOUIEHHS 3K-
DHBAJIEeHTHOCTH OTCIOZa BBITEKaeT, 4To a4~C, T. e. €
NPHHAMJEeXUT Kaaccy B,. DTo o3Hayaer, 4TO BeCb KJjacc

5 s

Bs
Ba

Puc. 88 Puc. 89

SKBHBaJeHTHOCTH By ueaukoM copepxkurcs B B,. Ho
ecin a~b, T0 U b~a (Tak Kak OTHOLIEHHE SKBUBA-
JIEHTHOCTH CHMMETPUYHO), a 3HAYHUT, W B, comepxutcs B
By. Takum o6pasom, ecan @ ~b, To B,=By.

Bo3bMem Temeph B MHOXKecTBe S JBa He IKBMBAJIEHT+
HbIX MeXJy co6oit snemeHTa a u b; mbl GygeM 0603Ha~
YyaTh 3TO, NepeyepPKHBasg 3HAK 3KBUBAJEHTHOCTH: @ ~ b.
B atom cayyae kaaccel B, n By He nepecekalTcy,
T. €. He MUMeIOT ofuIuX 3geMeHTOB. [leficTBHTeabHO, ecau
Obl KaKOf-TO 3JIeMeHT ¢ NpPHHAJJeXaa OLHOBPEMEHHO H
B; u By, T0 MBI HMeJaH OBl

a~c¢ M be~c;
HO TOTAa a~b, 4TO MPOTHBOPEUMT NPEANONONKEHHIO.
TaK KaxK Ka}KleIﬁ 3JIeMEHT npuﬂanne}mrr B TOYHOCTH

OXHOMY KJaccy, Mbl noJjaydaem pas6neHue BCEro MHOXe-
ctBa S Ha HenepeceKaruuecss KacChl 3KBUBAJAEHTHOCTH
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§ 3. OTHOWEHHUA 3KBUBAJIEHTHOCTH

(puc. 89). Kaxapiit Takoil KJacc COCTOHUT M3 BCEX 3KBH
BaJIEHTHHIX JAPYr APYry 3J€MEHTOB.

KauecTBe INpHMepa pAacCMOTPHM CHayaJja COBO-
KYNHOCTb S BCeX MNpAMBIX HAa NJAOCKOCTH H OTHOILEHHEe
AllB; 3nech Kaxablil KAacc 3KBHBAJIEHTHOCTH COCTOHT M3
BCeX NMpsAMbIX, HMEIOUIHX OJHO H TO XKe HanpasieHue.

Bor ewe oaun npuMep. TeopeTHKO-4YHCIOBOE OTHOLIE-
HHe CpPaBHHMOCTH uHcea (6) HeJqHT Bce Lefble YHCJIA HA
KJ1acchl 3KBHBAJIEHTHOCTH; OHH HA3bIBAlOTCSA KA accCaMH
BHYeTOB No MoayJaik m. Kaxawii kaacc cOCTOHT
COOTBETCTBEHHO M3 umcen

By=(km), B,={1-+km),
B,=(2-+km}, ..., B,.i=(m—1-4km}.

HUnbiMu caoBamu, B, cOCTOMT M3 BCeX YHCeJ, AaloLIuX
npH AeNeHHH Ha m octatok r. [lna m=2 sto — pasnene-
HHe BCeX UeJNbIX YHuCea Ha YeTHhle M HeYeTHHIE, ecJdH
m=3, moay4alorca uHcaa Tpex THUMOB:

3k, 3k+1, 3k-4-2.

Mbl BHANM, YTO KaXKJ0e OTHOLIeHHe 3KBHBAJEHTHOCTH
olpesnensieT HeKOTOpoe pa3bueHHe BCeX EMEHTOB MHO+
JKecTBa S Ha HemepeceKalOlIHeCsl KJacchl, KaK MOKa3aHO
Ha puc. 89. Ilpexnonoxum Tteneps, uto, 06paTHO, HaM
LAaHO HEKOTOpoe pa3bHeHHe MHOXKecTBa S Ha Hemepece-
Kalouuecss MHoxxectsa By Toraa Mel MOXeM onpejenuth
Ha MHOXeCTBe S HeKOTOpOoe OTHOLIeHHe SKBHBAJEHTHOCTH,
noJaras npocTo, YT0 @ ~b B TOM H TOJIbKO B TOM CJyuae,
Koraa a u b npuHajaexXaT OJHOMY H TOMY e MHOXes
cTBy B;. fIcHO, 4TO TpH YCJIOBHS, KOTOPHIM AOJKHO MOA~
YHHATHCA OTHOLUEHHe SKBHBAJEHTHOCTH, OyAyT BHIMOJ-«
Henbl. OTciOfla BHAHO, YTO OTHOLIEHHe 3KBHBAJEHTHOCTH
M pa3bueHue MHOXKeCTBa S Ha HemepeceKkalouluecs ya-
CTH — 3TO ABe CTOPOHH OJHOro M TOro e sonpoca. Ka-
JKJi0e OTHOLIEHHEe 3KBHBAJEHTHOCTH NPUBOJAHUT K pa3bue-
HHIO MHOXXeCTBa Ha HemepecekalollHecs 4acTH; obparHo,
KaxXaoe Takoe pa3GHenHe ONHO3HAUHO ONpenessieT HeKO-
TOpOE OTHOLIEHHEe 3KBUBAJIEHTHOCTH.

IpuseseM eilie OAHH ~— He MaTeMaTHUYECKMIH — NpHs
Mep, ByneM rosopuTh, UTO ABOe JIOJEH HMEIOT OAHO H
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TJABA VII. OTHOIWEHHA

TO e NOJJAAHCTBO, €CJAH OHH ABAAIOTCH TPaKIaHaMH
OHOr0 M TOTO Xe rocyiaapctsa; o6paTHo, N0 NOAAAH-
CTBY BCe UYeJIOBEYeCTBO JEJHTCT Ha KJAACCH (32 HCKJIO-
yeHHEM JIIOfeH, He HMEWOLIHX TPa)KAaHCTBA, KaXIbli M3
HHX COCTaBJseT ocobhlfi Kiacc).

BcnoMHEM, HakoHel, O TpPeTbeM AaCHeKTe OTHOIUEHUS
SKBHBaJIeHTHOCTH: ero rpade. O6o3HauuM MHOXECTS0
BepuivH rpada yepes S; Bce BepIUMHB, NpHHALJIEXAalllHe
Kaaccy B;, coenuHeHb! MexAay coGoit pebpaMH, Tak yTo
NS KaXKA0ro MHOXeCTBa B; BepillMH Mbl HMeeM MOJIHbI

®

Puc. 90

rpad G;; kpome TOro, B KaXK10il BeplliHHe Takoro rpada
ectb neras. He cymecrByer pebGep, coegHHSIOLIHX Bep-
IUMHBl H3 BYX Pa3JMYHbIX KJaccoB, Tak 4to rpa¢ G pac-
CMaTpHBaeMoro oTHoueHuss R cogepxur rpadu G; B Ka-
yecTBe CBOMX CBSI3HBIX KOMIOHEHT.

Ha puc. 90 n3obpaxeH rpad oTHOLIeHUS] 3KBHBAJIEHT-
HOCTH JUIi MHOJKECTBa, coctosituero M3 12 3jeMeHTOB;
COOTBETCTBYIOILE KJacChl COCTORT 31ech M3 5, 4, 2 u 1.
3JIEMEHTOB.

YnpaxXHeHUA

1. Haiinnre apyrve npuMmepH OTHOWIEHHR SKBHBAJEHTHOCTH,

2. lokaxurte, yTo cpaBHeHusi (6) MOXHO MNOYNEHHO CKJAaAHLIBATh,
BLIYATATh U MEPEMHOKATh:
Ecan a = b (mod m) u ¢ =d (mod m), To

atc= b*d (mod m), ac == bd {mod m).
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$ 4. YACTHYHASI YINOPAOOUYEHHOCTH

3. HasoBeM ABa BeliecTBEHHHX (MM KOMILIGKCHBIX) 9HCAA COOT-
BeTCTBYIOUIHMH /JpYr JpYry, €Clli OHH paBHM mo aGcomoTHol
BeauunHe (no MopyJwo). ITokasats, UTO 9TO OTHOUIEHHe SBJSETe
cAl OTHOLIEHHEM 3KBWBAJNEHTHOCTH, ¥ ONpPEJAENHTL 3JMEMEHTH KakK-
JIOTO M3 KJIACCOB.

§ 4. YacTHuHas ynopsaaoyeHHOCTh

HOns Toro yto6bl gaTh NpUMeEp elle OJHOTO BaXKHOTO
MaTEeMaTHYeCKOr0 OTHOLIEHHs, PAaCCMOTPHM MHOXKeECTBO S
KAKHX-HUOYIb 3JIeMEHTOB. DTH 3JeMEHTbl MOTyT OhiTh,
HanmpHMep, YHCIAMH, TOUKAMH WJIH Aaxe JI0AbMH, 06beaH-
HEHHBLIMH N0 KaKWM-TO NMpH3HaKaM. BuyTpu storo mHo-
XKecTBa S MbI PAaCCMOTPHM HEXOTOPOE CeMeHCTBO MeHb-
IIHX MHOXECTB, WAu noamHoxects, A, B, ... . Ecau S
COCTOHT, CKaXKeM, W3 BCeX BELIeCTBEHHBIX YHCes, TO KaX-
J0e MOAMHOXKECTBO TaKOro cemeiicTBa MOMeET COCTOSATb,
HanpHMep, H3 YHCeN HEKOTOPOro HHTepBaJa; eciu S —
MHOXKE€CTBO TOYeK INIOCKOCTH, TO MHOXecTBa A, B, ...
MOTYT COCTOSITb M3 BCeX TOUEK JaHHBIX JIHHHH MJIH
Guryp.

Jns xaxpoil nmapbl TaKHX MOAMHOXECTB MOXKET Bbl+
NOJHATBCA WM He BBIMOJHATLCH OTHOIIEHHE BKJIO-
yenunsa A2B, oskauvalwoliee, YTO Bce 3JeMEHThHl MHOXe-
ctBa B conmepxatcs B A. JIBa 3THX MHOXKECTBa MOTYT CO-
CTOAITb M3 OJHHX H TeX e 3/IeMEHTOB; B 3TOM cJlyuae
A=B. HenocpeACTBeHHO BHIHO, YTO AAS 3ITOFO OTHO-
LleHUs.  BKJIOYEHHs BBIMOJHAIOTCA  CJeayloulHe TpH
yCJI0BHS:

1°. Pegprexcusrnocms: A 2 A.
2°. Tpansumugnocms: ecan A2 B u B2C, to A=2C.
3. Toxcdecmsennocms: ecin A2 B u B2 A, o A=B.

Bwmecto ortHowenus A28 uacto HCMOAbL3YeTCs OTHO-
IleHHe CTPOTroro BKJIOUYeH U, o603Hayaemoe A DB.
OHo BhIpaxaer no-npexsHeMy, 4To B siBAsieTCA 4acThio,
WIH TNOAMHOXECTBOM, MHOXeCTBa A, HO BO3MOXHOCTb
coBnaziedus A=B B 3TOM cayuae HCKJIOYEHa, TaK uTo B
aBJsieTcd COOGCTBEHHHIM MOAMHOXecTBOM A.
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TFJABA VII. OTHOWEHHSA

OrtHoWweHKe CTPOrore BKICYeHHs1 o6Jafiaer CAeAyIoUIuMH
CBOHWCTBaMH:

1°. Aumupegarexcusnocms: otHomenne ADA Hukorja
HE HMEeT MecTa.

2°. Tpansumusnocmes: ecau AoB u BoC, 1o AoC.

BunapHoe oTHomIeHHe a>b, BBOAMMOe B MHOMKECTBE
KaKHX YrOAHO 3JieMeHTOB a, b, ... u yZOBJeTBOpsIOLIEE
YC/I0BHSIM, HaJIOXKEHHbBIM HA OTHOLIEHHE BKJIOYEHHS, Ha+
3bIBaEeTCA OTHOLIEHMEM YaCTHYHON ynopsjaouye H-
HocTH. OHO YNOBIETBOPSIET, CJAENOBATENBbHO, TAKHM
aKCHOMaM:

Na>a;
2)eciu a>b wnb>c, 1O Q>0
dyecmn a>b ub>a, TO0a=hb.

B pa3nnyHbIX 06J1aCTAX MaTeMATHKH B KauecTBe 3HA<
Ka BKJIOUEHUS NPHMEHSeTCHd W OCTPOKOHEYHBIH CHMBOJ
@ > b v 3aKpyIyIeHHBIl @ 2 b; HMEHHO B NOCJERHEM Buje
OH OOGBIUHO HCIOJNB3YETCS KAaK 3HAK BKJIOUEHHUS MHO-
2KEeCTB.

Ha camoM jene yacTHYHAst yNopsiAOUEHHOCTb H OTHO-
IIEHHE BKJIOUEHHS JJsi MHOXEeCTB — 3TO TOJbKO pa3-
JUYHBIE BBIPaXXEHUS ONHOH M TOH Ke cutyaumud. Ilpu
YaCTUYHOHN YNOPANOYEHHOCTH KaXK/AOMY 3J1€eMEHTY @ COOT-
BETCTBYET MHOXeCTBO R,, COCTOsIllee U3 BCEX TAKHUX 3Jes
MeHTOB b, uT0 a >b. Tak KaK 3T0 OTHOUIEHHE pedIeKCHB-
HO, TO @ npuHagnexXuT R,. JIBa pasubix ajemeHTa a u b
OTpeieNisSloT pasHbie MHOXecTBa R, M Rp; neilcTBHTeNb~
HO, ecqid R,=R;, T0O OfHOBpEMEHHO a 2> b u b >>a, 3Hayur,
a=>b. [lanee, Kak Mul ceiluac NoKaxeM, OTHOUIeHHE a > b
BHINOJIHRETCS B TOM H TOJbLKO B TOM CJydae, KOrjaa AJs.
COOTBETCTBYIOIUMX MHOXKECTB MMeeT MeCTO OTHOLIeHHE
BrJaoyenus R, 2 Ry. Helicteutenwro, ecau a > b, 1o pas
KaXJoro 3JeMeHTa ¢ u3 R, BLINOJHSAETCS OTHOIIeHHE
b >c u, cnenosatenbHo, @ >¢, T. e. R, 2 R, C npyroit
CTOpOHH!, ecan R, D R, 10 a > b, 12K Kak b npunapne-
®ur Rp.

Touno Tak e orTHoluenweM a>b BBOAHTCA CTpO-
rafd YaCTHYHAasd ynopsAiXOYeHHOCTH, YAOBJAET»
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§ 4. YACTHYHAR VIIOPAAOUYEHHOCTD

BOPAIOLIAS CJAEAYIOLIUM YCJAOBHAM:
1) oTHOWIEHHE @ > @ HEBO3MOXHO;
2 ecmua>bub>c 10a>c.

Kak u BhHIllle, A0Ka3bIBaeTCH, YTO OTHOLIeHHe a>b Bbi«
NONHSIETCA B TOM H TOJMLKO B TOM CJyuae, Korja AJjs co-
OTBETCTBYIOIIHX MHOXECTB HMeeT MeCTO CTPOroe BKJIO-
yenHe R,DRp. CHuMBOM > 34€Ch HCMOJNb3yeTcss B HE-
CKOJIBKO Gosee oflleM cMbicie, yeM OOGLIYHOe <«6oJbLIe
ueM» IS YHCeN.

Puc. 91 Puc. 92

Paccmotpum Tenepb rpad G OTHOLIEHHS YaCTHYHOM
yNOpSIIOUEHHOCTH, B YaCTHOCTH ANS cJyyas, KOrja YHC/IO0
BepluMH KoHeuHo. Her HeoGxoaumocTH CJAMIIKOM TILa-
TEJAbHO Pa3JH4YaTh NMOHATHS YACTHYHOH YNOPANOYEHHOCTH
M CTPOTOH YaCTHYHOM YMOPSINAOYEHHOCTH; €IHHCTBEHHOE
pasauyHe MeXAy COOTBETCTBYIOWIMMH rpadaMH COCTOMT
B TOM, YTO Ha MEPBOM €CTh NET/AH, 2 Ha BTOPOM HX HeT.
Ecan a>b, na rpade G umeeTcs: OpHeHTHPOBaHHOe pel-
po (a,b). Ha puc. 91 muso6paxen rpad, oTBeyaroliuii
OTHOLIEHHIO CTPOroH YaCTHYHOM YNOpPsA04eHHOCTH B MHO-
KecTBe 8 37eMeHTOB — BepuwuH rpada.

IMocnemuM 3aMeTHTh, 4TO OObIYHO rpad uacTHYHOMH
yHOpsiIOUEHHOCTH H306paxaeTcsi B HECKOJNbKO HHOM BHJE.
Tak, na npuseseHHoM Bbillle rpade A JOOLIX ABYX pe-
6ep (a,b) u (b, c) umeercsa Takke pe6po (a,c), noato-
MYy MOXHO YIOPOCTHTb Hauly cXeMmy, Onyckas Bce
TakHMe 3aMmblkawowmue peGpa. BooGuie, KakoBa 6bl HH Ghia

123



IJIABA VII. OTHOUWEHHUSA

opueHTHpOBaHHas uenb A(a, b), nnywmas or a K b, Ha
rpace AOJXHO ObITh, CTPOTO rOBOpS, TakXe H pebpo
{a, b); HO Tak KaK CYLIeCTBOBaHHE TaKMX 3aMbIKaIOUIHX
pebep HenmoCpeACTBEHHO BbITEKaeT H3 CYIeCTBOBAHUA CO-.
OTBETCTBYIOLIMX OPHEHTHPOBAHHBIX lenefl, TO Takue peb-
Pa MOXHO CUMTATb JHUIHWMHM W OTO6pacbiBaTh. M3menus
TakuM obpasoM rpad puc. 91, Mu nosyuum HamHoro 6o-
Jiee npoctoit rpad), usobpaxennsiit Ha puc. 92.

Puc. 93

I'pad) vacTHyHOM yNnOPsLOYEHHOCTH, H3 KOTOPOro yaa-
JleHHl BCe MEeTJH M Bce JHLHMe pefpa, HaseiBaercst 6 a-
3UCHBIM Trpa(oM COOTBETCTBYIOIIErO OTHOLIEHHS.
Ecau A(a,b) — opueHTHpOBaHHast uenb Ha Ga3uCHOM
rpage, To opueHTHpOBaHHoe pebpo (a,b) Ha HeM oOT-
CYTCTBYET, TaK KaK OHO siBAsercs JumHHM. He Moxer
ObITh 3/1eCb W NPOTHBOTOJOXHO OPHEHTHPOBaHHOro peb-
pa (b,a), Tak kak Bmecte ¢ A(a,b) 310 npuBeso Ob K
OpPHeHTHPOBAHHOMY UMKJY, BO3BpaulaolieMycst K 4, OT-
Kyaa cjefgoBaso Obl, 4TO @>>Q, YTO NPOTHBOPEUYHT yCJO-
puto 1 (puc. 93). C gpyroii CTOPOHE, KaXKALIH alHKIHYE-
CKHfi OpHEeHTHPOBaHHbH rpad, T. e. ODHEHTHPOBAHHGLIA
rpad, He cojepxawui OPHEHTHPOBAHHBIX LMKJOB, NpH-
BOJHUT K YaCTHYHOH yNOpSAOYEHHOCTH, €CJH CUHTAThb, YTO
a>b B TOM cJyuae, Koria HMeeTcs OPHEHTHPOBaHHas
Lens, HAYLWLas OT a@ K b.
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§ 4. YACTHYHAS YNIOPANOUYEHHOCTDH

OTHolieHUeM ynopsaoueHHocTH (B cTpo-
rOM CMBbICJIe) Ha3biBaeTcsi (CTporas) YacTHYHasi ynopsiios
YeHHOCTb, @>b, nAs KOTOPOi B AOMOJHEHHe K Mpeablay+
LIMM YCJOBHAM BHINOJHEHO TaKke clejyioliee

Ycnosue nonHoTH. [Jas awboix deyx Hecosnadaroujux
3nementos a u b ecezda svinoaneno 00HoO u3 08Yx €OOT=
nowenut a>b uau b>a.

HubiMu cioBaMu, 8ce sneMeHTH MHOXeCTBAa «cpaB-
HHMBI» Mexay co6oit mo 3Tomy oTHomenHio. MHorna sto
OTHOLIEHHEe HAa3bIBaeTCsi OTHOLIEHHEM NOJHOMH ymo-
PANOYEHHOCTH B OTIHYME OT YACTHYHOH YNOPSALOUEH
HOCTH. AHaJIOrHYHO OTHOLIEHHEe YMOPAAOYEHHOCTH a > b

R
Az

Puc 94

onpeaenseTcs TeM Ke CaMblM YCJIOBHEM MOJHOTH B [0*
TNOJHEHHEe K YCJIOBHAIM YAaCTHYHOH YMOPSAOYEHHOCTH.

Ilns oTHOLIEHHMs YNOPSAOYEHHOCTH MHOMXKecTBa Ry u
Ry, oTBeyaioule 2ByM 37eMeHTaM a H b, Bceraa ROMKHBI
YAOBJETBOPATb YCJ0BUHIO R,DRy nan Ry>DR,. Kak B ma-
TeMaTHKe, TaK H B NOBCEAHEBHOH MM3HH YacTO MNPHX0+
JAMTCH HMeTb €0 C YNOPAJOYEHHBIMH MHOXKECTBAMH; Ha+
npuMep, COBa B CJOBAPAX YNOPSAOUMBAIOTCS JIEKCHKO-
rpaduuecky, T. €. B ajq(aBUTHOM NOPs/iKe: YYEHHKH MO-
TyT GbITh YyNOPSAOUEHH MO POCTY, NO YHCAY NOJYYEHHbIX
B CNOPTHBHOM COCTS3aHHH OYKOB, IO LIKOJILHBIM OTMeET-
KaM WJH N0 MHOTHM HHBIM mpH3HakaMm. HauGoxee u3-
BECTHO B MaTeMaTHKe yNopsjoueHHe YHCeJ BeLlecTBeH«
HOMl 4HCJI0BOI OCH. 31ech MHOXeCTBO R, COCTOHMT H3 Bcex
yncen b, ynoB/NeTBOPAIOWNX YCHOBHIO a>b, T. e. B 06bIY-
HOM TNIpeACTaBJeHHH Ry COCTOHT M3 BCeX YMCes, JieXallux
Ha YuCJa0BOH ocu neBee a (puc. 94).

Ouelb yacTO NPHUXOAMTCA HMeTb /0 C yNopsjaoueH-
HbIMH MHOXECTBAMH, COCTOSLIHMH H3 KOHEYHOTO YHC/A
aneMeHTOB. Takoe MHOXECTBO COHEPXKHT HEKOTOPSIil
3JIEMEHT 4y, MEHbUIHA YeM BCe OCTaJbHble 3JEMEeHTLI,
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I'JIABA VII. OTHOWEHUA

CJeNyIOIHA 3JEMEHT az, GOJBIIHE YeM a;, HO MeHbluuft
yeM Bce APYTHe 3J€MEHTH], H T. X. 10 HauboJjbilero 3Je-
MeHTa @n. Cne0BaTeNIbHO, 31€MEHTHl TAKOIO MHOXKECTBA
YIOpAZOYEHEl TOYHO TAK JK€, KaK YIOPSNOYEHB! LeJble
uhcaa 1, 2, ..., n, pacno/ioxeHHble B NOPsIKe BO3pacTa-
HHSA. DTO MOXXHO BBIPA3HTh TaKXe CJAEAYIOWIUM 06pasoMm:
Kaxpuoe yNopsjoYyeHHOE MHOXECTBO, COCTOSIEe H3 71
3JIEMEHTOB, B OTHOLUEHHH NOPSAJAKA YCTPOEHO TaK Xe, KaK
MHOXECTBO LennXx uucea 1, 2,.,., n.

YnpaxXHeHHus

1. Hayeptute noanmii rpad u GasucHelit rpad maIs ynopsiaoueH-
HOTO MHOJXeCTBa, COCTOSIUEro M3 ueThipex umcea I, 2, 3, 4.

2. KakoB Gasucublit rpad ANST YNOPAKOYEHHOTO MHOMKECTBA H3 1 UH«

cenl, 2,3 ... ,n?

JlokaxuTe, YTO OTHOLIEHHE HENTMMOCTH alb B MHOXKeECTBe UEJLIX

yuces SMBJAETCS OTHOLIEHHEM YacCTHUHO YMOpsAAOYEHHOCTH. Ka-

KOBO B STOM CJyyae pas/HuyHe MeXAy YacTHUHOM ynopsioyeil-

HOCTBIO H CTPOTrOH YaCTHYHON YNOPSA0YEHHOCTbIO?

4. YKaxuTe Bce MOXMHOXECTBA MHOXeCTBa S, COCTOSLIEro #3 Tpex
saementoB a, b, c¢. Ckoabko 3xech umeeTcs noaMHoxecrs? Ilo-
crpofite rpad M GasucHHA rpad AJAA COOTBETCTBYIOUEA HacCTHU~
Hoit ynopapouenHoctH. [lodeMy 3pxech CTOHT BBECTH TaKxe Nys
cToe MHOXECTBO &, BOBCe He COjAepiallee 3JeMEHTOB?
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raABA VI

Mnockue rpadew

§L YcaosHa aas nAockHX rpagos

MnockuM rpad oM, Kak Mbl yxKe FOBOPHIH (me-
peuntaiite § 4 ra. 1), Ha3pBaeTcs rpad, KOTOPLIH MOXK-
HO HaYepTHTb Ha MJOCKOCTH TaKiM o0pa3oM, YToGH ero
pe6pa He HMeJM TOYEK nepeceyeHHs, OTIHYHBIX OT Bep-
wuH, Ml yXe npHBeNH HECKOJbKO NPHMEPOB IVIOCKHX
rpados. B§5 ra. I mMb paccmorpesn 3agady o Tpex Ao-
Max H Tpex KoJoAanax u OOGBACHHIAH, MOYeMy COOTBET-
crBylolni rpad He sBasercss naockuM. I'pad aroit 3a-
Raun (puc. 16, cTp. 22) Moxer GHITb HauepyeH MHOTHMH
cnoco6aMu, KaK 3TO BO3MOXXHO, BTpoYeM, H 1/ BCex
rpados. Korna Ml roBopuM o «rpae 5To# 3a1auH», Mb
HMeeM B BHAY J06oii rpad, u3oMopdHbIi KAKOMY-TO YacT-
HOMY rpady, OnHchiBalolleMy JaHHylo chryauuio. Caeso-
BaTeNbHO, YTBepXKAeHHe «rpad, H306paKeHHHH Ha
puc. 16, He sBseTCH MJIOCKHM» O3HAuyaeT, YTO He cylle-
CTByeT H3oMOp¢HOro eMy rpada, HauepueHHOro Ha MJO-
CKOCTH, ¢ colaiofeHneM TpeGyeMbiX ycaoBuit. Bepiuunni
3TOro rpada MOXHO, HanpHuMep, PacnoNioXXHTh B BepUIH-
HaX MPaBUJILHOTO LIECTHYTONBHHKA, KaK Ha puc. 95. Tou-
Ka mepeceueHHsl peGep B UEHTPe LIECTHYTOJbHHKA He Si-
Jsercs BeplIMHOH rpada: MBI JOJKHBI TPeACTaBaATh
ceGe, uTo B 3TOH TOuKe ero pe6pa NpoxoAAT APYr Haja
ApyTroM.

CymectByerT naxe rpad, uMelowuii Bcero nsarb Bep-
IUHH H He SIBASIOMIMHCA NJOCKHM — 3TO NOJHBIH rpad c
naTeio BepuuHamu (puc. 96). To, uro sror rpad nei-
CTBUTEJBHO He HABJSETCA TJIOCKUM, MOXHO OOGBSICHHUTH,
TaK Xe, Kak 370 cAenano B § 5 ra. I nas rpada puc. 95
(uan puc. 16). Ilpu moGoM n3o6paxkeHuy Takoro rpada
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TJIABA VIII. IMTOCKHE TPAOLI

Ha MJOCKOCTH ero BepPIUMHEL, cKaxeM B nopsiake ABCDEA,
HOMKHBI 06pa30BBIBATL HEKOTOPHI WHKA & . [TpoBoast
pe6po (B, E) Ttakoro mJjockero rpada, Mb ellle uMeeM
BbI6Op — pacnoJjiaraTh ero BHYTPU UaM BHe . Paccyx-
JeHHC B O60MX caydasxX oauHakoeo. [Ipeamonoxum, yto
Mbl poBeJsiu 3TO pe6po BHYTpH &, Kak Ha puc. 97. Bep-
mwuHa A gonxkHa GeITb coeauHeHa peGpamu ¢ D u

Tax kak pe6po (B, E) Melaer uM NpoXOAudTh BHYTPH &,
TO 06a oHu NpoitayT RHe 7. Pe6po (D, B) moxHO nposectH

A
A
V4 X
E B
c B
Y D c
Puc. 95 Puc. 96

TONbKO BHYTpH &, motomy uto pebpo (A4, C) Mewaer
noaxoay K B u3sse, Ho Toraa y nac ser cnoco6a nposc-
CTH Ha IJOCKOCTH nociefHee pe6po (C, E), Tak KaK OHO
He MOXET NpoHTH HH BHYTpH & — u3-3a pe6Gpa (D, B),
Hu BHe & — u3-3a pe6pa (A, D)?').

Mu pacemotpenu noipo6xo 3TH ABa rpada — rpad
3a/auy O TPeX AoMax M Tpex Kojoauax (puc. 95) u nou-
Hblit rpad c nsiThbio BepwuHaMmu (puc. 96), moroMmy uro
CHH HrpalorT oco6yio posib B ONpefeJeHHH TOTO, siBJsieTcs
nauuedt rpad nnockuM uam Her, Kpurepnfi, xapakrepu-
3ylomui miockue rpacdsl, 6611 npepaoxen B 1930 r. moas-
ckuM MaTteMatukom Kypartosckum. Uto6ni chopmyanpo-
BaTb €ro, Mbl JO/UKHH CHayaja OOBSICHHTb, YTO MBI HO-
HUMaeM TOJ pacCIIMpeHHUEM U cKaTHeM rpada.

[Tpennonoxum, utTo Ha HeKoTopble pebpa rpada Mul
NOCTaBHJIM HOBHIE BepHIMHBI, TaK 410 3TH pebpa craan

1} Hpyroe nokasateasctBo cM. B § 3.
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§ 1. YCJIOBHUA Mg NJAOCKHUX I'PAGOB

37eMEHTAPHEIMH UEeNsIMH, COCTOSIWIAMHM H3 HECKOJbLKHX
peGep. DTy onepanuio Mb Ha30BeM pacHIHpeHHeM
rpacda. Ha puc. 98 npusenen npuMep pacliHpeHHs, ne-
pesoasiutero rpag a, coaepxallid Bcero yeThipe Bep-
KK, B rpad 6.

O6paTHo, npeanoaoXKuM, YTO MH HMeeM Takoi rpad,
Kak 6 Ha puc. 98, coaepaluuil sneMeHTapHbBle LenH, pas-
AelieHHble Ha pe6pa, NpHYeM M3 NPOMEXKYTOYHBIX BepIIHH
He UCXOAMT HHKaKux apyrux pebep. [Tocpeacrsom o6Gpart-
HO/i omepauHH OH MOXeT OLTb CX aT B Takoi rpad, Ha
KOTOPOM €ro afeMeHTapHble LenH CTAaHOBATCA peOpaMH.

A

D ¢
Puc. 97

Tak, rpag 6 puc. 98 moxer GbTh cXKat B rpad a nyreM
yVAaNEHH H3 COOTBETCTBYIOLIMX 3JEMEHTapHBIX 1enei
pa3fesfIolUX HX BepIUHH.

Teneps Mbl B cocTOstHHH CHOPMYJIHPOBATL TEOPEMY
KypatoBckoro.

Has T020 4T068L 2pagh Goin nNAOCKUM, HEOOGXOOUMO U
GOCTATa4HO, 4TOGbL OK He co0epiar BHYTPU ceba HuKu-
K020 epaga, xoropviti mowHO Obiro 6ol cxare do naTu-
yeoxrsrozo epatha (puc. 96) uasu wecruyezorbtozo epagpa
(puc. 95).

Iloka3aTenbCTBO 3TOH TEOPeMBl He CAHWIIKOM CJAOGXKHO,
HO HEeCKONbKO rpoMo3aKo u norpe6oBaso Obl Goablle
MecTa, YeM TO, KOTOPHIM MBI 3[echb pacroJaraem.

ChenaeM ellle HECKHONBKO 3aMedaHHli OTHOCHTEJbHO
naockux rpagos. Bhille Mbl nhlTanuchb, HanpuMmep AAA
rpadoB puc. 17 (cTp. 22) uau puc. 97, HafiTu ux naockoe
npeacTaB/JeHHe, NPOBOAS B KayectBe peGep Gosee iy
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Puc. 98
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§ 2. QOPMYJIA 3ANEPA

MeHee cMOXKHble KpuBble. Ha camom jgene 3To He cyie-
cTBeHHO. MOXHO MNoKasaTh, YTO KaXAH naockuil rpad
MOZKHO HAUePTHTb HA IJIOCKOCTH TakHM o6pa3oM, YTO Bce
ero pe6pa GyAyT NpsAMOJHHERHbIMH, NPH YCJIOBHH, KOHEY-
HO, UTO HHKaKaf Mapa ero BepPWIMH He coejHHeHa Gojee
yeM oAHUM peGpoM. B kauecTBe mpuHMepa Mbl MOXeM
yKka3zatb rpag puc. 97 u ero «npaMoaHHeliHoe npeacra-
BIeHHe», H306paxeHHoe Ha puc, 99.

3acayxuBaeT YNOMHHAHHA TaKXe H TO, YTO BCAKHA
nJaockuii rpad MoxKer GbiTh H306pa)ceH Ha MOBEPXHOCTH
cepoi. CyliiecTByer MHOTO cnoco6oB NO.Y4YEHHSE TAaKOro
npeacraniedns. Hanpuyep, MOXHO BOCMOJb30BaThCA
I 3TOTO CcTepeoepaguyeckoli npoexkiyueil; 3TOT MeToJ
4acTo HCMo.ab3yercsi Kaprorpadamu, ocoGeuHo ans co-
cCTaBJeHHss Kapr ob.aacTell 3eMHOro 1wapa, JeXaltux
BO.1M3H NOJIOCOB.

ITycts P — naockocTh, Ha KOTOPOit pacnoyoxkeH Hall
rpad. [Momectuym cepy S Tax, uto6bl oHa Kacanach IJo-
ckocti P B cBoeM, TaK CKasaTe, IOKHGM NoOJIOCe
(puc. 100). Cesepkblit noatoc N npimem 3a LUEHTpP npoek-
uny. Kaxayio Touky p miaockocTH P coeinHHM npsMoit
aunueil ¢ Toukoit N. dta npsmas nepecever cdepy S B
HekoTopoit Touke S. [Ipn 3TOM AAs KaXK10il TOUKH p NAO-
cKocTH P Haiigercsi cOOTBeTCTBYKWOIAA el Touka § cde-
put S. O6paTHoil npoekuneii MOXHO KaxXablii rpad ua
cdepe S nepeBecTH Ha MIOCKOCTD, Kacaloulylocs cdepnl .S.
Enuncrsentoit Toukoii cdepst S, He nMeiouteii o6pasa Ha
nJockocTH P, sBnsieTcs UeHTP npoekumi N.

Ynpakuenun
1. Yaaaute pe6po (A, Y) rpada pnc. 95 u naveptute nonyveHHuit
nocae 3toro rpad Ha IJOCKOCTH Tak, uToGb Bce ero pe6pa
6Ll HEmepeceKaloULHMHECA NPAMOIHHEHBIMII  OTPC3IKaAMH,
2. MonwiTafitech HaitTH Bee rpadul ¢ WECTLIO BEPINNNAMH, He ABAAIO-
IEMecs: MJOCKIMA.

§ 2. dopmyaa Jilaepa

Tenepr Mbi GyneM paccMaTpuBaThb mNJaocKue rpadel,
oGpasyiolie Ha [ILIOCKOCTH MHO2OY20.AbHble CeTU. ITO
3HayuT, yto pe6pa naockoro rpadpa G o6pasyior
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TTIABA VIII. IINMTIOCKHE I'PA®BLI

MHOMECTBO NpHJEraluux APYr K APYTY MHOrOYroJbHH-
KOB, pa3AelsIollUX NJIOCKOCTb Ha MHOrOYroJbHble 06aa-
cte nono6io ToMy, KakK 3T0 u3o6pameno Ha puc. 101.
ITopuepkHeM, YTO, rOBOPS O MHOIOYrOJbHHKaX, MBI,
B NPOTHBONOJOXHOCTh OGBLIYHOMY YNOTpebJieHUI0 3TOro
TepMHHA, He MpejarnoJaraeM, YTo HX peGpa HenpeMeHiO

2 —

Puc. 101

NPSAMOJIHHEHHB. JT0 MOryT ObITL KakHe YrOZHO Hempe-
phiBHbIE KpuBbie ©Oe3 caMomepeceueHHil, pasmensioulHe
IJIOCKOCTb Ha OTAeJbHble 06aacTH. XOpOiHM NpHMepoM
TAKOro MHOTOyrosbnoro rpada cayxur kapra CLIA, pas-
ResieHHAs HAa OTAeNbHble LITAThl, a TaKXKe J06as apyras
reorpadpuyeckas Kapra ¢ rPaHHUAMH MeX1y CTPailaMH.
Stu rpauuubl ABAsioTcs peGpaMu rpada, a cama crpa-
Hbl — MHOIOYTOJIbHHKAMH. .
Hrax, Mel Gynem paccMaTpHBATbL TeNeph MHOIOYTOJbe
uole rpagel. M3 onpemenenis sCHO, YTO OHH CBSI3HBI;
norpeGyem, Kpome TOro, 4ToGbl HH OJMH MHOIOYTOJbHHK
He Jexan BHYTpu Japyroro. I'panuunblie pebGpa Kax-
HOro TaKOr0 MHOTrOYroJdbHHKAa OGPasyloT .IMKJ, HHOria
Ha3biBAEMBII MUHHMANABHBM LHKJOM. YacTe mio-
CKOCTH, 3aK/JIOYeHHAs BHYTPH TAKOr0 MHOFOYTONbHHKA,
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§ 2. QOPMYJIA 3AJIEPA

Ha3biBaeTcs rpaHblo rpada. Ha Takom rpade umeerca
elle I MaKCHMaabHbHA nuxa Cp, OKPyXawowuii
Bech rpad co BceMu ero rpaHsMu. B MatemaThke o6biund
PYKOBOJCTBYIOTCS MPEBOCXOAHEHUINM NPHHUKHNOM, COCTOH«
IHM BO BBEJEHMH TAKHX COTJalleHH#i, yToOb Bce ¢op-
MYJIbl CTAHOBWIHCL BO3MOXHO Gonee npocthiMH, Tak, B
lalieM cJay4Yae BBIFOAHO PacCMaTpHBAaTh YacTb MJAOCKO-
ct, aexawyio Bie C;, ToxXe Kak rpasp rpada c rpaHu-
neit C;. Mu Ha3oueM ee 6ECKOHEYHON rPafbio Fo
Ipoextupysa rpad Ha chepy (cm. § 1), MoxHO yGeanTh-
€Sl B TOM, YTO Ha CaMOM Jese HeT HHKAKOH pasHHUBI Me-
# Ay GeCKOHEYHOM rpaHbiO H J1060i H3 OCTAJbHHX.

Iponanioctpupyem Bce 970 Ha rpade puc. 101. Iro
rpad c 10 rpausamu, 3auyMepoBaHHbIMH uuc/iaMu OT I
no X. I'pann |, nanpumep, nMeer B KauecTBe TPaHHIbI
LKA, cocTonuit 13 pebep

(1, 2), (2, 11), (11, 10), (10, 1),

a rpaub VHI orpannueHa Toabko asyMms peGpamu, coe-
anHgowuMy sepuiint 10 n 12, PeGpa MakcHManbHOro
uukna C, npoxoaar no sceM BepwHHaM ot 1 mo 10 no
NOPAAKY, a 3aTeM BO3BparialoTcs Ha3ax k 1. Deckoueuy-
Has rpab X npeacraBaseT co6Of COBOKYNMHOCTb BCeX
TOUEK, Jexawmux sie Ci.

Has npocTpaicTBeHHBIX MHOrOTPAaHHMKOB CylUecTByer
OIHO MHTEpecHOe COOTHOUIeH}e, BNepBLie J0Ka3aHHoe Jii-
JiepoM H H3BECTHOe M0 Ha3BaHHeM 3opmynu ditne-
pa aAas MHOrorpaHuukoB. OdHa cnpasBeaiuBa H
AJ8 HAaWHX MHOTOYroabHbIX rpadoB. OGo3nauum yepes

8 p 2

COOTBETCTBEHHO YHCI0 Bepiuud, pelep H rpaHed Takoro
rpada G. Teopema Jilnepa yTBepikAaaer, yTo Bceraa

8—pte=2. (1)

HokasateascTso. Popmyna (1) oueBrana B ToM npo-
cTefilleM cayuae, KOFja pacCMaTpPHBAETCS TOJbKO OXHH
MHOTOYTOAbLHUK, UMelowuit n pebep (puc. 102). B stom
ciydae

6=p=n, e=2
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TNIABA VIII. IINOCKME T'PAOLL

n paserctBo (1) neficTBuTensHo umeer Mmecro. Iag po-
Ka3aTeJbCTBA CINPaBeJJHBOCTH 3TOH ¢oOpMyarl B obliem
cayyae MH BOCHNOJIb3yeMCS MeETOXOM MaTeMaTHYecKol
WHAYKUHH, @ HMEHHO MBI [JOK2XeM, YTO ecJM OHa Cnpa-
BeJIMBa JJs rpagos, HMEOUIHX & rpaHell, To OHa TaKxke

F, Fee

Puc 102

Oyner wepna u aaa rpadoB ¢ 2+ 1 rpanamu. Muoro-
yroJbtble rpagsl MOXKHO CTPOHTb, MOCJI€A0BATEIbHO JO-
GaBasis Mo OHOI rpaHH «u3BHe», [IpeanonoxuM, uto G
(cnaiownas nunus Ha puc. 103) — MHOrOyrobHBI rpag,

Puc 103

nmewomnil 8 Bepluyy, p peGep u 2 rpauedl, 1 uTO 419 UH-
ceql 8, p U & cnpasejanusa ¢opmyaa Dinepa. Lobasum
HOBYIO Ipab (MyHKTHPHAs JauHUA Ha puc. 103), nposoas
no rpann Fo HEKOTOPYIO 3/TEMEHTAPHYIO LeNb, COeLHHSI0
IYI0O [Be BepLIIHEI MaKCHMaJbHOro HHKaa rpaga G.
Ecau ata ayra mmeer r pe6ep, To Ham npuaetcss ao6a-
BHTL 7 — | HOBbIX BepLIH W ORHY HOBYIO rpanb. Ho Toraa
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§ 3. HEKOTOPLIE COOTHONMIEHHA AJA TPA®OB

sicio, uto ¢opMmyna Diinepa OCTaHETCH CMPaBeASHBOMH i
ansi Hosoro rpada, Tak Kak

6 —p' +=(6+r—1)—@p+nN+(+1)=s—p+te

YopaxueHnus

1. Nposepbte ¢Qopmyay Dittepa Ana rpada, H306parKeHHOro Ha
puc. 13.

2. Cnenaiite T0 e camoe ans rpapa, oGpasosansoro 8X8 ksag-
paTHHIMH moasAMu waxmaTHo# Aockn. OG6oGuinte sTO paccyxae-
HHe Ha cay4alt A0ckH, o0pa3oBaHnoli nXn KBaAPaTHHMH NONAMH.

§ 3. Hexotopuie cooTHOmeHHs Aas rpacgos.
JABoficTBeHHHE Fpapu

B s1oM maparpade Mbl onate GyaeM paccMaTpHBATh
MHoOroyrosbhsle rpagnul. Popmyny Jitnepa (1) Mbi mepe-

nyueM B BHAE L.
6t+ez=p+2. (2

Yucno peGep rpada MoxHO HaliTh, mepecuutas pelpa,
BLIXOAfLINE H3 KaX/0il ero BepiuHHbl. Tak Kak NpH 3TOM
Kaxpaoe pe6po cuHTaercs ABaXKAbl, TO Mbl MoJyuyaeM pa-

BEHCTBO
2p=0(A)+ ... +0(A) ®)

coBnajamoitee ¢ paBeHctBoM (1) w3 § 6 rn. 1, rae
p(A;) —cTtenenb BepwinHBl A;, T. €. UHCAO HCXOAAWMX
u3 Hee pebep. Ina rpaga puc. 101 p=22,

MoxXHO 1 HHaye cocuuTaTh pe6pa MHOTOYroJbHOrO
rpaga. O6osnaunm uucao k-yronbHblx rpaneit rpaga G
uepes @i; 3nech 2=2, 3, 4, ... Tak, Hanpumep, aasa rpa-
¢a puc. 101

P=1, 93=3, ¢,=3, ¢;=1,
%=1 ¢,=0 ¢3=0, =0, ¢ p=1.

Hubimn caosamu, cpean ero 10 rpaHeil nMeercs oAfHa
orpaHHueHHas ABYMfl peGpaMH, TPH OTPaHHYEHHBIE Tpe-
Ma pe6paMHu H T. A. TakK Kak Ha TaKHX MHOTOYro/bHbIX
CeTAX HeT MeTesb, TO HAa HAX HET H Tpallell, orpaHuyeH-
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TTABA VIIIL ILTOCKHE TPA®bI

HBIX 0aHHM pe6pom. CiemoBareibHO,
e=0+ 3+ Q4+ ... @

A Teneps, i TOTO YTOGH CHOBAa COCYMTATH YHCIO pebep
rpada, 3aMeTHM, YTO KaXAoe ero peGpo cJay:XKHT rpaHil-
lleil B TOYHOCTH ABYX IpaHeil, cjeA0BaTeabHO,

2p =29, +3¢;+ 49+ - .. (5)

Orciona aas rpada puc. 101 Mbl no-npexkneMy noJayuaem
p=221).

s kaxjaoro MHoroyroasHoro rpaga G MoXHO cae«
AywowsM o06pa3oM TOCTPOHTb HOBBI MHOrGYTOJLHbIH
rpad G*, HasblBaeMblii ABOHCTBEHHBIM K NepBOMY,
BuyTpu KaxAaoil rpany, B TOM uncie H GECKOHEUHOM, Bbl-

) TMoavaysace dopmyaamu (4) u (5), MOXHO cloBa J10Ka3aTh,
9T0 NOMHLiT rpad c nATbIO BepliHHaMn (puc. 96) u rpad 3anaum
0 Tpex XoMax M Tpex KoJjoauax (puc. 16) He aBAAIOTCA MIOCKHMH,

B nepsom cayuae uncno BepuwHH 8 = 5, uuc.i10 pe6ep p = 52 = 10.

Ecan 61 3TOT rpad Gbll nJIOCKHM, TO N0 TeopeMme Jiliepa HHCIO ero
rpaveii 2 6na0 6b paBuo 2—68 + p=7. Kaxane 1Be BepuIHnbi
3TOro rpaga coeaHHeHbl €JIHHCTBEHHHIM peGpoM, NOITOMY AJS HEro
¢2 = 0 11 no dopmyaam (4) u (5)

t=T=q4 Q4+ ¢+ ...
2p=20=3¢;+ 49, + 5954 ...
YMuOXast nepBoe PaBeHCTBO Ha 3, MOAYYHM
21 = 3¢5 43y + 395+ .. .

HO 3Ta CyMMa MeHblie BTOpOit cyMMul, paBHoil 20. ITo.ayuenHoe npo-
THBOpeYlie MOKa3LIBAET, YTO Halle NPENoJOoHKeHHE HEBEpHO.

Bo BTOpOM cayuae 6 =6, p= 3 =9, ecan 6ul rpad OGbu.1

NJOCKHM, YHCJIO €ro rpaHeit 2 paBHajoch Obt 5. Tak kak 31eck He
TOAbKO @2 =0, HO 1 3 = 0 (1Ba J0Ma HIM ABA KOJAOAUA MEKAY
co6oit He coeauHHAOTCA), TO

t=5=qi+qs+ g4 ...
2p=18=4q, +5¢; -+ 65 {- ...

Ymiioxan nepsoe paBencTBo Ha 4, NOAYYUM
20 = 40 + 4ps +dqg + ...,

HO 3Ta CyMMa Meiiblle BTOPOJi CyMMbI, paBHoji 18.
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§ 3. HEKOTOPHE COOTHOLIEHHS ANS T'PA®OB

GepeM no oanofi Touke. JIBe Takme BHyTpPeHHHE TOUKH
A u B coennnHM pe6poM B TOM H TONLKO B TOM cJyuae,
KOTAa OHH MPHHAAJEXAT ABYM COCBAHHM TpaHAM C 06-
UM rpaHHYHBIM pe6poM E, H 3To HoBoe peGpo nposes
nem ot A k B tax, uTo6rt oHO mepecekano E, Ho He mepex
cekano Apyrux peGep rpada. Ecau umeerca Hecko.ibko
rpaHHYHHX pe6ep, o6MWUX AJS ABYX rpaHei, TO OAs Kax-
ZOTO H3 HHMX MPOBOAMM MO OJHOMY pebGpy. 3To mokasau»

Puc. 104

ra puc. 104, rae rpa G usoGpaken CNIOWHBIMH, a rpad
G* — nyHKTHpHbIMH JnuusiMH. [lBoficTBenubili rpad G*
MOXHO MOCTPOHTb TOJMbKO Adsi maockora rpaga G.
Ipad, ABONACTBEHHLIK MHOroyroibHoMy rpady, caM
sBJAseTCs MHOroyroibHbiM rpadom. U3 puc. 104 suano,
yto Kaxzaoi rparu F rpada G cooTBeTCTBYET B TOUHOCTH
onna epuHa W* rpada G*, npuuem uucao peGep, cxo-
nsmuxcs B BepmuHe V* rpada G*, pasHo uucay pebep,
OrpaHHYMBAIOLIMX COOTBETCTBYIOWYIO rpaHb F rpada G.
CrnenoBaTenbHo, cTenenb BepwuHbl V* rpada G* pasua
uncay pe6ep, OrpaHUUNBAIOUIHX COOTBETCTBYIOULYIO PaHb
F rpada G. Kaxaomy pe6py E rpada G cooTsercTByer
e/HHCTBEHHOe Nepecekaloulee ero pe6po E* rpada G*.
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TJIABA VIIL IJIOCKHUE TPAGHI

U3 gaxpoit Bepwnnn V rpagpa G seixoaut p(V) pee
6ep. Onu mnepecexalorcs peb6pamu rpada G*, oGpasyio«
wuMu rpanb F*. CrnepoBarenbHo, rpais F¥ orpannyeHa
p(V) pe6pamu rpada G*. U3 puc. 104 Herpynuo Braers,
yto rpad G B cBOIO ouUepelb SBJAETCS JBOHCTBEHHBIM K
G*. JIBa stux rpada MMeIOT OAHO H TO XKe YHCJIO pebep,
yucao Bepuiny rpada G* paso uMcay rpaseit rpaga G,
a uucso rpaseil rpapa G* — yucay sepuun rpaga G.

§ 4. NipaBuabHLHIE MHOTOTPAHHHKH

I'pad naspiBaeTcs oxnopoaHuM (cMm, ra I, § 6),
CCIM B Ka/JOH ero BepUIHHE CXOAHTCSl OJHO H TO JKe UM+
cio p peGep; OJHCPOAHBI MHOTOYroJmbHblit rpad G Has
3bIBAETCSI NP 2B HJbHbIM, eCJIH H JBOHCTBEHHBIIl K HEMY
rpadp G* rakke sBJAsSETCS ONAHOPOAHBIM. DTO O3HayaeT
(cM. npeabiaymmit maparpad), uto Kamkjaas rpaHb rpa-
¢a G nomKHa GbITh OrpaHHYEHa OAHHM H TEM e YHC-
JOM, ckaxem p*, peGep.

Ceiluac Mbl NMCKaXeM, 4TO CYUIECTBYET OY€Hb MaJjo
npaBuabHbIX rpagos. Ecan cocunraTs uucao peGep rpa-
da G no dpopmynam (3) u (5), To A MpaBIILHBIX rpa-
¢oB 06e CYMMBI CBEAYyTCSI K BBIPaXKeHHIO

2p =pg =p". (6)
U3 pasenctBa (6) naxomum
D O
P— 9 93’ 2= F 8,

NOJCTaB/AN 3TH 3HaueHHs B ¢opMyay Ditrepa (2), no-
JayvyaeM

4 1y
(1+fr— o) =
YTO MOZKHO INlepenHucarb Tak:
8 (20 + 2p* — pp*) = 4p". (7)

Tak kax 8 u p* — nesble NONAOKUTENbHBIE YHCAA, TO
BEIpaxKeHHe B CKOOKax TOoXe AOMYKHO GbiTh LeabIM MOJO-
JKHTENBHBIM YHCJIOM

20+ 20" —pp* > 0.
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§ 4. NNPABUJNIBHBIE MHOTIOIrPAHHHKH

31‘0 nocaejHee HepaBEHCTBO Mbl nepenniieM B BHAE
po’ —2p — 29" <0,
P—2)("—2)< 4 (8)

Mb GyaneM peuwratb HepaBeHcTBo (8) B aBa mpuewma.
CHauana paccMOTpHM TOT cayyail, Korga o6a MHOMNCH-«
Tens p— 2 u p* — 2 NOMIOKHTENBbHLI, T. €, KOTAQ H pH p*
6oablie ABYX. Tak Kak Bce maphbl LENbIX NOJOKHTENbHbLIX
YHCceNl, NpoH3BeeHHe KOTOPbIX MeHbule 4, HCUepNbIBAIOTCS
napamg I ul,1n2, lu3 10p—2<3np*—2L3
B 3ToM cayuae p W p* MOryT NpHHHMATh TOJbKO 5 3Hi«
YeHHIl, nepeuncaeHHbIX B caeaywouleii Tabanue:

HJIH

Mlpasnabkinie rpadsi

plo|e]p| e Tun
313146/ 4/ Terpasnp
314 |8112] 6 [Ky6

315 (2030} 12| Noxekasap
4 (316 |12] 8 | Oxraszap
513 ]12)30} 20 | Hkocasap

UYncno pebep, BepiunH 1t rpaHeii 3j1ech GblI0 COCYHTA-
HO ¢ noMollblo dopmya (6) u (7). I'lpn nocTpoenun npa-
BUAbLHBIX Tpados, nepeuncleHHBX B Tabaule, HAUHHAIOT
€ TPeyro.bHHKA, YeThipexyroJbHHKa HAH NATHYTONbHHKA,
B COOTBETCTBHM €O 3HayeHusiMH p*=3, 4 uau 5. Cobu-
pas MHOTOYTOJbHHKH BMecTe, TaK 4TOObl B KaXa0#l Bep-
WwHHe CXO0AHAOCh TpebyeMoe UHC/0 TpaHed, Mbl HafileM,
YTO C TOYHOCTLIO A0 H30MOpdH3IMA A KAXKAOTO H3
NATH CJyyaeB HMeeTcst B TOYHOCTH OAHH THN NpaBH/b-
Hpix rpagos (cM. puc. 105).
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§ 4. TTIPABUJbHBIE MHOTOI'PAHHHKU

Ipad, asolictBenHblit npaBuaAbHOMY rpagdy, caM, 1o
onpelesNeHHIO, TOXe fABJAAETCA NpaBUAbLHRIM. M3 nawefi
TabauUbl BHAHO, YTO OKTa31Ap SABJAETCA [BOICTBEHHHM
KyOy, HKOCasaAp — MOAEKA3ApYy, a TeTPasap sABJAAETCA
JBOHCTBEHHHIM caMoMy ceGe.

Ipu onpeneneHHH LeJaBIX MOJOXKHTEJNBHBIX YHCEN P H
p*, YIOBJIETBOPAIOIINX HepaBeHCTBY (8), MB paccMoTpe-
JIH OKA TO/IbKO 3HauYeHHs p>2 U p*>2 § NpHUWIAM K YKa-
3aHHBIM B TabGauue pesyabTataM. OAHAaKO 3TO HepaBeH-
CTBO HMeeT pelleHHSl TaKXe M B TeX cjaydyaaX, Koraa p

Puc. 106 Puc 107

(uau p*) npuHumaer 3HaveHue 2 unu 1. CootBercTBYyIO-
uie rpagbl OKa3blBAlOTCA COBEPIIEHHO TPHBHAJbHBIMH.

Ecan p=2, Mbl uMeem cBa3ublit rpad c asyms pe6-
paMu B Kax[1o0fi BepliHHe, WJH, KOpoue roBOps, 3JeMeks
vapuuit uuka (puc. 106). Ecau p*=2, To paseuncrtBo (7)

NpHHUMaeT BHA
8(20 +4—2p)=48=38,

TaK yTo 6=2; B 3TOM cCJyyae rpac COCTOHT H3 BYX Bep-
1IHH, COeJMHEHHBIX HecKOJbKHMH pebGpamu (puc. 107).
3amerum, uTo rpad, ABOACTBeHHBIH UHKAY C ABYMs rpa-
HSIMH, N BEpLIMHAMM M n peGpaMmH, HMeeT JBe BEPLUHHE,
n rpaseii 4 n peGep. HMHbiMu cnoBaMu, Takue rpads,
Kak H306paxennble Ha puc. 106 u 107, nsoiicTBeHHH
Apyr ApyrTy.

[Mpu p=1 HepaBenctso (8) yromaersopsercs aasJi0-
Goro MOJOXHTENbHOro 3HaueHus p* (npoBepnTe 3TO!).
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TJIABA VIII. IVIOCKHE T'PA®DBI

Ho cBsisubit rpad ¢ eqMHCTBEHHHIM pebGpoM B KaXaof
BepluHHE JIO/KeH MMeThb TOJbKO OAHO peGpo, T. e. ao0d-
XHO OBITh

6=2, p=:=1, p=1, p'=2

Bul Jlerxo moxeTe npoBepHTh, YTO npu p*=1 rpad
npejacTasaser co6oif OZHY NeT.io, AJds KOTOPOH

6=p=1, e¢=2, p=2, p'=1.

B 13-ii kunre «Havan» EBkanaa usnoxeso yuerue o
NpaBHUJAbHBIX MHOTOrpPaHHMKAaX. IDTH MHOro-
TPaHHUKH MOZHO BIHCAarb B cdepy; BCe rpaHH KaxKJIoro
TAKOr0 MIOror paHHHKA — NpaBi/IbHble H DaBHble MeXay
c060ii MHOrOyroJbHHKH, IpPHYEeM B KaxK[AOH ero BeplIHHE
CXOIHMTCS OJHO M TO e 4ucno pebep n rpaueir. I'pad
TAKOr0 MHOIOrpPaHHHK3, COCTABJEHHBIl €ro BepLUHHAMU
H pebpami, ABJIsAETCS NPaBHJIbLHBIM, 3TO MJOCKHH rpad,
TaK KaK ero MOMKHO CIPOeKTHPOBATL Ha cdepy H3 ee
Henrpa.

[TpaBuabHble MHOTOrPaHHHKH YNOMHHAIOTCS Takxe
y [lnatona B ero counnennn Timaeus; sausinue [1aaToHa
OblJIO CTOJAL BEJAHKO, YTO C TeX MOP 3TH MHOrOrpaHHHKU
YacTo HAa3blBAKOT NJAATOHOBBIMH TenaMu. ONHaKO H he
EBK/A OTKPbIA TpaBU/IbHBIE MHOTOTPAHHHKH; OHH ObLAM
H3BECTHLI elile ero nperuecTseHHHKaM. Hexoropnle u3
NpaBHALIBLIX MHCTOTPAaHHHKOB 3HAaJW Jjaxe nudaro-
peiiubl. B npesnocTH 1 B cpexHHe BeKa npaBH/IbHbIE MHO-
TOTPAaHHHKH PAcCMaTPHBAJHCh KaK CHMBOJIBL TapMOHHH
BCEJIEHHOII 1),

M3 nauwero uccaenoBanus npaBHAbHBIX rpadoB Bhi-
TeKaeT, UTO He CYLLeCTBYeT HHKAKHX NPABHJAbHBIX MHOTO-
TPaHHHKOB, OTJIHYHbIX OT TeX MATH, KOTOPble H306pasKeHbl
Ha puc, 105.

YnpaxHeHHS

1. Haueptnte rpadwl, nBolicTBeHHBle TeTpasapy, KyGy H OKTadapy.
2. Ha Bcex ./ npaBHALHBIX MHOrOrpaHHHKAX HMENTCA FaMHALTOHOBH
Aunsun?

) Tak cuntan, manpusep, M, Kennep, nonoxupmmi sti Teaa
B OCHOBY CBOHX JIOBOJILHO COMHHTEJbHBIX DAacyeToB, CBf32HHHIX
¢ onpeje/ieHHEM NapaMETPOB MAaHET COJHEUHON CHCTEMDbI,
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§ 5. MO3AWKH

§ 5. Mosanku

Ecau nocMoTpeTb Ha MmoJl B BaHHOH KOMHaTe, MOXHO
YBHOETb Y30pP H3 NOBTOPSIOUHXCS NPAaBHALHBIX MHOrO-
yroabuukoB. @dopMa 3TUX MHOTOYrONbHHKOB MOXeT
6LITb pa3HOH; OHH MOFYT ObITb KBajpaTami, HJH Tpe-
yroJbHUKaMHK, HAH lecTHYronbHuKaMu (puc. 108). Takue

VAVAVAN
\VAVAVS

Puc 108

y30pH AJ5 MO3aHYHLIX M0JM0B GBLUIH PacnpocTpaHeHn!
ellle B ray6okoit apeBHOCTH. B mpupoae MoXKHO HaiiTH
MHOrO NPHUMEPOB TaKHX MOBTOPSIOIIHXCA Y30POB CO CXOf-
HbIMH HJAH Aa)e ¢ OAHHAKOBHIMH siveiikaMH. B GoTaHuke
OHH BCTPEYAlOTCSl NPH H3YYEHHH paCMOJNOXKEHUS JIHCTHEB,
noyek H ceMfAH y pacteHuil. Brl, Bo3MOXHO, 3aMeuanu
TaKyl0 MNpaBHJIbHOCTb, HaNpHMep, B XapaKTepHOM pi-
CyHKe Ha NOBEpXHOCTH aHaHaca HAHM B PacnoiOXeHHH
CeMsIH NMOACOJHEUHHKA.

C TOUKH 3peHHs! TeopuH rpadoB nogo6Has Mo3aHKa —
S5TO MJIOCKHH rpa¢, Bce rpaHu KOTOPOro HMelOT OZHO N
TO Ke 4HC/I0 pebep H noBTOpsOTCA 60J/bILOE YHCJAO pa3.
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TJIABA VIII. IUVIOCKHE TPA®bLI

Mbui cHOBa nokaxeM, YTO CyLLecTBYeT JIMIIb BechbMa He-
6oabloe YHCJAO JeHCTBHTENLHO BO3MOIKHBIX Y30POB.

Bocnoab3yemcst TeMu ke 0603HaueHHsiMH, UTO M BhILIE:
nycTb B KaxXJoH BepuinHe rpada cxoautcs p pebep #
KaXjas ero rpaHb orpaHuueHa p* pe6pamu. Mb HauHeM
Hally MO3aHKy C OfHOH H3 TaKuX rpaHedl u 6ymeM 10-
6GaBagTh K HeHd JApyrue rpaHud 10 Tex TNOp, MOKa HeKo-
TOpasi YacTb INIOCKOCTH He OKa)Kercsi NOKPHITOH — Tak,
Kak oObIYHO KJajeTcs noJ.

Mbl nonyuum Torga MuoroyroasHbiit rpad G, B KOTO<
poM Bce rpaHu, 3a HCKIoueHueM OGecKoHeyHoOH, orpa-
HuueHbl p* pe6paMu M B KaXJOH BepLIHHE KOTOPOro, 3Aa
HCKJ/IOUEHHEM TeX, KOTOpble JeXaT Ha rpaHulle rpa-
HH F., cxonutcs p pebep.

[TpeanonoxuM, uTo Mbl KJafeM 3Ty MO3aHKy TaKuM
o6pa3oM, UTO, KOrla 4YMC/JI0 KYCKOB BO3pacTaer, OTHO-
LIeHHe YMCJIa 6 BepUINH, JeXalluX Ha rpaHuue, K o6
L1eMy YHMCJy BepLIHH 8 CTAHOBHUTCS BCe MeHblIe W MeHbs
we. B TepMUHAX TEOPHH NpefesNOB 5TO MOXKHO 3aMHCaTh

TaK:
8
- >0, ecmn g-—>o0, )]
8
T. €. 1pobb -;— CTPEMHTCS K HYJIO, €ClIH 8 CTPeMHTCH
K 6eCKOReYHOCTH.
Ouennm uncao pebGep rpada G, nOACUNTHIBAS UX
CTAENBHO B KaX0#l BepllMHe U NOAb3ysch dopMyaoii (3).

Ecan 6b1 B Kaxno#t Bepuinne rpacda CXORHIOCH B TOYHO<

cTH p pebep, To obulee yuco pebep 6610 661 paBHO -;—pa.

Ecan mMbl He 6yaem cuuTaTh pe6pa B rpaHHYHBIX BepLIU-

HaX, Mbl MOJYYHM % {8 — 8;) peGep. CnenoBarenbHo,
ps —p8, < 2p < ps,

rae p — uucio pebep rpada G. DTu HepaBEHCTBA MOXKHO
nepenicaTth B BHJE

b_068 PP
2 2 @ < 8 < 2°

M3 (9) MBl 3akaouaeM, uTo

—f-—>%. ecau  6-—»> oo. (10)
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§ 5. MO3AHKH

Cocuntaem Temepe uHcao peGep rpada no dop-
myae (5). Hmeercs e— 1 rpanet ¢ p* rpanuyubIMH
peGpamMu u rpaHb Fo, YHCNO TPaHHMHBIX peGep KOTOPO#
PaBHO YHCAY 6 rpaHMYHbIX BepwuH rpada. Caenosa-

TeNAbHO,
2p=(z—1)p"+ 3

‘pa3jeqHB 06e yacTH 3TOrO paBeHCTBAa Ha 80 *, Mul npea-
CTaBHM ero B BHAe

2 __2p, 1 8

s P @ +'a——-p'_a"
Ecan 8->00, T0 06a nocieaHux wjeHa B NPaBoOf 4acTH
cTpeMaTcs K Hydao, H u3 (10) caeayer, uto

2 20 [
T T tom e->00. (11)

Bepnemca k ¢opmyne diinepa (2), KOTOpyio 3anuiiem
Tenepb cJeaylolHM o6pasom:
t £ 42
1+ 8 ¢ + 8’
fpu Bo3pacranuu 6 Jsepas uactb, coraacio (11), crpe-
MHTCA K
[
14 g

B TO BpeMf KaK mnpaBas uacTb, cornacHo (10), ctpe-
MHTCH K -‘2’-. Tak kak ofe uacTH ZOMKHLI KMETb OLHH H

10T Xe npeaen, T0
1+ %=4,
oTKyAaa .
—2)(p*—2)=4.
DToMy ypaBHEHHIO YAOBJAETBOPAIT TOILKO CjeRyloline
napbl HeabiX YHCER
p=3, p'=6; p=4, p'=4 p=6, p'=3.
CnenoBaTenbHo, BCE MOBTOPSIOLIHECS MJOCKHe rpagy
V30p0OB, WM MO3aHK, NOMKHH OHTb 00pa3oBanbl aAHGO
TpeyroJbHHKaMy, Ju60  YeTHipexyronbHHKaMu, Jau6o
tecTHyronbtinkaMu. Bce 3Tm cayyanm npeacraBieHb Ha
puc. 108.



rasapa KX

PachpawmuBaHue Kapt

§ 1. llpo6Gaema ueTwHpex Kpacox

Kaxablii MHOTOYronbHblit rpad MOMKHO NpeACTaBHTDH
cefe KaK HEKOTOpyl0 reorpadHuecKylo KapTy, rie
rpany — 310 CTpaHbl, a GecKoHeuuasi rpaib— OKpyKaio-
wHi ux oxkeaH. Ha raxoil xapre Bce cTpanm u OKeanu
packpauHBaloTcsl Tak, YTOOBl X MOXKHO GBIJIO OTIHYHTH
apyr or apyra. s 3Toro crtpamsl ¢ o6uieit rpanuuei
ROJIKHBI ObIThb pacKpaulleHbl B pa3ible usera. Ecau B Ha-
LWIeM DAaClOPSXKeHHH HMeeTcss JOCTATOUHOE KOJIHYECTBO
KPacok, 3TO He COCTaBHT HHKakoro Tpyaa. HaMuoro
C/I0XKHEe peIHTb BONPOC O HauMeHbuieM KOJHYeCTBe
KPacok, A0CT4TOUHOM /18 TAKOTrO PackpallMBaHHs CTpaH
NaHHOH KapThl.

HInpoxko H3BecTHOe NpeAnoOJOXKeHHe COCTOHT B TOM,
yTo Kaxdas KapTa moxeT GuiTo packpalueHa c¢ cobaro-
Oenuem Tpebyesolx ycaosull npu nOMOUU HeToipex Kpa-
cox. bputanckuit marematuk A. Kaau, olMH M3 nepsbiX
HceaenosaTtedneit Teopuu rpados, B 1879 r. ony6.1uKoBan
cTaTtblo O TnpolJeMe ueTHPeX KPacoOK, OKa3aBIIYIOCH
BIIOJIIE yMecTHOH B nepsom ToMe TpynoB Koposesckoro
reorpacduueckoro obuiecTBa. ATy CTATbI YacTO CYHTAIOT
«CBHJAETEIbCTBOM 0 DOXJAEHHH» 1npo6/JeMbl ueThpex
Kpacok. OgHako 310 He coBceM npasunbHo. IlloTaana-
ckuil ¢usnk Ppenepuk I'yTpH pacckasbiBald, uyTO 0KOJO
1850 r. sTa npo6siema OHIa JOCTAaTOYHO TNONMYJAPHA
CpeXH CTyJeHTOB-MaTeMaTHKOB B JIOHJOHe M u4TO ero
6par ®psrcuc I'yTpu oO6paTun Ha Hee BHHMAaHHe CBOEro
npenonasaTtens mateMaTHka A. Jle Moprasa.

[Tonauany npoGieMa He Kasa/iach CJAHUIKOM cepbes-
nofi. MatemMaTuky, no-BuANMOMY, PaCCMaTPHBA/IH ee Kak
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§ 1, NPOBJEMA UETHPEX KPACOK

MOUTH OuYeBHAHBII hakT. B maavHejiwieM nossuaoch ne-
CKOJIbKO HEBEepHHIX [0Ka3aTelbcTB} npobieMa uerhipex
Kpacok, c6uBalollas ¢ TOJAKY APOCTOTON CBoel popMynu-
POBKH, CONDOTHB./A1ACh BCEM YCHJAHAM CaMbiXx BHJAalo-
UHXcs MaTeMaTHKoB. Boabwoit HHTepec K Teopum rpa-
0B, BO3HHKIWINIA B CBA3M ¢ 3ToH mnpobaeMmoil, crnocoG-
CTBOBAJ OTKPHITHIO MHOTHX BaXHbIX pPe3y.bTaToB 3Toil
TEOPHH, NMOCKOAbKY OHH Kasajicb MOJe3HLIMH Aas per
WweHHs Npo6JeMbl YeThiPeX KPacoK,

Puc. 105

YKaxeM cpa3y e, uTo AJs PacKpalyuBaHHA HeKO-
TOpbIX rpadoB cyuecTBenno, YToGul Mbl AeHCTBHTEABLHO
pacnonaranu uyeTeippMa KpackaMu (cM. puc. 109). B
nanbheiiieM Mbl O6yaeM o6o3HauaThb pa3s.iuuiible uBerta
rpeueckuMu OykBaMH «, B, Y, O, €, .., pasymeercs, He
HMeeT HHKAaKOro 3naueHus, Kakoii HMelHO uBeT 0603Ha-
yaeT Ta HJH Huaa Oyksa. [Ipeano.aoxuM, uto Geckoney-
Has rpanb, HAN BHewHsAs 06.1acThb, TeTpa’apa OKpaileHa
B uBeT a. Toraa Tpi oCtajabHble €ro rpaHH A0NXKHBI GLITh
okpaulenbl B pasHbie (i MPHTOM OTJHUHBIE OT o) uBeTa,
TaK KaK BCce OHH FpaHHuaT Mexay coGoil.

3aMeTHM Aanee, UTo, pelilasi BONPOC O PaCKpalluBaiiii
KapTbl HaHMEHBUIHM BO3MOXHBIM YHCJIOM KPacOK, MOXHO
npeamo.araTh, YTO 3Ta KapTa He COJAEPKHT BEpLIHH, B
KOTOPBIX CXOAATCA JHWb ABa peGpa. B camoM gede,
€CIH a— TaKas BepuIHila, TO MOXKHO 00a cXoaslHXcs
B tieil pe6pa 0GBEAHHHTb B OAHO, HCK.IOUHB caMy 39Ty
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I'JIABA 1X. PACKPAIIMBAHUE KAPT

sepuinHy a (puc. 110) u He M3MeHMB CXeMBl pacKpaliH-
BaHHA KapThl.

Hocrarouto, clefnoBaTeAbHO, PACCMATPHUBATH TOJBKO
rpadsl, B Kax/10#l BeplUHHE KOTOPHIX CXOAATCA MO Kpai-
Hefi Mepe Tpu peb6pa. Ho moxHO caenats u ropassno

a

Puc. 110

Gonee cHJIbHOE NpeANoJOKeHHe: pPacKpallMBaHHe MPOU3-
BOJIBHOTO MHOT'OYrOJBLHOrO rpada HEKOTODLIM omnpeje-
JIEHHBIM KOJWYECTBOM KPAacOK MOXHO CBECTH K CJyvalo,
KOrAa 3TOT rpad sBAsieTcs OOHOPOOHbIM CTenenu Tpu,

Puc. 1lla Puc. 1116.

T. €. KOra B KaXJIOH ero BepIiMHe CXOAATCH POBHO TPH
pe6pa. MubiMu c1OBaMH, ec/ii Mbl YMeEM PEUIHTh 3aaauy
0 KpacKax i OZHOPOAHBLIX rpadoB CTENEHH TPH, TO MBI
CMOXEM DeliHTh ee U Aas Jo6uX rpados. B camom gene,
NPEANONOKHM, YTO B HEKOTOPOH BeplIHHE @ CXOLATCS
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¢ 1. TIPOBJIEMA YETHPEX KPACOK

GoJee Tpex pe6ep (puc. 111a). ITposenem oxpyxuocts C
C UEHTPOM B TOUKE @, MpHYEM HacCTONbKO Maaylo, YyToOHI
OHa He J[OCTaBaja [0 OCTaJbHBIX BepUWHH. YIalduMm
BepIIHHY 4 H Te YacTi nepeceKkalouiuxcs B Heii peGep,
KOTOpLIE JIeXXaT BHYTPH 3TOHl OKPYXKHOCTH, BBeAss BMECTO
HHX pe6pa, sBJAsOUlMECs AYraMH caMoft okpyXXHocth C
(puc. 1116). B Kkaxnoil HOBOH BepuIHHE CXOAHMTCA MO
TpH pebpa. M3 xaxporo packpauwiHBaHHs HOBOro rpaga
G| MOXHO NMOAYYHTL H PACKPAIHBaHKe NepBoHavyaNbHOro

Puc. 112

rpada G, ecau okpyxHocth C cTaHyTh B Touky. [Tpoae-
JlaB TaKoe [OCTPOEHHE AJs1 BCeX BepUiHH, B KOTO-
pbix cxoautca Gonee Tpex pebep, Mbl ApuBeldeM Hawy
3ajlayy O pacKpallHBaHHH KapThl K 3ajaue packpa-
UIHBAaHHA OJAHOPOJHOrO MHOroyro/bHoro rpaa crenenu
TPH.

B panbuefiteM Mbl OrpanHHYHMcs OAHOPOAHBIMH rpa-
¢amu crenenn Tpu. s HMX uMeeTca no.e3nas ¢op-
Myna, OONOAHsOLIAA Te, KOTOPHE Mbl BbiBead B § 3
ra. VIII; oHa ocHoBana ua TOM, 4TO Tenepb Kaxias
BeplIHHAa NPHHALJNENKHT B TOYHOCTH TPeM TpaHaAM
(puc. 112). CnenoBatenbHO, COCUHTAB YHCI0 BEPIUHH HA
BCeX FpaHfiX, Mbl NOJYYHM yTPOoeHHOe obulee yHcAO Bep-
wun. Beiite Mbi 0603Havaau uepe3 ¢; YHCAO rpaHeR ¢ {
pe6paMu M, cieROBaTeabHO, i BePWHHAMH. ITO MApHBO-
AHT K paBeHCTBY

36 == 29, + 3¢5+ 404 + 545 + 6+ T, + ... . (1)
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TNABA IX. PACKPAIIHBAHHE KAPT

Ywmuoxus paBeHcTBo (1) Ha 2, a paBerctsa (5) u (4)
n3 ra, VIII coorBercrBenHo Ha 3 u 6, noiyuum ciaeayio-
Ii¥e TPH PaBeHCTBA:

68 = 4q, - 69,1+ 8¢, + 10¢; + 1295+ 14,4 ...,
6p =69, -~ 9¢; 1 124+ 15¢;4- 185+ 219+ ... ,
62 =60, 693+ 6¢, +6¢; +-6p; +6¢, + ....
IMepennwem Qopmyay ditnepa (2) B BHAE
12==68—6p + 62

H NOACTaBHM B Hee Haii/leHHble 3HaueHHs1, B pe3y/bTaTte
Mbl TTOJAYUHM

12 = gy 4 803+ 204+ Qs — @; — 205 — «oey  (2)

rae BCe He BbINMHCAHHbIe YJeHbl OTpHUATeNbHbl. Taxk Kax
npaBas uacTh paBeHcTBa (2) no/KHA OBITb NOJOMKH-
TeJbHOH, Mbl NPHXOIHM K CJeAYIOIleMy pe3yJabTaTty:
Odnopoduutli epag crenenu Tpu HenpemexHo codep-
HUT 2PAHL, OSPAHUNEHHYIO MeHee uem LecTvio pebpamu.

§ 2. Teopema 0 nATH Kpackax

B stoM naparpage Mbl paccMOTPHUM 3ajady O pac-
KpallHBAaHHH rpada uyeTHIpbMSA HJIH NATHIO KpacKaMu;
COIVIaCHO pe3yJ/bTaTaM NpPeAbIAyLIlero naparpadga, MOXHO
npeanoJjaratb, YT0O Mbl HMEEM Jdel0 C MHOrOYrOJIbHEIM
OJHOPOAHBIM TpadoM cremeHu TPH, Ha KOTOPOM €CTh IO
KpaiiHe#i Mepe oOjHa rpaHb, OrpaHHYeHHas MeHee ueM
wecTblo pe6paMH. Mbl pPaccCMOTPHM OTHAe/]BHO CJy4aH,
Koraa Ha rpade HWMeeTcs rpaHb, OrpaHHuYeHHas JAByMSA,
TpeMs, YeThipbMsl M IAThIO pebpamu. B KamaoM ciyuae
Mbl TIOKa)eM, UTO a) HEKOTOpble I'PaHHLLI MOTYT ObLITh
H3BATH TaK, YTO MNOJY4YHTCS CHOBa OJHOPOAHHIA rpad
CTEMeHH TPH, HO C MeHbIUHM YHCJAOM rpasei, 1 6) ecau
noJyyeHHsli NpH 3TOM rpad MOMKHO DAacKpacHTh He
Goniee yeM NSATHIO KPAaCKaMH, TO 3TO e MOXHO cAenaTb
1 ans ucxogHoro rpada. Tak kak HOBHIH rpad ToXKe
Oyner 0AHOPOZHBIM rpadoM CTENeHH TPH, TO NOCJe Kax-
JOTO TAaKOro YNpOIeHHss CHOBa HaWaeTcs rpaHm, orpa-
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§ 2. TEOPEMA O TSITH KPACKAX

HHYEHHAS MeHee YeM IUeCTbi0 pe6paMM, H, 3HAYHT, MH
GyzeMm 1ocieloBaTe1bHO no.gay4yaTth rpadnl Bce € MeHb-
IIHM H MeHbIIUM YHCJIOM 00.1acTeif, KOTOpble HYXKHO 3a-
KpauuBaTh.

Kpatune pe6pa. a) Ilpexxae Bcero MH noKa-
XeM, uto rpad G Bceria MOXHO YNPOCTHTb TaKHM

Puec 113

oGpa3oM, uTo oH He 6yaer coaepxartb rpaeii, orpaHu-
veHHBIX AByMA pe6Gpamu. Ec.in mexay BepiinHaMu a u b
NPOXOAUT ABOHOE pe6po, Kak Ha puc. 113, To Mbl HCKMO-
YHM OJIHO H3 3THX pebep, 06beRHHHB OcTaBleecs pe6po

-~
o

Puc 114

c pe6GpaMu (a, ¢) u (b, d), BbIXOAAUIHMU COOTBETCTBEHHO
H3 BepIIHH @ H b, U 3aMEHHB HX eLMHCTBEHHbHIM peGpoM
(¢, d). Hoswiit rpadp G; cnoBa 6yleT OAHOPOAHBIM CTe-
NeHH TPH.

6) Ecan rpap Gy MOKHO pacKpacHTb, TO C ABYX
ctopod of pebpa (c, d) GyAyT KaKue-TO ABa pa3HbIX
uBeTa a ¥ B, MBI CMOXKeM TOra BepHYTb Ha CBOH MECTA
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IMABA 1X. PACKPAIUMBAHHE KAPT

BepummHbl @ ¥ b B BTOpoe pe6po (a, b) u 3akpacHTh
rpain A B TpeTuil uBer y.

TpeyronbHasa TpaHb, a) Paccmarpusaemsli
rpad MOXHO YNPOCTHTL TaK, YTOo OH He Oyler coaep-
XKaTth TpeyronbHbIX rpadefl. Ilpexnonoxum, uyro D —
TaKas rpaHb, rpaHuyyamas c tpems apyrumu A, B, C.
IMycrs (@, b) —rpannsnoe pe6po mexay C u D
(puc. 114). Ynaaum pebpo (a, b) u ob6beauHnM naBa
ApYrHx pe6pa, NMPOXOASIUHX Hepe3 BepIIHHY @, B OJHO
pebpo; To ke caMmoe nposenaeM u B BepunHe b. Ilomy-
yennblii rpad G; Gyaer 0AHOPOAHLIM rpaoM cTeneHn TPH.

6) Ecau rpad G; MOXHO pacCKpacCHTb [AOJMMKHBIM
o6pasoM, To rpaHb A 6Gyler 3akpalleHa B KaKOH-TO LBET
a, rpaib B—B user f§ u rpass C+D B user y. Boc-
cTaHoBUB pe6po (a, b), MB cMoXeM 3akpacuTb rpanb D
B yeTBepTHIil 1BeT 0.

YeTnpexyronbhaa rpaub. a) Heckoasko
CJOXKHee MOKa3aTh, YTO MOXKHO MHCKJIOYHTL TIpaHH H

B

D
Puc. 115

¢ uYeThipbMsi rpaununbimMin pe6pamu, Ilycrs F — taxas
rpaub ¢ coceauuMi rpanamu A, B, C, D (cM. puc. 115),
Torna uafinercs napa npoTHBOMOJIOXKHBIX TpaHei, HaNpH-
Mep B u D (unu A u C), KoTopble He SBJSIOTCS YaCTIMHU
ONHOH 1 TOH e rPpaHU M He IPAHMYAT MeX1y COBOil.
HeiicTBuTeanHo, ecan, nanpusep, A 1 C—Toabko pa3-
JIHYHble YacTH OJQHOH M TOH JKXe rpaHy HWIAH ecJHu OHH
HMelT obwyio rpanuny (m, n), Kak T1OKa3aHo Ha
puc. 116, To rpans B ne Moxer HMeTb O6Iie# rpaHHIbE
¢ D. Torna Mbl uckmouum pe6pa (a,b) u (¢, d) u 06b-
ennHuM pebGpa (a;, a), (a, c), (¢, ¢;) B oaHo peGpo
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§ 2. TEOPEMA O MATH KPACKAX

(ay, ¢;) n ananoruuso pebpa (b,, b), (b, d), (4, d;) —
B oaHo pe6po (b,, d,). Hosmwit rpadp G; Gyamer oamo-
poaHbIM cTeneHd TpH, a B+ F4D OGyner omHoR M3 ero
rpaHe.

6) [MpeanonoxuM, yto rpad G, packpauien u rpams
B + F + D umeer user o. Toraa rpanu A u C packpa-
IIeHH B KaKHe-TO LBeTa B H ¥y, ObiTh MOXKeT, OQHHAKO+
see. Boccranosus Tenepb aBa peGpa (a, b) u (c, d),
Mbl 3aKpacuM rpadn F B yeTBepTHlil user 9.

Puc. 116

Maruyroabuasa rpaHb a) [lpeanonoxumM, uro
rpaub F rpaHHuHT C NATbIO ApPYruMmu rpausmu 4, B, C,
D, E, xak nokasano Ha puc., 117. Touno 1ax xe, Kax pas
YeTHIPEXYroJbHHKA, HANAeTCs napa HecMeXHHX rpaHH-
yamwux ¢ F rpaneil, ckaxem A n C, He aBAsIOLIMXCA 4a-
CTAMH OJHOH H TOH Xe rpaHH W He HMeowux oGuteii
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TJABA 1X. PACKPAIIMBAHHE KAPT

rpauunel. Mckaiounm torpa pe6pa (a, b) u (¢, d) (cm.
puc. 117) u Bepwiuny a, b, ¢, d, o6benuusa aBa ocTaBs-
IUMXCS B Ka)XJA0i H3 3THX Bepllnd pebpa B OZHO; npH
3TOM CHOBAa IIONYy4YaeTcss OAHOPOAHBI rpad creneHu Tpii.

6) IlpennosoiKHM, YTO MBI PACKPACHJH MOJYYEHHBIH
rpa¢ u uto rpanb A+ F+ C uMeer npu atoMm user a. Ha
TpH rpauu B, D, E Moryr notpeGoBaThCs ellle TPH pas3-
HHX upera B, y, 6. MiMes B cBoeM pacnopsaxennu natb
KPacoK, Mbl CMOXeM BOCCTaHOBHTb 00a pebpa (a, b),
U (¢, d) u 3akpacutb rpaib F B narblil user e. Ojnako,

c

Puce 17

€C1M Yy Hac eCTh TOJbLKO YeThbipe KPACKH, 3TO HEe BCeraa
MoKeT OBRTbh CHelaHo.

Mrak, Mbl 1noKasaad, 4TO ec.iH OJHOPOANBI rpad
¥MeeT TpaHu, OrpaHHYyeHNble ABYMS, TPeMs, YeTbipbMs
WIH TNATHIO pe6paMH, M B HalleM pacnopsiKeHHH ecTb
nNATb KPacoK, 1O 3ajlaya O DPACKpalUIMBAaHHH BCerpa Mo-
Ker GbITb NpHBENEHA K 3ajaue 0 packpallHBaHuu rpada
C MEHBUIHM 4YHCJIOM rpasedl. B konue npeabiayiuero na-
parpada 6bl10 NoOKa3aHO, UTO ONHOPOAHBIH rpad umeer
no KpaiHeli Mepe OAHY TAKyX TIpaHh ¢ HEGOABLIHM
YHCIOM peGep, TaK YTO 3TO NpHBEJEHHE BCErJa MOXKHO
npojo/iXatb 0 TeX mnop, NoKa He NOJAy4YHTCcs rpad,
HMelOIHil He OGoJiee NATH IpaHell, KOTODPHIH, CJaenoBa-
T€JbHO, HaBepHAKA MOMKHO DAaCKpPacHTh He 6oJjee ueM
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§ 2. TEOPEMA O NATH KPACKAX

naTblo Kpackamu, Takum o6pasoM, JOKa3aHa cJjefyio-
was

TeoPEMA 0 naTH KPACKAX. JIr060d naockuti epagh
MOJXHO PACKPACUTS NATLIO KPACKAMU.

IlpuBesenHoe n0Ka3aTesbCTBO 3TOil TeOpeMbl Hempd-
MEHHMO B CJyuae, KOFa Y Hac HMEeTCsl JHUb 4eTbipe
KpackH. Kak Mbl BHAeIH, NATHYrOAbHHKH B 3TOM CJay-
yae He Moryt GbiTb HCKAlOueHs. Hawl mpouecc npuse-
DEeHHS1 MOXKeT OCTAHOBHTHCA HA HEKOTOPOM OJHOPOAHOM
rpade, Kaxaas rpanb KOTOPOrOo HMeeT He MeHee NATH
rpaunynbix peGep. Ha nem coBcem He G6yaer rpaueit
C ABYMSA, TpeMs M YeTLIPbMS TIDaHWYHbIMH peGpamu M,
3HAYHT,

=3 =¢y=0.
®opmyaa (2) nokasbiBaeT, YTO TaKOi HeNPHBOAHMBIM
Aajee OJHOPOAHBLIH rpad mOMKeH HMeTb MO Kpa#Hell
mepe 12 nATHYroJbHLIX rpaweii.

Ha camom jene mokasaHo, uto Jio6as Kapra, UHC/IO
rpateii koropoii MeHbuwe 39, Moxer ObiThb packpaiuena
ueThipbMsl Kpackamu. KoHeuHo, B Hall Bex BbIYHCAM«
TeNbHBIX Malllii 3TO He CJAHIUKOM BbICOKas rpaHHua.
Ecan xro-uubyabp npuaymaer cnoco6 nporpaMMHpoBa«
HHS 3TOH 3a]a4uH, yTOObl €10 MOIJa 3aHATbCA BbIYHCJU-
TeAbHas MallHHA, TO, BO3MOXHO, OHa CyMeeT CHJbLHO
OTOABHHYTb 3TY TIPaHHUY H— KTO 3HaeT, — GbITh MOXeT,
Aa¥e HaTKHeTCA Ha KapTy, KOTOPYIO Hellb3sl PacKpacHTb
ueThipbMs KpackamH. OAHAaKO 3TO MajgoBepPOsITHO;, AAA
TakoH KapTbl Obl10 YCTAHOBJEHO TaK MHOTO pasHbX
orpaliMyendii, YTO ee CVIIECTBOBAaHHE KaXeTcs OueHb
COMHHTeJILHBIM.

Ecau 6b Mbl 3axoTeam paccka3aTh O MHOTOYHC/]eH-
unx pafoTax, OTHOCAWIHXCA K npoG.ieMe ueTbipex Kpa-
COK, Ha 3TO notpe6oBasach Gbl elle OJHA TaKas KHHMra,
MO3TOMY NPHXOAHTCS MAOBOJLCTBOBATHCA TEM, YTO Mbl
xoTa OBl MO3HAKOMH.IH Bac ¢ 3T0# RpobaeMoil.



PelweHHA ynpamHeHH#

r7TABAI

§ 1 crp. 13

2. AB, AE, AD, BC, BG, BF, CD, CG, DH, EH, EG. EF.
FH, FG, GH.

3. 9 pe6ep, 6 Bepwnn; 15 peGep, 8 Bepunn

§ 2 crp. 15

, 1
2. 7n(n—1).

§3 crp. 19

1. I'pad puc. 1 ne usomopden rpady puc. 2, Tak Kak sropoit
nmeer Bepunny G ¢ natbio peGpaMu, B TO BpeMs Kak Ha rpade
puc. | Takoii mepwnnm mer. [pad puc, 1 He H3omopden rpady
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PEWIEHHA VYTNIPAXXHEHUA

puc. 6, TaKk KaK mocneAKHA HMeeT BepmiHHY F ¢ eAHHCTBEHHHIM
pebpoM; no TOfl JKe npHuUHHe He H3oMopdHH ® Tpadw puc. 2

u puc. 6.
2. Pe6po (5,8) nepsoro rpada npHHAAJEKHT ABYM UHK/IAM

AJNHHH 4, a Ha BTOpPOM rpage Takoro pebpa Her.
3. Tpe6GyeMoe COOTBETCTBHE BepIIHH YKA3aHO Ha PHCYHKe:

A A

§ 5 crp. 26

1 u 2. OGo3nauum veThipex mepBwx coceneh uepes A, B, C, D;
nycTb HX XOpPOTH 06pas’yloT maockuit rpad, wlobpakeHHuii Ha pu-
cyuke, I'ne Obl Hu nomectutb natyo rouky E, ona Bceraa Gyner
oTpesana HeKOTOpOli 3aMKHYTOR KpHBOH OT OAUOR M3 OCTAJAbHBIX

TOUEK.

-
- -—

157



PEMIENKS  YIIPAXHEHUR

§ 6, ctp. 29
1. Ha puc. 2 umeem

p(A)=p(C)=p(D)=23;, p(G)=5;
p(B)=p(E)=p(F)=p(H)=4;
yHcao peGep rpada pasHO %(3-3 + 4.4 4 5) = 15,
Ha puc. 6

p(A)=pB)=p(D)=p(E)=2 p(C)=3, p(F=1,

o6utee uucio peGep paBHO %- “4:2-4+34-1)=6.

2. OB HMeIOT COOTBETCTBEHHO 4 U1 2 HEueTHble BepLIHHbI,

rTABA
§ 3, cTp. 38

1. Tak kax na xaxaoM u3 rpados, H306paxKeHHBIX Ha puc, 28,
HMeeTCsl NO JABE HeueTHWe BEPIIHHBEL, TO KaMAblil H3 HHX MOXKHO NO-
KPHITh €AHHCTBENHOR LenbIo.

3. Tpad U, mMoxHO noKpuiTh ZBYMS uensmu 1,2,3,4 n 2,4, 1,3.
Ias rpajga Us pocratouno enunctBernoii uenn 1,2,3,4,5,1,4,2,5,

§ 5 c1p. 43

1. Tepeuii rpad umeer ramnavronosy auemio ACBFEDA, p1o-
pon — ABFEHGCDA.

2. Kparyajiman uens A;A24,4;4, umeer aauny 470,

§ 6, crp. 46

1. 336 xon0B, €ciH NpRHATL BO BHHMaHUE M HanpaBieHie X04a,
r 168 — B npoTHBHOM cayuae.
2. HmeeTcn 4 yraoewx nonomxenus ¢ Tpems xoaaMu, 24 Goxo-

BBIX NOJOXeHHs ¢ NATbI0 XxoAaMmu H 36 LEHTPAaJbHBIX NOJOMeHHH
€ BOCEMBIO XOAaMH.
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PEMIEHHS YNPAXHEHUM

rJTABA I
§ 2, crp. 52

I. LluknoMaTuyeckue yic.1a 3THX rpadoB COOTBETCTBEHHO PABHA!
Yy=15—~8+1=8 0n y=32-21+1=12

2. y=.—;-(n—l) n—n+l=-;-(n-—l) (n—2).

$§ 4, crp. 60

1. Hdas rpada puc. | nmeem, Hanpumep,
A>AC, B->BE, C->CB, D»DA, E~»EF, F-»FA

Das rpada puc. 2
A->AB, B->BC, C->CD, D-DA,
E—>EF, F->FG, G->GH, H-»HE.

TTABA IV
§ 2 crp. 67

1. Tloytn TpuBHANLHLIT NPHMEP Mbl MOJYYHM, NPEANOJONKHB, UTO
KaXAblft yueHHK oGpa3yeT OTJeMbHBIl KpyXok. Torla HUKTO He
cMoKeT GbITb CTapoCToft eille KAKOro-HHOYAb HOBOro KDYHKKa,

2. Uncno Kpy:KKOB paBHO

12.11-10
1.2:3

OHO HaMHoOro Gosblue 4iicla BO3MOMKHBLIX CTapocT, pasioro 12.
3, Oano u3 oTobpaxenusi: Mm=>py, My—>py, My=> Py, My-> Ps.

= 220;

§ 3 crp. 71

2. CsoiicTBa a) H 6) BLITEKAalOT H3 TOTO, YTO Ka)KAad CTPOKA H
KaxAuifi cronGen H3oGpaxerHoll Ha puc, 48 Tabauubl COREPIKHT BCe
yiena ot 1 Ao N B TousoctH mo oanoMy pasy. Jas Toro uto6ei
NOKa3aTh YTBepXjJeHue B), npoaHanusupyem 3Ty Tabauuy. Cuuras
nepByio CTPOKY M mepBuit croaGeu, Mnl HMeeM N ctpok u N cron6-
UOB, KOTOpble YCTPOEHH CeAYIOULHM 06pa3oM:

(a) uxcno, crosllee Ha nepecedeHHH i-f CTPOKH H {-ro CTONG-
1a, oTBeuaeT BCTpeue HrpoKa i ¢ HrpokoM 1;

(6) ecar [ == j, To uucno, croflllee Ha nepeceyeHUH i-ii CTPOKH
U j-ro cToabla, OTBeyaeT BCTPede HrPOKAa j C HFPOKOM, HOMep KOTO-
poro paseH

k=2 j [N —=1)]
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PEMEHHSA YIPAXHEHHR
(rne, ecin sto TpeGyerca, MW upHGaBiaseM uiaM seiunTaem N — I,
uTOGH yHCN0 K HaxoAuaoch B mpemenax or 2 go N). Bupaxas or-
cioaa j, noaysaem

jo= 2 — k- [= (N —1)];
YTBeDXKJICHHE B) CNEAYET H3 TOTO, 9TO R H j BXOAAT B 3TH QopMy.anl
CHMMETPHYHO.

TATABA V
§ 3 crp. 83
2. MoXHO Hanucate
P(A)+0*(A)+po(A) =k p(B)+p*(B)4po(B)=k—1,

riae po(A) — YHCJO HIUMBHX.
3. llan n = 5 nMeem crepywowni rpacg:

§ 4, cTp. 89

1. 3Tu rpadisl HMeIOT CAEAYIOWHIT BUA:
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PEHWIEHHS YNPAXXHEHHNA

2. OaHo B3 BO3MOXHLIX pellleHuil: OTHeCeM BepiiwHy 1 K Kaac-
cy O; roraa Bepumun 2 W 7 ROMMHE OTHOCHTBCA K Kaaccy M, a
BepuriHa 5 — K kaaccy O.

3.

a 6 s
rai1ABA VI
§ 1, cmp, 94

1 u 2. Tak kak eAHHCTBEHHLE HMEIOWIHECS B HAWEM Pacnops-
xenun npHGOPH AN u3MepeHHS — 3TO caMH Kysuuw B u C, 1O
Mbl MOXEM ONeHHTh, KaK pacnpenede-

Ha MHAKOCTb, TOALKO B TOM ciyyae,

€C/H OAHH H3 STHX KYBIUHHOB JAHGO NOA-
Hulil, an6o nyctof. Bce takue pacape-
JeNeHHA KHIKOCTH MPeacTaBjNeHH ToY-
KaMH (OTMeueHHHIMH KpY)XXOuKaMi) Ha
rpasune fOPAMOYro/ibHHKE, H306parkeH-
Horo cnpasa. CoBOKYNHOCTb pacnpenee-
nuit U npeacraBiieHa BHYTPEHHHMH TOM-
KaMH (oTMeueHHHIMH OykBofi x) sToro
npamoyroabhnka, [lpeanonoxum, uto
MB  UMeeM pacnpefiesieHHe, COOTBeET-
CTBYiOLLlEe KAKOH-TO BHYTpEeHHe#l TOuKe.
Toraa eauHCTBEHHBIA CNOCOG  TOUHO
OTMEDHTb MKHAKOCTh CJHELylomHM [e-
penuBannem — 160 0cBOGOAHTL OAMH H3 KyBuHHOB B, C, anbo wa-
noAHHTL oau# u3 HHX. B o6oux cayvasx Takoe nepeauBatue
HHAKOCTH NDHBOAHT K HEKOTOPOA TOYKe, Jexallefl Ha rpauuie
rpaga. Ho pas bl yXe uMeeM NOMHHA HAH OYCTOA KyBIUMH, Che-
Ryoulee nepenHBaHHe CHOBa NPHBOAHT K PACNPENENEHHIO, B KOTO-
poM mo Kpafinefi Mepe OAMH KYyBUIHH OKashiBaercA JAHGO MYyCThIM,
au6o nonuuM. HHEIMH c0Bamy, Kaxaoe fepefuBaHue 3 TpaHHy-
HOTO MOJIOXKEHUsi CHOB3 MPUBOAHT K HEKOTOPOMY IpPaHHYHOMY M0J0-
HEeHHIO, TaK YTO BHYTpeHine ToukH U He Moryt ObiTb AOCTHTHYTHI.

3.(7. 0), 3 4, (3, 0), 0. 3). (7, 3), (6, 4), (6, 0).
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PEWIEHHS YMPAXHEHHA

§ 2 cmp. 101

2.B,(A4)=00,0,0), a>1; M(4)=(,1,0)
By(4)=(0. 0,2, (I, LA, O Ly, B=1, v>2%
M. (A)=(1,1,0), (0 2 2.

3. Ila pucyHKe KpYMOUKI O03HAYEIOT BLIHIPHUINBIE MOJICKEHHA
aas A, KBajpaTbl — NPOUTpbIUINbIE NOJ0KEHHA Aaa A,

4
slo o
2l0 0 O ﬁl((:g:;g))(gg (L1
oo 0o HETE G by
OO O o
i 2 3 4

$ 8, crp. 107

2. Huubn momxust ObiTb npeiacrasaenbl peGpanil, OpPHEHTHPOBaH«
HbIMII B OGOMX Hanpas.eHHsX,

rJ1ABA VI
§1,crp 111

1. BoabMHTe, Hanpumep, OTHOWeHHe «a Goqblle KBagpaTta by,
uan «MHoXectBa A 1 B ne myeior o6WHX 3JE€MEHTOB», HJH <«OJHH
TPEYTOJbHHK MepecekaeTcs ¢ APYTHM>»,

2. a)

R;=1{2,3 4,5},
R5 = {2. 3, 4},

Ry= {2, 3},
R3= {2).
Ry = {Q}.
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‘PEIIEHHA YMPAXXHEHHMA

G) 3TO OTHOIUeHHe NpeACTaBJseTcA MNOJHbIM rpadoM ¢ 5 peps
wunaMn Ge3 neteab: Rg = {2,3,4,5}, Rs = {2,3,4,6), Ry = {2,3,5,06)},
R;=1{2,4,5,6}, R; = {3, 4,5, 6).

B)

Rg=1{6}, Rs= {5}, R;= {4}
e Ri=1(3,6), Ry={2 4 6)

Otnowenne a|b pedaekcHBHO, Tak KaK KaxAoe YHCAO ABASKETCA
ReJHTENeM caMoro ce6s; CM. TaKxe pelieHHe 3afaul 3 M3 ynpax-
nesusi Kk ra. VII, § 4.

§ 2 crp. 115

2. a) 310 oTiouwende anTHpedIEKCHBHO, AHTHCHMMETPHULO M

TPaH3HTHBHO,
6) 310 oTuowenue ped.ICKCIBHO, CHMMETPHUHO, HO He TpaH3il-

THBHO.

§ 3 crp. 120
2. Ecma=b4-km v ¢c=d 4 km,
" abe=btdt(kth)m,
a—C=b—dt+(k—Fk)m
H

ac = bd + (dk + bk;) m -+ kkym? = bd < (dk - bk, 4 kk;m) m.
CaenoBateabHo,
axrc=mbtd(modm), ac==bd(mod m).

3. Ornowenue la| = [b] ana uucen a,b pedaekcusno, cumMe-
TPHUHO M TPAH3HTHBHO; CJI€NOBATENbHO, 9TO eCThb OTHOUIEHHe IKBH-
BanenTHoCTH. KamAbf KJAacc SKBHBAIEHTHOCTH COCTOHT M3 naphl
(a,—a); 4ieHbl KaXION Takofi napel pa3iNuBH, 32 HCK/AIOYEHHEM
cayuasi, koraa @ = 0

§4, crp 126
1. Ha rpade noauofl ynopsaouenitocTH nmeiotcs pebpa
43 %2 &% G261 @I
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PEUIEHHS YNPAXXHEHHRA

GasucHbIM rpadoM fBJAETCHA OPHEHTHPOBAHHAA SJeMeHTapuas Hens
’ . i

2. Ba3ucubiM rpadoM sBJsIETCA OPHEHTHPOBAHHAS 3jeMeHTapHast
nenb

3. lns Toro uTto6Ll noKasaTh, YTO OTHouwenue alb sBasercs
OTHOLIEHHEM YacTHYHOMI YNOpsSAOYEHHOCTH, 3aMETHM TNpeXne BCero,
uyto ala, Tak Kak a = 1.4a. (Jas cTPOroii 4acTHYHO# yNOpPAAOYEH-

nocTH oTHomeHue alb o3navaer, uto b = ka, npuuem k<~1; apy-
THMH CJOBaMH, €CJH B OTHOWEHHH a | b 4hcno a RoMKHO 6GbiTh oG-
CTBEHHBIM JennTteseM b, To 3TO oTHouwleHwe aHTHpedaekcusHo.) [a-
Jlee, NPOBEPHM, UYTO 3TO OTHOIUEHHE TPAH3HTHBHO: AEHCTBHTEBLHO,
ecin alb w blc, 10 b=hka u ¢c=kb, Tar uto ¢ = kka n, cne-
nposatensho, a|c. Hakonen, ectn alb u bla, o b= ka, a=Ib,
12k 410 b = klb, yTo MOXKeT BLINOJHATHCHA JHUIL B TOM chyuae,
Koraa uensie uucaa 2 u [ o6a paBubl ejuHHue, T. €. Koraa a = b,
Jna cTporoii 9acTHYHOH YNOPAAOYEHHOCTH OTHOWIEHMA alb u bla
He MOTYT BHINOJIHATLCA OXHOBPEMEHHO.

4. Unmeetc 8 noamuoiKecTs, cuntas u . Basucubit rpad npu-
BOAWTCA Ha PUCYHKE; 3aMeTHM, yTo o6Gpatuuili rpad usomopden Ga-
3ucHOMY rpady.
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PEWIEHUA YNPAXHEHWRN

rJ1ABA Vi
§ 1, crp. 131

c Z

2. 3to 1) rpad puc. 95 u Bce rpadH, KOTOpHE MOXHO MONYYHTH
U3 uero no6asnenneMm pebep; 2) rpad puc. 96 ¢ ete onnod H30.AM-
poBaHHOA BepiuMHOR W BCe Trpadul, KOTOpPble MOXHO NOAYYHTL H3
Hero ao6asnennem pebep.

$ 2 crp. 135
Le=7p=1l,2=6a7—114+6=2

2. Boobwe s=(n+1), p=2n(nt1) z=n+1 u
8—p+2=2

§ 4, crp. 142
2. Ha scex.
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Cnosapb OCHOBHbLIX TEPMHHOB,
HCMONb3YEMbIX B HHHre.

Aquxauseckud zpagy. OpueuTHPOBAaHHBIT Tpad, HE cOlepKallul
HIIKaKOr0 OPHEHTHPOBAHHOIO IUIK.A.

Bepuwuna epaga. JluGo xouwen xaxoro-nnGynn peGpa rpada,
A100 M301#pOBAHHAA TOUKA rpada.

Tamuspronoga sunun. DieMeHTapHBl UMKJ, NPOXOAALHA MO
BCEM BepuliuHaM rpada.

I'pane munozoyzo.1wnozo epagpa G. UYacth MAOCKOCTH, OrpaHHyeH-
Hasl KaKHM-HHGYXb MHHHMaJbHLIM UHKIOM H3 G WAl MZRCHMaAbHBM
unkaoM C; rpaga G; B8 mocaesHem cjyuae 3TO 4acTb IJIOCKOCTH,
Jexkawas Bue C;; ee Ha3bBAOT TaKkkKe GeCKOHEYHON rpaHbio,

Tpag. ®urypa, cocTonmia® H3 Touex (Ha3biBaeMbIX BepUIHHAMME)
¥ OTPE3KOB, COBAMHAIOUINX HEKOTOpue H3 3THX BepiuuH. CoeauHsio-
llHe OTPE3KH MOryT GbiTh NPAMOJNHCHHBIMH WM KDPHBOMHHERHBIMI
OHH Ha3HWBaloTCH pelpaMi rpagda.

T'pap G*, OGeodcrasennsvid muozoyzoavromy epady G. Muoro-
yro/bHolil rpad, Kaxaas BepllHHAa KOTOPOTO COOTBETCTBYET ompeje-
nentiofl rpand rpada G, a Kaxkaas rpaHb — ONpeJE]CHHOR BeplIHKE
rpapa G. Hdee sepuminnl rpaga G* coeanHennl peGpoM B TaM
H TOJABKO B TOM CAyuae, KOrja COOTBEeTCTBYIOI(He Tpaun rpada G
nyetor obutee petpo.
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CJIOBAPb OCHOBHULIX TEPMHHOB

Hsydossnoul 2pagh. Tpad, BepuIHHN KOTOPOTO MOXHO pasfe-
AUTL HA [Ba HeMepecexalouluxCs MHOXKECTBA TaK, 4TO BePUIHHb
O1HOTO H TOrO K€ MHOXECTBAa He COeAHHEHH MeKAYy cobofi peGpamu.

Hepeso. Ceasrnil rpad, ne AMEIOUL UHKAOB.

Hodexasdp. Muororpanuug, orpanuuenunii 12 NATHYTOALHLIMK
rpansiMu.

Honoanenue G epaga G. Tpad G cocront 13 mcex peGep (# ux
KOHLOB), KOTOpble Heo6XxoauMo R0GaBHTL K G AN TOFO, YTOGH mO-
AYUHJCA NOJHBI rpag.

H3aoauposannas eepuuna. Bepwuua, u3 xotopofi He HCXOANT
nn oaHoro pe6pa.

Hzosmoppuste epagor. Tpadu Gy n G, H3OMOPGHK, ecan Mexay
HX BeDUIHHAMH MOXHO YCTaHOBHTb TaKOe B3aHMHO ORHO3HayHOE
COOTBETCTBHE, YTO napht Bepwui rpada G, 8 TOM H TONLKO B TOM
cayvae coeluHeHH peGpoM, KOTAA COEAHHEHH peGpoM COOTBETCTBYIO-
uwe napw sepwun rpada G B cayuae opuentnpoBanHBX rpados
3TO COOTBETCTBHE HOJ/IKHO COXDaHATH OPHEHTaunw pebep,

Hrocasdp. Muororpaunuk, orpanudennnti 20 TpeyronbHuMu
rpaHsAMM.

Huyudentnocrs pebpa u eepwunovt. PeGpo Hasulzaercs uHuM-
DEHTHHIM BEpILUHHE, €CAN OHa ABAAETCA OAHNUM H3 €ro KOHIOB.

Kopens 0Oepesa. JlioGas BepmnHa, KOTOpyi0 MH BubupaeM 3a
HanaAbHYl0 TOUKY Aepesa.

Kpatneie pebpa. Ecan nse sepumuns rpada coeaunens Godee
yeM ORHAM pe6poM, TO KaMaoe Takoe pelpo HA3LBALTCA KPATHHIM.

Jec. lpad., Bce cBA3HBIE ROMNOHENTH KOTOPOrG FABAMIOTCH
nepesbanMu (rpad 6e3 BuKAOB).
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CJIOBAPb OCHOBHKX TEPMHMHOB

Maxcumansnoi yuxka C, mnoeoyzoabnoze epagpa G. uxa,
okpy®Ratomnii Bech rpad G.

Munumarensiii yuxa sHozoy20abro20 2papa G. 1luka, oGpaso-
BaiHbli TPaHMYHBIMH pe6paMu OJIHOrO0 H3 MHOTOYTOALHHUKOB, CO-
crasasgiomux G.

Mnoeozpannuk. TpexmepHoe Te.lo, Fpaliiliia KOTOPOro COCTOMHT M3
IOCKHX MHOTOYTOJIbHHKOB.

Mnozoyeoaonsiii epadp (mwozoyzo.asnan cers), Ildocknit rpad,
peGpa KOTOpOro OGPa3yIOT MHOMECTBO CMEMXHBIX, I1i¢ HaJjeralouux
/PYT Ba JIpyra MHOTOYFOIbHITKOB.

Hevetnaa sepuuuna. Bepuiina, crenenb KOTOpoOil HeyeTHa,

Hyae-cpagp. Tpad, cocTosutnil TOILKO 113 H30JAHPOBAHHBLIX Bep-
wun: rpad, ne wveoulnii pedep.

Obparnoiii epagp G* 6.3 Oannoco opuenTuposannozo epaga G.
[pag G* noaywaercs u3 G u3MeuenleM WHanpasJeHHH Bcex ero
peGep.

O0ropodunii 2pag crencunu r. Tpag, cTenenn scex BeplinH KoTo-
poro oAuuakoBbl N pasubl r. (B cayyae opueHTHpoBakHbIX rpados
Tpe6Gyercs, yToObl cTEmEeHH P H P* 6Ll OANHAKOBH BO BCeX Bep-
IHAX H PaBHBI JAPYT APYry.)

Oxr1a3dp. MHOrorpauHuk, orpaniueliiblii BOCEMbI TpPeyrodbliki-
MH TPaHAMH.

Opuentuposannotd epadp. Tpad, Ha KOTOPOM YKas3aHh Hanpa-
BJIEHHS BCeX ero pebep,

Iepeweex. Jpyroii TepMun aas cssamiBawollero pebpa.
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CJIOBAPb OCHOBHEIX TEPMHHOB

fletaa. PeGpo rpada, o6a KoHlIa KOTOpPOro COBIAAaioT.

Maockud 2pagh. Tpad, koTopHlii MOKHO HAUEDTHTH Ha RJOCKO-
CTH TaK, 4ToGul ero peGpa nepecexanlCh TOAbBKO B €ro BepllHHAX.

Hoanvid epag. Tpad, no6uie aBe BEPUIHHB KOTOPOTO COCAH-
uensl peGpoM. IToawwii rpad, y kortoporo n Bepitul, HMeeT

—;-n(n - 1) peGep.

Tlpasursroul epagh. Muoroyronbhblit oanopoanulit rpad, Takoil,
4TO ABOWCTBeHHbIi K HeMy rpad G* ToXe ABNACTCA OJHOPOAHBIM.

Ipasuavnbil MHO202paxnux. MHOrorpaHHuk, BCe rpauH KOTO-
pOro SBASIOTCA PAaBHBIMH MPaBUILILIMH MHOTOYFOJLHHKAMH Il B KaM.
1O BeplHHe KOTOPOro CXOANTCA OJHO H TO e uucio peGep.

Pebpo zpagha. Kpumas, coeannsoulas jse sepuuinst rpaga o
He cojepiKaulas ApYrax Bepuiui,

Ceasnan xomnowenta ecpuunst A. Bce sepwuun rpada, Ko-
TOpble MOXHO COEJMHHTL C TOYKO A LenAMH, H BCe HHUMACHTHHLIC
us pe6pa.

Ceasnoui epagp. Tpad, Kaxnaaa BeplIHHA KOTOPOTO MOXET
GbiTh COEAHHEHA HEKOTOPOR WeNbio ¢ Mi06Oof ApYroil ero BepuUIHION.

Caassiaaroiyee pebpo. Pe6po, ynaneHiie KOTOpPOro MPHUBOZHT K
YBE/HYEHHIO uic/a CBA3HBLIX KOMMNOHEHT rpada.

Cruewannoud 2pag. Tpad, Ha KOTOPOM HMEIOTCA KaK OPHCHTH-
poBaHHBE, TaK H HeOpHEHTHpOBaHHWe pelpa.

Crenens p(A) sepuiunst A. Uncno pebep, cxoasmuxca B Bep-
wnne A. Ina opuentnposannoro rpada p(A) o3Hayaer 4ucio BuIXO-
aamnx pebep, a p*(A) —uucno Bxo;smmux peGep B Bepuiune A;
B 3TOM CJyyae HMEIOTCS /[BE€ CTemeHH.
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CJIOBAPb OCHOBHHX TEPMHHOB

Terpasdp. Muororpanuuk, OrpanMYeHHBIl YETHIPbMS TPEYTOJbe
HBIMH Tpausivy,

Heny, Jlunng ma rpade, He nNpoxonsulas HH TO KakoMmy pe6py
Gonee ogHoro pasa.

Huxa, 3aMKHyTas Lenb.

Luxaudeckoe pebpo. PeGpo, He sBAAIONIEECSH CBS3BIBAIOUIUM,

Hukromaruueckoe wucao 2paga G. Uncao peGep rpada G mu-
HYC 4HCJIO €r0 BEpPLIHH naxwc eaHHuna.

Yetnan sepwuna. Bepminna, crenenb KOTOPOR derTna.
Siisepos cpag. Cpad, comepmaumnii 5iJI€pOBY JHHHIO.

3iiaeposa aunus. llenb, npoxoasmas no BeceM peGpam rpada
B TOUHOCTH MO OIHOMY pasy.

SACJML’HTQPHH.‘! yeno. Lenb, He npoxoAfulas HU uepe3 oOaAny
3 CBOMX BEpIIHH Goaee oanoro pasa.

Saesmentapubid yuk.a. LIHKA, He npoxoasuluil un yepes ouny
u3 cBoiix Bepuwiin Golee 0AHOTO pasa.
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